
CHAPTER-4

UNIFICATION OF CERTAIN GENERALIZED POLYNOMIALS 
AND THEIR PROPERTIES

4.1 INTRODUCTION
In 1983, I. Gessel and D. Stanton [1] proved a q-inversion pair in 

the form:

000 =
k=0 &

y/{k) (4.1.1)

(_{)n~k (n-k)(n-k+l)/2+nk(A n+{n-\)/3 -fi.
wM = ------------- JTTiTT--------- (4.1.2)

with a view to unify several other inverse series relations corresponding

-1-1 1to the cases 8 = —,—, 0, 1, — and 2. H 2 3 2

Here in this chapter, a study of the ordinary version of (4.1.1) will 

be taken up in an extended form, whence a general polynomials set will 

be defined. For this polynomials set the properties viz.

(i) Integral representations

(ii) Differential equation in 6-form, and

(iii) Inverse series relations

will be obtained in subsequent sections, which will be followed by the 

particularizations of these properties for special classes of the
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polynomials. The last section deals with the representation of this 

general polynomial in a series of the polynomial Sn(f.,m,a,J3-,x) introduced

in Chapter-2.

Now consider an ordinary form of (4.1.1) which may be given by:

n r(A + n/3 + k)
m= e -g(k),

k—0 (n-ky

this can be put into an extended form:

[«/5] l ^ + slc + fifl}

(4.1.3)

e -G(k). (4.1.4)k=0 (n-sk)i

From this, we define a class of polynomials {Mn(s,A,p;x), n=0,l,2,...} by

,, , „ „ , [^(-l^rc^+^+i^) k
M (s, A, J3;x)= E ----- ;------—----- - ¥k *n k=0 (n-sk)\ K (4.1.5)

It may be seen that this polynomial contains the following 

extended versions of (known) polynomials when the parameters 

involved therein are specialized suitably.

Extended Racah Polynomial

Rn{x{x-¥y + 8 + \),a,/37y,S) =
J* A + a + P + ”)sk (~xh {x + Y + S + \)k

k=0 k\(l + a)k(\ + y)k(l + fi + S)k

(4.1.6)

Extended Wilson's Polynomial

Pn (x2 )= (a+ b)n (a + c)n (a + d) [n/s] (-n)sk (a + b + c + d + n-Y)sk(a + ix)k 

n k=0 tf(a + b)k(a + c)k

{a - i*)k

(a + d)k
(4.1.7)
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These two polynomials include the following ones. 

Extended Hahn Polynomial

[«/s] (_n) , (l + a + p + «)„i-(-ikQns(x;a,j3,N)= I ---------- tL----- ............. = 0,1,.................  N
’ k=0 k\(l + a)k(-N)k

Extended Jacobi Polynomial

(4.1.8)

p(a,0), x (~n)skC1 + a + fi + n)skC1 + a)n f 1 ~ x\k

k=0 (l + «)jfc V 2 y
(4.1.9)

Extended Leoendre Polynomial

ns( ,..^ (n + sk)\ fx-fl*
j lko(n-sk)\k\k{ 2

Extended Bessel Polynomial

(4.1.10)

rfc)J"x] <n+*t)! x\ .

(n-sky to 2k (4.1.11)

Extended Laauerre Polynomial

k[nls] (~n) , x
Lns(x)~0 + a) Z ------ —------- •}n kto to (l + a)k (4.1.12)

The integral representations of the polynomial Mn(s,A,P;x) are 

derived in the following section.
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4.2 INTEGRAL FORMS AND TRANSFORMATION FORMULA

In this section, two integral forms of the polynomial (4.1.5) are 

derived using two fundamental integrals- (i) the beta integral and (ii) 

integral representation of generalized hypergeometric function pFq(z). 

These integrals are:

= Jz*"1 (1 _ z/-1 dz, Re(jc)>0, Re( j) > 0 (4.2.1)
T(x + y) o

and

A simple transformation formula is also derived by making use of the 

formula (4.2.1).

Now for deriving the integral representation of the polynomial 

Mn(s,A/p;x), replace this polynomial by Mn(s,A,P;x) r(2A+np), then

rxapix&j-apo
r(^)

Mn{s,A,/3-x)= Z
[»/■?] (-iffcr (A + nfi + sk) k
it0 {n-sk)\T(2A + nP) Vk X (4.2.3)

[nh] {-\)sky/k xk T(A + nft + sk)T(A -sk) 
kt0 (n - sk)\ T(i4 - sk) T(2A + nfi)

[nh] (-ifkn xk 1

k=0 (n-sk)\T(A~sk) o
7 ,A + nft + $k-ln ^A-sk-lj,

where Re (A-sk)>0, Re (A+np+sk)>0.
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Thus, one obtains

m„(m,/?;*)=tA+nJ3 \i-t)AA dt, 

0

in which

[n/s] (~l)sky,xk , t ^sk

(4.2.4)

The derivation of next integral representation of Mn(s,A,p;x) 

requires the hypergeometric function form of it. For that, let us take

'l/k~~ k\{a)k’

where 'a' is a complex parameter. With this choice of \|/k, let us denote 

the polynomial Mn(s,A,p;x) by Fn(x), then after a little simplification one 

gets

[nls](-n) , (A + njd) . .
Fn(x)= S xk
" *=0 (a)k k\

= F 2s1
A (s;-n), A(,s-; A + n/3y,

cx
a;

in which c=s2s, is a constant.

In the light of (4.2.2), it is not difficult to obtain

Fn(x) T(a)
(A + nfi\ r( A + n/3\

a—----- t_l s ) s J

1 A+n/3 _ j __ A in/3
it s (1-0 5
0

(4.2.5)

F25-1 0
A (s;-n), \ + A+njB s + A + njB-1

’ ctx dt, (4.2.6)
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wherein s=2,3,4,,.., Re
(A+nfi^

>0, Re
( A f nfj )
a---------—l s J l s J

>0.

It is interesting to note that the consideration of the polynomial 

Mn(s,A,p;x) in the integrand of the integral similar to (4.2.1), leads us 

to a series transformation formula with the aid of the evident fact 

ex.e‘x=l. The procedure is as described below.

Consider \t^+nMn(s,A,fi,xt) dt 
0

-}<*"■ ,* *0 J k=0 {n-sk)\

ln^(-\fkT + + Xkl (X + n + k + i), , ±

k=0 (n - sk)\ Q

_ [^] H)** ryA) rk*k r(X + n+k+1)rw

k=0 {ft — sk)\ I" {/u + 2 + w + /c +1)
(4.2.7)

In view of the identity e^e'^l, the left member of (4.2.7) can be 

written as:

0 " 0

.exte xt Mn{s,A,/3,xt) dt. (4.2.8)

But
\t{'X + ft + X)~X{\-t)M~Xexte~xtM (s,A,p;xt) dt

o n
= E I X/' Y(f1)7 J t^ + n + t + J + l)~l (1 ~tf~XM{s,A,/3,xt)dt 

i = 0j = 0 l[J{ 0
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And further, on making an appeal to (4.2.7) 

j t(A + n +1) -1 (1 _ t^i -1 extg- xtM A, 0, xt)dt
o n

“ » xi+Jr(ft) t"'-'] (-1 )sk+ivk*k 

~i=oj=o « *:o

T(A + nfi + sk) T{A + n + k + i + j + l) 
T{fi + A + n + k + i + j + l)

(4.2.9)

Thus, combining (4.2.7), (4.2.8) and (4.2.9) one arrives at

QO 00 [/j/.j](— 1)

II I -
/ = 0j = 0k-0

sk + j k + i+ iJ ¥k x F(yl + n/3 + sk') r(2 + n + k + / + j +1)

/! j\(n-sky T(ji +A+n+k+i+ / +1)

[n/sU-D 
= I ----

k=0

sk W kx^ T{A-¥rtp+sk)T{AJrn+k+X) 

(n-sk)\T{fi+A+n+k+Y) (4.2.10)

which is the series transformation formula.

4.3 DIFFERENTIAL EQUATION (0-form)

To drive the differential equation (0-form) satisfied by the 

polynomial Mn(s,A,P;x), it is required to express it in the generalized 

hypergeometric function form.

In the defining relation (4.1.5), first replace Mn(s,A,P;x) by

Mn(s,A,0-x)T{A + nf3) 
/?!

then it takes the form:

\n!s]
Mn(s,A,fi;x) = I (~n)sk(A + nfi)sk yk x

K—U
(4.3.1)
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Now selecting Wk~~ 'n (4-3.1), and then denoting this special
k^

case by the symbol Gn,s(x), one obtains the hypegeometric function 

form of Gn,s(x) as:

[nj_s] {~n)sk (A + nfi) vlrxk

Gn,s(x)= S 
k=0

sk'
k\

= F 2s0
A (s;-n), A (A; A + nft);

cx (4.3.2)

where

-n -n +1 -n + s-1 , 2s •A(s;-n) is an array of s parameters: —,-------- , -------------,and c=s is
s s s

a constant.

As mentioned in section-2.3, the 0-form differential equation satisfied 

by

y=pFq <7j,
bv... >bq’

IS

0TW + bi-l)-zfl(0 + ai)
. M J i=1 .

y = 0. where 0 = z
dz

(4.3.3)

Therefore, the differential equation satisfied by Gn,s(x) is:

2s
0-cx II (0 + a.) 

i = 1 1 .
Gn,s (-*•) — (4.3.4)

- n + i -1 A + nfi + i-s-1in which =------------ , i=l,...,s and a,- = Jl 1 for i=s+l,

s+2,.... ,2s.
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4.4 INVERSE SERIES RELATIONS

The inverse series relation of the polynomial Mn(s,A,[3;x) defined 

by (4.1.5) will be obtained in this section by means of a general pair of 

inverse series relations which is proved here in the form of

Theorem-7. For s=l, 2, 3,....., if

[n/s]
F(n)= E a(n,k,s)G(k) (4.4.1)

k=0

and

Sfl
G(n) = E b(n,k,s)F(k) 

k=0
(4.4.2)

then

a(n,k,s)
(~\)skr (A + sk + nf) 

(n - sk)\

if and only if

b(n,k,s) ■
(-1 f(A + k + kfi)

T(A + sn + kj3 + l)(sn-k)\

and

(4.4.3)

(4.4.4)

ib(n,k,\)F(k) = 0,

k=0
if n*sj,jeU. (4.4.5)

This theorem is proved in section-4.6. This proof uses an 

inversion pair which will be proved in section 4.5. It is interesting to 

note that many special cases arise when the parameters are 

specialized, some of which are known results (polynomials and
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combinatorial identities) and some are seemingly new ones. These 

special cases are discussed in section-4.8.

Another inverse series relation implied by theorem-7 is

Theorem-8. If snB-srB-l<sn-sr. where s=l. 2. 3.... ..., r=0, 1, 2, .....,

n, and if

[n/s]
/(«)= E c(n,k,s) g(k), 

k=0
(4.4.6)

sn
g{n) = E d(n,k,s) f(k) 

k=0
(4.4.7)

then

.,nk .v (-i)"~sk(A+sk+skm 

(n-sk)\F(A + n +skfi +1)
(4.4.8)

implies and, is implied by

d(n,k,s)=nA + k + S"m
(sn - k)\

(4.4.9)

and

Eg?(«A1)/(&) = 0, if n*sj,j<=U. (4.4.10)
k=0

This theorem will be proved in section-4.7. However, this theorem 

does not contain any noteworthy special cases.

4.5 AUXILIARY RESULT

Lemma-1.

If M|3-jp-l<M-j, where M=sn-sr, s=0, 1, 2,....., n, r=0, 1, 2, .....,

n, j=0, 1, 2,....., M then
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M k
nM)= e Hrk=0

if and only if

' M'(A + sr + srJ3 + k/3 + k)

\ k j T(A + M + sr + srp + kfi +1)
U(k) (4.5.1)

M k U(M) = I (-1)* 
k-0 ykj

F(A + srp + Mp + sr + k)T(k). (4.5.2)

Proof In order to prove that (4.5.15=>(4.5.2), let us consider

M ,
m)= e (-i)*

k=0 UJ T(A + srP + Mp + sr + k) T(k)

Now using (4.5.1), one arrives at

<t(M) - V EC-iy^f^l pV■A + sr + srP + JP + J)T(A + srfi + M0 + sr + k) 
k—0 /=o \.k ; Uj T(A +k + sr + srfl + j/3+ 1)

Now applying the double series relation

M k M M~j
E E4HHE E A(k + j,j),

k=0 y=0 j=0 k=0

ra).

one further gets

M M~j ,
</>{M)= e e nr7=0 k=0

' M ' 'k + j'

k i j
(^4 4- sr + sr/? + jp + j) ■

T(A +Mp+ srp + sr + k +j)
T(A + srp + sr + jP + j + k + l) ^

(A + sr + srP + Mp + M)T(A + Mp + srp + sr + M) 
r(A + srP + sr + MP + M + 1)

U(M)

' M-l M—j ,
+ E E (-1)*

7=0 k=0

( M Y k + Y
k+j)

(A + sr + srP + jp + 7) T(A + MP + srP + sr + k + j)
T(A + srp + sr + jp + 7 + k +1)

U(j)
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M-1 M-j .
= U(M)+ E E nr 

j=o A=o

' M '* + /
Kk + JJ , J ,

+ sr + srfi + jfi + /)

F(v4 + Mfi + srfi + sr + k + j)
' F(^ + srfi + sr + jfi + j + k +1) U(j)

M-l ' 
: U (M) + E 

j=0

M\ M-j ,
(A + sr + srfi + jfi + j) U(j) EH 

Ui /c=0

(M-j') 

k

T (A + sr + srfi + Mfi + k + j) 
r(^4 + 5r + 5r/? + jfi + k + j + 1)

(4.5.3)

Here the ratio 1 ^ 1 s>+ sr^ + + ^ + J) js jn fact^ a polynomial in k
r(A + sr + srfi + jfi + k + j +1)

of degree Mp-jp-l, therefore from (4.5.3) one gets,

M-l (M\ 
ftM) = U(M)+ Ej=o U J (A + sr + srfi + jfi + j).

M-J k 
U(j) E (-1)* 

k=0

Hr -A Mfi-jp-iJ E ctkl. 
i=o 1

Because the inner series in k is the (M-j)th difference of a 

polynomial in k of degree precisely Mp-jp-l, where Mp-jp-l<M-j, 

therefore, <KM)=U(M). This proves that (4.5.1)=>(4.5.2).

In order to prove the converse part it is sufficient to show that the 

diagonal elements of the coefficient matrices of (4.5.1) and (4.5.2) are 

non zero.

Let the diagonal elements of (4.5.1) and (4.5.2) be denoted by 

tMM and umm respectively. Then it is clear that

(-DM
MM T(A + sr+srfi + Mfi + M)

^ 0
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and

UMM ~ F(A + sr + sr/3 + M/3 + M) * 0,

Therefore, the inverse is unique and thus, (4.5.2)=>(4.5.1) which 

completes the proof of the lemma.

4.6 PROOF OF THEOREM-7

It will be first proved that (4.4.3)=»(4.4.4).

Let the right hand side of (4.4.2) be denoted by tn, then in view of 

(4.4.4)

t = f( X)k (A + k + kfi) F(k) 
n k=0 (sn - k)l T (A + sn + k/3 +1)

Now using (4.4.1), tn becomes

= y [kiSh-Vk + sr(A + k + kj3)r(A + sr + kfi) 
n k=0 r-o (sn~~ky(k-sr)(r(A + sn + k/3 +1)

Since,

sn [k!s\ n sn-sr
I I A(k,r)= E I A(k + sr, r), 

k=0 r=0 r=0 k=0

= « m ^ sr (-l)k (A + k + sr + kfi + sr/}) T(^ + sr + k/} + sr/}) G(r) 
n r=Q k = 0 (sn-sr-k)\k\T(A + sn + k/} + sr/} + l)

= G( i V1 ^y Sr C"1)* (A + k + sr + kfi + sr/3) T{A + sr + kfi + srfi)G{r)
{n) + iok = 0 (sn-sr-k)\k\T(A + sn + kfi + srfi + l)

Denoting n-r by N one obtains,
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/ =G(k)+ I
G(n) sN

E
0 (sN)\k= 0 (-1 r

'sn'

U, (A + k + kff + sr + srfi) V(A + sr + kjB + srfi)
f (A + sn + kfi + srp +1)

(4.6.1)

On comparing (4.6.1) with Lemma-1, it is clear that the inner 

series in k above, is nothing but (4.5.1) with the choice

U(k) = T{A + sr + srP + kf3).

Taking

f°l 1, if k = 0 

0, if k& 0

in (4.5.2), one gets

M k(M1 
U(M)= E(-i) 

k=0
T(/l + srfi + Mp + sr + k)

r°)
\kj

f(A + sr + st'P + Mf).

Hence, with T(k) =
f°l

, the choice U(k)=r(A + sr + srP + kp) is

restored.

Therefore, the sum of the inner series in k in (4.6.1) is

sN kI (-1)* 
k=0

'sN' (A + k + kp + sr + srP) T(v4 + sr + kp + srP) = T(sN): 0 ' 
sN,F(A + sn + kp + srp +1)

But since r=0, 1, 2,....., n-1, therefore sN=s(n-r) *0, and hence

the sum is zero. Thus, from (4.6.1), tn=G(n).

This proves that (4.4.3)=3-(4,4.4).
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Now to show that (4.4.3)=>(4.4.5), let us denote the left hand

side of (4.4.5) by v|/n, then in the light of (4.4.1)

= & Hs] i-Vk+Sj (A + k + k/3) r(A + sj + k/3)
¥n fiojto T(A + n + k/3 + \)(n-k)\(k-sj)\ U>

Now using the double series

n [kls\ [nAs] n-sj
E I A(kJ)= z £ A(k + Sj,j), 

k=0 y=0 7=0 k=0

and denoting n-sj by N, \\/n takes the form

I'^'l N (-\)k(A + sj/3 + sj + k/3 + k)T{A + sj/3 + sj + k/3) 
¥n ~ jh0 /ko (N - k)\k\ T(A + N + sj/3 + sj + kfi + \) G(j),

7=0 N\ k=0 \k) F(yl + sj/3 + sj + N + k/3 +1)
(4.6.2)

Now in Lemma-1, if M(=sn-sr) is replaced by N(=n-sj) then it can be 

written as:

N k 
T{N) = EH) 

k~0
(A + sj/3 + sj + k/3 + k)

r(A + sj/3 + sj + N + kj3 + l)
U(k) (4.6.3)

<=>

N i U(N)= Z(-l )A 
k-0

'N'

<ky
F(A + N/3 + sj/3 + sj + k)T(k). (4.6.4)

In (4.6.2) above, if one replaces F(A+sjp+sj+kp) by U(k), then it 

coincides with (4.6.3) whose inverse series is (4.6.4) by lemma-1.
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Here choosing

T(k)
f0>
^y

0, if k^ 0

1, if k = 0,

in (4.6.4),

U(N)= £(-l)'
k=0

'N'
v^y

T(A + Nfi + sj/3 + sj + k) f°1^y

(0)
Hence from

= r(^4 + sjf + sj + N/3).

Thus the choice for U(k) is restored with T(k) =

(4.6.2), one now arrives at

[n/s] G(j)
Z T(N)

7=0 N\

_[n/s] <7(7) (o' 
~ ji0 Nl Uy

=0 , if N*0, that is n * sj, j=l, 2,......

This proves that (4.4.3)=>(4.4.5), completing the proof of the first part.

For proving the converse part, it will be shown that (4.4.4) and 

(4.4.5) together imply (4.4.3).

Suppose (4.4.4) and (4.4.5) hold true.

Consider

3 " f\f(A + k + kj3)F(k)
n kio(n-k)\T(A + n + kj3 + l)' (4.6.5)
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then in view of (4.4.5) 

Gn =0 if n^sj, jeN, and

GSn =G(n).

Further, (4.6.5) implies that

F(n) =
« (~l)fcr(A + k + nfi) 

k=0 (n-k)\
Gk

(4.6.6)

(4.6.7)

(4.6.8)

but Gn =0 as shown in (4.6.6) hence in view of (4.6.7), one gets

G{n)= f(l)k (A + k + kmF(k)
k=0 (sn-k)\T(A + sn + kfi + 1)

=>

F{n) =
£ ( ^sk r(A + sk + nfi) 

sk=0 (n - sk)^
Gsk

f; ( ^skFiA + sk + nfi) sk=0 (n - sk)\
G(k).

This shows that (4.4.4)=>(4.4.3) subject to (4.4.5), which completes the 

proof of theorem-7.

4.7 PROOF OF THEOREM-8

With a view to prove that (4.4.8)=>(4.4.9), let the right member 

of (4.4.7) be denoted by hn, then

n k=0 (sn - A:)!

which in the light of (4.4.6) becomes
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= f tkjsh-\)k ~ S’\A + sr + srP)T{A + k + snfi) 
n k=Or = o (k-sr)\(sn-k)\r(A + k + srfi + l) ^

Now applying the double series relation

sn [k/s] n sn-sr
Z I A(k,r)= E HA(k + sr, r), 

k-0 r=0 r=0 &=0

it takes the form

, ” sn~sr, (A+sr+srp)T(A+k + sr+snB) . .
A = I E (-1) 77;---------- :r-~T-----------“rg(r).
n r=0 ^ = q A!(s«-5r-A:)!r(^+A: + sr+sr^ + l)

Putting n-r=N, this can be rewritten as

. .. ^ (-l)^(^ + sr + sr/?)r(yl + ,sjVy0 + .sr/? + sr + A:)
h = g(n) + E E -—:L—1—...........—-.............. ......... ................-ginn r=0 kZ0 N(sN-k)\T(A + sr0 + sr + k + l)

~ gin) +
”-l (A + sr + $rfi)g(r) 
r=0 (sN)\ k = 0

(~\)k (sN\ T(A + sNfi + srji + sr + k) 
T (A + sr0 + sr + k +1)

(4.7.1)

Here the ratio of the gamma functions is infact,

V(A + srp + sr + k + sN/3) _ c
T(A + srfi + sr + & + 1) /=0 1 '

hence from (4.7.1),

1 (A + sr + srfi)g(r)
h =g{n)+ E ------ -777------n r = Q (sN)\

sN .
e nr

k = 0

sN/J
E c,kl

/=0

= g(n)+ E 
r = 0

w-1 (A + sr + srfi)g(r) sN .

(sN)l E c EH)
/=0 k=0

The inner series in k here is zero as it is the (sN)th difference of a 

polynomial in k of degree less than sN, precisely of degree sNp-1.
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Therefore, hn=g(n). Thus (4,4.8)=s>(4.4.9).

Now to prove that (4,4.8) also implies (4.4.10), consider the left 

hand side of (4.4.10) and denote it by 9n, then

0 y nA + k + nfi) fio (n-k)\

= n [kls\^\)k-sr (A + Jy. + ^ Y(A + k + sn(i)g{r) 

k-0 r = 0 (k-sr)\(ti-k)\r(A + k + srft + \)

Now using the double series relation,

n [k/s] [n/s] n-sr
E Z A(k,r)= Z E A(k + sr, r),

k=Q r=0 r = 0 k = 0

9n becomes

q n~sr(-l)k(A +sr + srfi) T(A +k + sr + nfi)g(r)

n r=0 lc = 0 kl(n-sr-k)\r(A + k + sr + srfl + \)

Taking n-sr=N, one gets

[^] (A + sr + srfi)g{r) N r fN) r(A + k + sr + nfi)
cL = Z ---------- —---------- Z (~U

r=0 N\ k = 0 k j F(^4 + k + sr + srfi +1)

Here

T(A+k+sr+nft) ^ ,j
T(A+k+sr+srJ3 + \) ~ jt0 °j '

thus

i 'c; z h)*
j = 0

Q _ (A+sr +srfi) g(r) NP 1

" rr0 N\ ,-tn J k=0
rN'

kj = 0,
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as the inner series in k is the Nth difference of a polynomial in k of 

degree Np-1, where Np-1<N, which proves that (4.4,8):=>(4.4.10), 

completing the proof of the first part.

In proving the converse part it is assumed that (4.4.9) and 

(4.4.10) hold true. Denoting the left hand side of (4.4.10) by gn, one

gets

0 (« - k)\
(4.7.2)

But as (4.4.10) holds

gn =0 if n*sj,jeN , 

and also, because (4.4.9) holds true 

Ssn = S(n).

Also,

(4.7.2) implies that

„ , » (-1 )n-k(A + k + kfi)/(«)= E . ------ ———k=0 (n - k)! + n + kfi +1)

In view of (4.7.3) and (4.7.4), (4.7.5) and (4.7.2) give

, , r(A + k + snfi)
gsn = g(”) = ,S —;-------- ~f(k)

k=0 (sn-k)!

(4.7.3)

(4.7.4)

(4.7.5)

ffn\ _ y f_\\n~sk(A + sk + skfi)
sk=0 {n-sk)\T{A + n + sk/3 + 1)’

with this, the proof of the converse part is completed and hence the 

proof of the theorem.
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4.8 PARTICULAR CASES

As mentioned in the introduction of this chapter, the special cases 

of the general class of polynomials Mn{s,A,p;x)(given in (4.1.5)) and

those of the properties discussed in sections 4.2 to 4.7 will be taken up 

in this section.

First, the extended versions of the various known polynomials 

occurring as the special cases of the general polynomial Mn(s,A,P;x) 

will be illustrated.

The polynomial

Mn(s,A,fi;x) =
[n/s](_rfk r^A + sk + n^

k = o in-sk)\
Vi (4.8.1)

is reconsidered in a slightly modified form (given in (4.3.1)):

[«/s]
Mn(s, A,p;x) - £ (-n)sk {A + nf})sk y/k x (4.8.2)

This form will be used to obtain various extended polynomials as 

follows:

First the Racah polynomial in an extended form denoted by 

Rn{x{x + y + S + \)-,a,p,y,5), may be obtained from (4.8.2) by setting J3=l,

and then choosing A=l+a+p, x=l and yrk =

Thus

(-x)k(x + y + S + \)k 
k\(\ + a)k(P + S + \)k(\ + y)k

+* + = ^-n)sk(l+a + /j + r,)sk(-x)k(x+r + S + l)k

k = 0 k\(\ + a)k(\+y)k(P + S + \)k

(4.8.3)
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Next, if p=l, x=l, and A=a+b+c+d-l then by selecting

(a+ix) (a-ix)
V, —,, 7    v , one gets from (4.8.2) an extended form of* k\(a+b)k(a+c)k(a+d)k a '

the Wilson's polynomial denoted here by P„(:c2).

Thus one finds

Pn (x2 )0 + *)„(« + c)n(a + d)n = Z[n/s](~n)sk(a + b + c + d + n - \)sk(a + ix)k(a-ix)k

k = 0 AJ(0 + &)£(a + c)£(a + </>£

or

^’(Jc2) =
(« + *)„(« + <;)„(a+ rf)M k = 0

{n!s](~n)sk(a + b + c + d + n-1)^(0 + ix)k(a-ix)k

*• (a + b)k (a + c) k {a + d)k

(4.8.4)

An extended form of Hahn polynomial Qns(x;a,fi,N) can now be 

obtained by setting p=l, A=l+a+p, and x=l and then

y/k =————------ , where n=0,l,2,..., N.* k\{\ + a)k(-N)k'

With this one gets

(—ri)„k(l + cc + J3 + x)k
Qns(x;a,fi,N)= E --------------- . •:.., where n=0,l,2,.,,,N.

* = 0 k\(\+a)k{-N)k

(4.8.5)
An extension of the well known Jocobi polynomial denoted here by 

Pns^hxX is obvious. In fact, from (4.8.2) by taking p=l and, then

A=l+a+p, ij/k 1
*1(1 +a)*

and replacing x by
f\-x' 

v 2 J
, we get

(a 8) (-nhk(l + a + P + Tt\k(l~x
(1 + a) p{-a’/3\x)= E ——----------------2*J —

n n's k = 0 m + cc) l 2 .
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or

n,s = — ;.‘.: E
1 [«/5] (-«) ^ (1 + a + fi + «)S£ n _ x

(l + a)n A; = 0 *Kl + a)*
(4.8.6)

\ L J

The Legendre polynomial, in an extended form, carrying the 

notation P^O)can be obtained by choosing A=p=l, y/k=-~a<c\d

\ ^ j
replacing x by

Hence,

s [n/^](-n) ,(o + l) . x 
P*(x)= E - sk sk 

k = 0 k\k\ V ^ J
(4.8.7)

The Bessel Polynomial Yn(x) (Riordan [1], p. 77) is also occurring 

as a special case of (4.8.2). An extension of Yn(x)f denoted by y£(x)is

1 (—xobtained, when A=p=i, yrk =—and when x is replaced by I—

Thus,

T . , i”l5] (~n)sk(n + lhk 
r„(x)= E — K SK

k = 0

/ \k 
' ~x '

k\

And lastly with p=0 and ^

(4.8.8)

, (4.8.2) yields an
k\(\ + <x)k(A)sk

extended version of the Laguerre polynomial denoted here by 4$ O):

4 (! + «)«= .1 sk
k=0 k\(l + a)k

or
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(4.8.9)
(~"U *k

k=0 k\ (1 + a)k

The above polynomials (4.8.3) to (4.8.9) are extensions in the 

sense that when s=l, all of them reduce to the original known 

polynomials.

Now the particularizations of the properties which are discussed in 

sections 4.2 to 4.7 will be taken up as follows.

(A) Special Cases of Integrals.

(B) Special Cases of 8-form differential equation.

(C) Special Cases of inverse series relations.

(C-l) Ordinary extended forms of inversion pairs of Gessel and 

Stanton.

(C-2) Pairs of inverse series relations of extended forms of 

polynomials.

(C-3) Combinatorial identities.

(A) Special Cases of Integrals

The integral forms of the aforementioned polynomials in view of 

the integral (4.2.4) are listed below.

o
where
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n (-n)k(-x)k(x + y + S +1).
^ a,p,r, ,x) - ^ wi T(\ + a + j3-k)(l + a)k (1 + y)k(J3 + S + \)k k\

and Re(l+a+p-k)>0, Re(l+a+p+n+k)>0.

P„(x2) = j/a+b+c+d+n+k-2 {l_t)a+b+c+d~k-2 ^a,b,C,d-,x)dt, (4.8.11)
0

wherein

An(a,b,c,d;x)= ±
(-if (a + ix)k (a- ix)k

k=0 (n-k)\ k\ T(a + b + c + d-k~\)(a + b)k(a + c)k(a + d)k

and Re(a+b+c+d-k-l)>0, Re(a+b+c+d+n+k-l)>0.

1Qn(x;a,fi,N) = \ta+P+n+k(\ _ kvn(a,fi;x)dt,

0
(4.8.12)

in which

«u„(a,j3,x)= £
H) (-*)*

iM) (« - A:)! A! T(1 + a + /3 - A) F(1 + a + /? + /?)(1 + a)k(-N)k ’ 

and Re(l+a+p-k)>0, Re(l+a+p+n+k)>0.

P(«,/?)(X) = _ tf+P~k sn{a,p,x)dt, (4.8.13)

with

3n(a,j3;x)= I
(-1)"

Ar=0 («-A)l A! r(l + flr + /?~&)(l + ar)£ \ L )

and Re(l+a+p-k)>0, Re(l+oc+p+n+k)>0.

In the second integral (4.2.6) the parameter s is a natural 

number greater than 1. Because of this, the integral forms of the 

extended versions of the polynomials are derived from (4.2.6).
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In the beginning the integral forms of an extension of the Jacobi 

polynomial denoted here by P^^\x) and an extension of the Legendre

polynomial denoted here by Pn,s(x) are derived from (4.2.6) by setting

P=1 and replacing x by 1-jc

In particular, for P^^\x) putting a=l+a and A=l+a+p, one

gets from the general integral (4.2.6),

T(l+a)
rn,s w —I l+oc+ B + fi |1+flMr  -------— m+«------—•-—V. 5 ) l s J

\+a + B+n , l+a + 8+nI --------- £--------1 a------------ -—

^ 11 s a-o A • 
0

'2s-l F0

A (-n,s), 2 + a + J3 + n s + a + fi + n

tc
1 -Xs
~2~J dt, (4.8.14)

where s=2,3,4,..., Re(l+a)>0.

The integral forms of the extended Racah, Wilson and Hahn 

polynomials are obtained separately in the light of the integral (4.2.2) 

by taking p=l, x=l in (4.8.2). Because of their peculiar explicit forms, 

it is not straight forward to obtain their integrals directly from (4.2.6).

With the values p=l and x=l the polynomial (4.8.2) reduces to

[o/j]
Mn{s,A,\-\)= ^ (-n)sk (A + n)sk ^ . (4.8.15)

Setting A=l+a+p and choosing
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(~x)k(x+r+s + i)k
Wk k\(\ + a)k{\ + y)k{fi + 6 + \)k

in (4.8.15), one gets the hypergeometric function form of the 

extended Racah polynomial

R*(x(x + y + 5 + \),a,j3,y,S)=

F
25+2 3

A (s-n), A(.v;l+a+fi +n),-x, x+y + S+l;

1+ocJl + y,fi+S+V9

where c=s2s.

Now using the integral (4.2.2) for a pFq(x), one gets from above: 

R* ($c+y+5+l\a,fi,y ,S)~- T(l+a)
\+a+p+n 1+a+p+n

l+a + B+n , l+a + B+n1 --------£-------1 a----------—

J*
0

(l-o

F25+1 2

. l+a+B+n, a + B+n+s c .A (s;-n),------- ................. ...... ---------- ,-x,x+y + S+1;

l+y,p+B + l;
dt (4.8.16)

The substitutions A=a+b+c+d-l and Wk
(a + ix)k{a-ix)k 

k\(a + b)k(a + c)k(a + d)k

in (4.8.15) yields

Ps (x^) =- 
n (a + b) (a + c) (a + d)

F
25+2 3

A(s;-n);A(s;a+b + c+d+n-l),a-ix,a+ix,

a+b,a+c,a + d,
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where as above c=s2s.

This in view of the integral (4,2.2) gives

pV) =------------------- r(a + i)
(a + b) (a + c) (a + d) F 

n n n
a+b+c+d+«-l f , a + b + c + d + n-\'\

a + b--------- --------- ------

a+b + c+d + a — 1 . , a+b+c + d 4-/7 — 1 -1 ------------------- -1 a+b--------------------- -1
\t v (l-o
o

F2^+1 2

., . a+b+c+d + n a+b+c + d+n+s-2A(s;-n),------------------ ------------------------------ ,a-ix,a+ix:
s s ct

a+c,a+d;
dt,

(4.8.17)

where c=s2s.

The integral form of the extended Hahn polynomial can be

(~xh
obtained when A=l+a+p and y/j^ =

kl(\ + a)k(-N)k
, n=0,l/2,.../N.

With these substitutions, (4.8.15) reduces to 

A (s;-n), A(s;i+a + fi+n),-x;
QnJx^N>2s+l F1

1+a,-N;

whose integral form is
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On^(x-a,fi,N) = r(l+a)
, 1+oc + J3 + n p . \+cc+j3 + n—.—a— r 1+a- - - - - - - - - - - ----
\ s / v s )

a
s 0-0

o

ct
dt. (4.8.18)

(B) Special Cases of 9-form differential equation

The polynomial Mn(s,A,fi, x) reduces to various known

polynomials as shown in the beginning of this section, when the 

parameters involved are particularized suitably. In view of these 

particular values of the parameters, the differential equation (4.3.3) 

derived earlier gives the differential equations for the specialized 

polynomials, which are listed below.

[0(0 + a)(0 + y)(0 + p + S) ~ (0 - n)(0 +1 + « + /? + n)(0 - x)(0 + x + y + 5 +1)]

Rn{x{x + y + S+\)-,a,f3,y,S)= ( . (4.8.19)

[0(0+a+b-l)(0+a+c-l)(0+a+d~l)

-(0-n)(0+a+b+c+d + n-l)(0+a-ix)(0+a+ix)]Pn(x^) = O. (4.8.20)

[0(0+a)(0-N~l)-(0~nX0+\+a+j3+n)(0-x)]Qn(x;a,j3,N) = (. (4.8.21)

(4.8.22)
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(4.8.23)

^(0~„)(0+n+1) Yn(x) = Q. (4.8.24)

and

[6(6 + a)~ x(0 - (x) = 0. (4.8.25)

(C) Special Cases of Inverse Series Relation

The special cases of the general inversion pair proved in theorem- 

7 can be classified as follows.

(C-l) Ordinary extended forms of inversion pairs of Gessel and Stanton. 

(C-2) Pairs of inverse series relations of extended forms of polynomials. 

(C-3) Combinatorial identities.

(C-l^Ordinary extended forms of inversion pairs of Gessel and Stanton

It is interesting to see that the various q-inversion pairs taken up 

by Gessel and Stanton [1] when considered in ordinary form, that 

means in the limiting case q-»l, admit extensions through theorem-7.

The pairs that are obtained from theorem-7 by taking p=l,

-Vs, and 2 are as stated below.

, T(A + sk + n)
m ~ £ , ...
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5,
sn

: X (-
A=0

1) .m • (.A + 2k)
(sn - A)l f(J + sn + k +1)

and

^_^n-AA + 2k 
k=0 (n-k)\Y(A + n + k + \)

Ak = 0, if n*sj, j=0,l,2,...

(2) 0=1/2

— X
r(^ + sA; + «/2)

A=0 (w-sA)!
-fii

<=>

, lxs«-ABn= Z (-D
(A + 3k/2)

k=0 (s« - A:)! T(^ + sn + - +1)
lk

and

X ------- (-/j + M/-2) ----  4. =0,if n*sj, j=0,l/2/.
*=0 («-A)!r(^ + « + | + I)

(3) 0=-l/2

r(^+^A-«/2) 
A=0 O - sky.

Bi

%? , lx,yra-A£« = X (-1)
(A + k/2)

k=0 (5/j - A)! r(yi+-—+1)

and

n n-k
X (-1) 

k-Q (n-k)\Y(A + n-- + \)
Afr = 0, if n*sj, j=0,l,2/.



(4) fezziza

. [»/J] T(A + sk-n/3) n
Aft — 2a Bhk=0 {n-sk)\ k

<=>

B„=f (-l)sn~k 
k=0

(A + 2k/3)

r (A + sn — +1)(^« - k) i 
3

4k

and

Z HX 
k=0

,-A: (A + 2k/3)

(n-k)\r(A + n-- + \)
Ak= 0, if n*sj, j=0,l,2,.

(5)&=2

[«/s] r(^ + ^-2n) „
j4m = L -----------------------------  Bk

k=0 (« - S&)1

<=>

= f ( iyW-A (4 + 3k)
n k=0 (5«-/c)!r(J + 5« + 2A:4-l)

and

« ( n?»-fc (4 + 3fc)
JM) (n — &)! F(j4 + n + 2k + \)

Ak = 0, if n*sj, j=0,l,2,.

fC-2)Pairs of inverse series relations of extended forms of polynomials 

This set of special cases contains some well known polynomials in 

their further extended form, which are occurring as particular cases of 

theorem-7.
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As shown in the starting of this section, the first series in

theorem-7,

Mn(s,A,P,x)

namely (4.4.1) yields the polynomial

(-1)5* T(A + sk + np) k 
k~ 0 {n-sk)\ ¥k

when G(k) is taken as xk and F(n) is then denoted by Mn(s,A,/3;x).

In order to extract the polynomial special cases of this 

polynomial, its elegent form is obtained, given by (4.8.2), by replacing

M (S,AJ;x)T(A + nfi)
Mn(s,A,J3,x) by —----------------------- . Making corresponding

n\

replacements in (4.4.2) it yields the inverse series of Mn(s,A,fl,jc)after

some simplifications in the form:

„ sn (~l)k(A+k+k/3)M (s,A,fi;x) 
¥nX 0 (sn-k)W(A+kfi)m+l (4.8.26)

It is already shown that the extensions of the Racah, Wilson, 

Hahn, Jacobi, Legendre, Bessel and Laguerre polymomials are special 

instances of the general class of polynomials {Mn(s,A,p,x), n=0,l,2,...}

with the help of (4.8.2), while starting this section of particular cases. 

There the respective specializations are also mentioned. Using the same 

set of particular values of the parameters in (4.8.26) one immediately 

gets the inverse series relations of the respective polynomials. In the 

following these pairs of inverse series relations are enlisted.
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Inversion pair of extended Racah Polynomial

Rn{x{x + y + S + \\a,p,y,8)

OAs] (-n)sk (1 + a + fi + n)sk (~x)k(x + y+ 8 + l)k

k-0 (l + a)kQ + y)k(fi + 3 + tyk

<=>

(~x)n (x + y + 8 + l)n=n\(\+a)n(\ + y)n(j3 + S + \)n

f (-l)k(\ + a + fi + 2k) s 
k=0(sn-k)\kK\ + a + ]3 + k)m+l k

(x(x + y + S + l),a,j3,y,S)

Inversion pair of extended Wilson polynomial

Pn(x2) = (a + b)n{a + c)n (a + d)n 
[n/s] (-n)sk(a + b + c + d + n~l)sk(a + ix)k(a- 

k=0 (a + b)k(a + c)k(a + d)kk\

ix).

«*

(a + ix)n(a~ix)n 
(a+ b)n(a + c)n (a + d)nn i

SM(-l)k(a + b + c + d + 2k-\)ps(x2) 
k=0 k\(sn-k)\(a + b + c + d + k-l)sti+l(a + b)k(a + c)k(a + d)k k X

Inversion pair of extended Hahn Polynomial

Qn,s(x’a*fl’N) ~
[«/•*] (-n)sk (1 + a + fi + n)sk (-x) k 
ih k\(\ + a)k(-N)k

sn (~\)k(\ + a + J3 + 2k) Qk (.x,aJ,N)
(~x)n=(l + a)n(-N)n n\ £ ------------^-----)n )nK )n ^ k\(sn ~ k)\(l + a + ff + k) sn+{

(4.8.27)

(4.8.28)

(4.8.29)
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Inversion pair of extended form of Jacobi Polynomial

[n/s] (~n)sk (I + a + J3 + n)sk

!c=0 k\(l + a)k 2 )

o

\n sn
n\(\+a)n E

(-lf(l + a + j3 + 2k) >(a,j3)
k=0 *!0m-&)!(!+ « + /? + k)sn+{(1 + a)k k,s (x)

Inversion pair of extended Legendre Polynomial

i,«W =
[ny]tn2l^^}s±(tA 
k=0 k\k\ i 2

k

sn■ n\ ri- E -— 
k=0 (sn

(-lf(2k + l)

k)lM(k + l)m+l nix)

Inversion pair of extended Bessel Polynomial

^(*)= S
k=0

fx\n sn

[n/s)(-n)sk(n + \)sk

k\ v

n\ E
(-1)^(2& + 1)

W k=0 (sn - k)\ k\ (k + l)5f?+1
¥l(x)

(4.8.30)

(4.8.31)

(4.8.32)

143



Inversion pair of extended Laquerre Polynomial

(a\ [n/iLfJ(x) = (l + a)n Z
[n^] {~n)skxk

k=0 k\(\ + a)k

(4.8.33)

xn

^ + k- 0 ^ + ah

(C-3) Combinatorial Identities

Besides yielding extended forms of polynomials together with 

their inverse series relations and the extensions to the ordinary forms of 

the inversion pairs due to Gessel and Stanton, theorem-7 also 

possesses the potential to give rise to some seemingly new 

combinatorial identities. Some known combinatorial identities are also 

contained in the theorem & some of them are inverted through it.

The combinatorial Identity (J. Riodan[l], p. 57)

*)„ n ( 2n \
* = E , b2k(x)h=Q\J,~k)

and its inverse are special cases of theorem-7. The above identity in an 

equivalent form with its inverse is given by

x2n = | (2n)\b2k{x)k=0(n + k)\(n-k)\

(4.8.34)

b2n{x) _ £ (-1 f~k(.k + l)x2k 

(2«)l k=0 (n + k)\(n + V)(2k)\

In fact taking s=l in the theorem, one gets
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(4.8.35)

w= s
k^o (« - ky

<=>

RM= S , r,n-k jA + k + kP)T{k)
kt0V IX/l + w + A^+ !)(»-£)!

Putting A=1 and p=0 in this pair, it becomes 

n ni + BT{n) = 2 -> ’-Rik)
k=0 (« - ky

o

~) = | {-\f~k{k + \)T{k)

kto r(« + 2X«-*)'

bjk(x)
Now choosing i?(£) = ——----- one obtains from the first series

(n + kyk\

x2n

above T(n) =----- . Thus the first series of (4.8.34) is obtained. Its
(2 n)\

inverse follows with the same choices from the second series in the 

above pair.

Consider now the pair of inverse series relations which is of the 

simpler Legendre Class [J. Riordan 1, p. 68] namely,

nan ~ £ 
k=0

n + p + k 
n-k

bk

<=>

n
I (“1) 

k=0
n+k f2 n + p 

< n~k )

2 n + p 
\n-k-\j ak
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or equivalently

n (n + p + k)\ bk

(4.8,36)

b = y (^f + k(P + 2k + l)(p + 2n)\ 
n k~Q (n + p + k + \)\(n-k)\

When p=l, A=p+1, and R(k)^---- -then from the first series
(p + 2ky

of (4.8.35) one gets T(n)=an; which gives the first series of the pair 

(4.8.36). With these substitutions the inverse series follows from the 

second series of (4.8.35). Thus the pair (4.8.36) can be obtained.

The second pair in the Table 2.5 (Simpler Legendre Class) of J. 

Riordan[l], (p. 68) also occurs as a special case.

For obtaining this, put 3=1, A=p then the pair (4.8.35) reduces to

R(n)= I (-1)" k 
k=0

(p + 2k) T(k)
T(p + n + k +1)(« - k)\

Here

R(n)= i (-1) 
k=0

n-k (p + 2k) T(k) 
F(p + n + k)(n-k)\
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Now setting T(k)
p + 2k

and replacing R(n) by (-l)n R(n), one arrives

at

an _ ^ ______ tyc

(2 n + /?)! k=0 (p + n + k)\ (n - k)\

with R(ri) =---- 2—, which is known [J. Riordan].
(2 n + p)\

Using the same substitutions in the second series in (4.8.35) the 

inverse is obtained, thus one arrives at the inversion pair:

b = l (-l)n+k(p + 2n)(n + p + k-l)\ 

n k=0 (p + 2k)\(n-k)\

(4.8.37)

an ~
" (p + 2ny bk 

k~0 (n + p + k)\(n - k)\

The inverse pair in J. Riordan[l, p. 79] is:

'n + k'
'2kN

< 2k , U J
<=>

(in \ n ' 2n ' r 2 n W= E —

....iis

Kn , k=0 _\H ~ kj

or equivalently,

,n« = 5 (* + *)l(-l)*
k=0 (n~k)lk\k\

1 « (2k+ 1)
n\n\ k~0(n + k + \y(n- k)\

(4.8.38)
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This pair is easily obtained from (4.8.35) by setting A=p=l and

choosing R(k) =
(-0*

k\k\
. Then one gets from the first series of (4.8.35),

T(n)=(-l)n, and thus the first identity of the above pair is obtained. The 

inverse series is obtained similarly.

The combinatorial identity in J. Riordan[l, p. 38] is:

( i\M+l (-1) n
n-1
zk=0

fn-fl rn + ky

V k ) , k J
(-1)*

or

„2 = "y1 (n + k)\(-l)k 
1 ; k=Q{n-k-\)Wk\ (4.8.39)

Taking p=l, A=2 in (4.8.35), it takes the form:

T(n)= z (y?+*+^-- m
k=0 (n-k)\

n -k 2(k + \) T(k)
R(n) = £ (-1)

k=0 (n + k + 2)\(n-k)\

On replacing n by n-1, this pair becomes

* n~I (n + k)\ *,,.
T (») = £ / R (k)

k=0(n-k-l)\

(4.8.40)
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* n-1 „
R (n)= Z (-If 

6=0
■6-1 2(6 + 1) T (k)

(« + 6 + l)!(n-6-l)!

On comparing the series in (4.8.39) with the first series in (4.8.40)

suggests the particularizations R (m) = and 7’*(m) = (-l)?”+*m2.
m\m\

The inverse series identity for (4.8.39) is thus obtained from the 

second series in (4.8.40) which is given by

,21 n-1
z

2(6 + 1) k"

n\n\ k—0 (m + 6 +1)!(n — k — 1)!

Another identity (J. Riordan [1, p.83])

\k

(4.8.41)

\ rn + kN
^6 + Z

„+i n-\(n-1'(-l)n+1 = Z
6=01 k

or equivalently 

H)«+l= ng (n + k)\(-\)k

(-0'

(4.8.42)
k=Q(n-k-\)\(k + \)\ 6!

is also contained in the pair (4.8.35) for (3=1 and A=2.

Once again following the process, one gets with (3=1, A=2 and 

with n is replaced by n-1 in (4.8.35), the particular pair

T*sn\ = nyl (« + 6)i R (6) 
6~0 («-6-l)l

<=>

R (n)= Z
(-1)n-k-l 2(6 + 1) T (6)

6=0 (« + 6 + l)!(n —6-T)!
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which is in (4.8.42).

* (~\f
Choosing R (k) = ——-— in the first series above (that is, in 

k\(k +1)!

(4.8.40)) suggests that,

T*(k) = (-\)k+l.

Hence, one finds the inverse series of (4.8.42) in the form

(-if (-l)w2(£ + l)
«!(« + !)! k=$(n + k + l)l(n-k-l)\

There is one more series identity whose inverse is also 

constructed through the theorem.

It is (J. Riordan[l, p.84])

n f

v

2 n 1
k"

When this series is compared with the second series in (4.8.35) it 

suggests the substitutions A=2, {3=1, and further,

R*(m) = (-1)”*

(2m)!
frn> T*(m) =

2(m + l)2 ’

Thus the above identity in its equivalent form, together with its 

inverse (from the theorem) reads as:

, =nyl(M\
Jn /4o(k + & + 1)!(«-£-1)!(£ + 1)

o (4.8.43)

(-1)"+1 n-l(n + m-l)kfk
2(n + l)2 “aSd («-A:-l)l(2*)l *
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Afo'- - - -

22n(2n + l)

Apart from the above series identities there is one more nat^lyc.
.V.' .

Vi, S -f 2 n') 2 n ,
= z (-irV n ) A=0

(2n+f (2k\ 

V* 72\k + l J k u#

that is 

1 2 n
-= E

(-If (2*)l
22” «! «! k=0 (2« - A;)! (A +1)! A;! A;! 2k '

Setting s=2, p=0 and A=l, theorem-7 takes the form:

[«/2](2 k)\G(k)
F(n)= S

k=o {n~2k)\

(4.8.44)

C(jl) 2£ H)k(k + i)F(k) 
K } lio(2n + \)l(2n-k)\

and

« (-if k(k + \)F(k) 

k=0 (« + !)!(«-A:)!
=0, if n*2m, m=0, 1, 2,

Here choose

F(k). (2k)\
(k + l)(k +1)! A:! A! 2h

then Gfc = 22kk\k\

Thus the inverse of (4.S.44) follows in the form:

(2w)i = ^ (2A)!
(n +1) (n +1)! n\ n\ 2n A=0 (n - 2A)! 2lk A! A!

with

£--------( I)W k (2*)!------r = 0if n*2m, m=0, 1, 2
k=0 (« +1)1 (« - A)! (A +1)! A! A! 2*

(4.8.45)
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4.9 INTERRELATION OF Sn(e,m,a,fi;x) AND M„(s,A,B;x)

In this section, one of the polynomials S„(£,m,a,fi;x) and 

Mn(s,A,H,x) is expressed in a series of the other using the inverse 

series relation proved earlier.

The inverse series relations of these two polynomials are given by 

(Chapter-2)

[n!m\
Sn(l,m,a,fi;x)= £

(-\)mrcrr xr
r_0 T(\ + fi~na+t,r) (n-mry

(4.9.1)

if and only if

[nm\(~\fj3T(j3+£n~ra)
crnxn= £ 

r=0

and

(n-mr)\
Sr(£,m,a,fi;x),

M (sAHx)J"y] H)skW+skA»H) k 
Mn(s,A,H,x) ^ (n-sk)\ ¥k

if and only if

n_sn (-1 )k(A+k+kH)
¥n X k^Q r(A+sn + kH + \)(sn-*)!'” kM.(s,A, H,x).

(4.9.2)

(4.9.3)

(4.9.4)

For instance, from (4.9.4)

, = e (-i)Ha+j+jh) m (s a h.x)
yrjibnA+sr+jH+lXsr-Ar/’4 ’ h 

Now using the expansion of xn given in (4.9.4) in the explicit form 

(4.9.1), one gets
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Sn(i,m,a,J3;x) \»!g\(-l)mrar
r=0 T(1 + f) -na + tr) (n-mr)\ y/r

sr• E
(-1 )J(A+j+jH)

j=0 r(A +sr+jH +1) (sr - j)\ j

_[nlm\ s£ (_i)mr+J(A + j + jH)cxr

r=0 j-o(n-mr)\(sr-j)\Y(\ +Ir^qr

Mj(s,A,H;x)
(4.9.5)

T(T+sr + jH +1)

Thus, Sn(i,m,a,fi;x) is expressed in a series of Mn(s,A,H,x).

In a similar manner using (4.9.2) in (4.9.3), one can express 
Mn(s,A,H,x)in a series of S„(t,m,a,j3;x) as follows.

Mnis^)At](-'fknA + Sk + nHW*

k=0 (n-sk)\ a,

r(^ + ^~m) Sr(t,m,a,P,x) 
r=0 (mk - r)!

Thus,

Mn(s,A,H;x) =
(-l)r + skfi T(^ + sk + nH) Y((3 +fk- ra) 

k=0 j- — o (/i-jfc)!(OTfc-r)i

rt
^Sr(i,m,a,j3;x), (4.9.6)

A particular case of (4.9.5) may be illustrated by putting H=l,

s=l, A=l+a+p, y/k= , with this the polynomial Mn(s,A,H;x)
^ ''A:

153



yields the Jacobi polynomial , and on substituting
v ^ I

' ^aP^kC -i i S (I,m,aJ;x)
k=-jt y (u { u and replacing S {l,m,a,/3;x) by -2—----- —, one
"■ ^yk....q'kK' r(\+fi-na)n\

gets Sn(l,m,a,fi;x)=ffl(®j^[(a);(b);x]. Hence from (4.9.5), the expansion

formula

n mk (~l)r+k j3T(l+a+p+n+k)r(P+mka-m)(b.),..(bJ
(x) = Z I vk "v qJk

k = 0r = 0 (n-sky(mk-r)t(l+a)k r(l + ^-ra)d (ap)k

MffJ m-(b\x\. (4.9.7)

(a,), ,(a„).
On the other hand, taking cr, and replacing the* <v*....W

polynomial Sn{1,m,a,p,x) by
SnQ,m,a,P\x) 

T (l+/?-na)«!
, it reduces to the extended

Jacobi polynomial [(a),(b);x] and putting H=l, s=l, A=l,

yk in (4.9.3), one gets the Legendre polynomial

P„(2^+1)=2F1 -n,n+i;x
1,

Hence the expansion formula (4.9.6) yields

” r-0 j=0

(-1 )mr+j (2j+ l)d n (a.),. «! P.(2x+1)
i = l

(n-mr)\(r-j)\ ft (b .) T(l + fi-na+lr)r(r+j+r)
y,r
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