CHAPTER-5

UNIFICATION OF GENERALIZED
q-POLYNOMIALS & THEIR PROPERTIES

5.1 INTRODUCTION

In Chapter-4, the ordinary version of the inversion pair ((4.1.1)
and (4.1.2)) proved by Gessel and Stanton [1] was given further

extension. A general class of polynomials

sl kAt sk+np) K
M5, )= 3 0TIy (5.1.1)

was defined from that extended pair with a view to study integral
representations, differential equation (06-form) and inverse series
relations. In this chapter a g-analogue of (5.1.1) denoted here by the
symbol Ma(s,A,B;xlqg), is constructed and the above mentioned
properties are given g-extensions through it.
The general class of g-polynomials
{Mn(s,A,B;x]|q), n=0,1,2,..} is defined as:
[/ s1-D% ™K (ag™ )

My(s,4,8,x|q)= %, nosk g 5k, (5.1.2)
k=0 ], _

where & is a general sequence (not involving n).
This polynomial unifies several known g-polynomials. In what

follows, unless otherwise stated qz=q".
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In fact, through this general polynomial (5.1.2) several known

basic polynomials occurring as its special cases, are further extended by

giving particular values to the parameters involved.
These extended g-polynomials are listed below.

Extension of Askey-Wilson Polynomial

Py s(x,a,b,c.dlq)= a”"[qlplablylac),lad]y, kZO (q],,[ab]
= n k

[ae' %1 lae ]

k gk
[ac),lad],

Extension of g-Racah Polynomial

(n/s)la ™1, lefg™ 1 [g7*1
R ca,B.7.8.9)= sk sk k x+1
s WO foy )= 2 T e,

Extension of g-Hahn Polynomial

Isllg™™" n+l -x1 _k
Ons(m,B,N |g)= [nZS} lg "1y lopq - A}sk [47*1,9 |
k=0 fog),[q7 V1, lal,

Extended Little g-Jacobi Polynomial

[/ 5)g ™) g log™ g ()
)= % : . :
Pns (50 5-0) k=0 logql 91y

" Extended g-Legendre Polynomial

[/ 51[g ™™ o [4™ Mg (v
P Y. .
nsx19) 2 Bnen

[n/s)lg ™1 [abedg™ '],

]qu .

(5.1.3)

(5.1.4)

(5.1.5)

(5.1.6)

(5.1.7)
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Extended g-Konhauser Polynomial

k(n+a+D+ki(kf-1)/2, ~nk. ky K
/514 (g™9%) ;%
2 (x,k|g)= Efq]/? {'f sl — Y~ . (5.1.8)
’ q"q7), J=0 @%:9") glog),
Extended g-Laguerre Polynomial
Jn+a+)+j(j-D/2, —n J
laq] [n/s]9 lg "1 >
£ 1= s S (5.1.9)

lql, J=0 g1 ;o] ;

Extended Wall Polynomial

nn+1)/2 {"és] (_,I)Squ(k —1)/2—snk

k=0 [al,

Wn,s<x;a,q>=<—l>”[a]nq Hx" .(5.1.10)

sk

Extended Stieltjes-Wigert Polynomial

- [n/m] 2
Sy mEPD)=(D"q n2n+1)/2, _pymk gk +k/2[”]_§_~

(5.1.11)

The inverse series relations of these extended polynomials is
given in section-5.8. For inverting the polynomial (5.1.2) a general
inversion formula is also proved. Together with this, a couple of
inversion formulas are discussed in sections-5.4 to 5.7. Section-5.2
contains integral representations of Mq(s,A,B;x|q) which are derived
using some known ¢-integrals. Whereas section-5.3 deals with

g-difference equation (6-form) of the polynomial (5.1.2).
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5.2 q-INTEGRAL REPRESENTATIONS

In this section the g-integral representations of M,(s,A,B;x|q) are
obtained using four known basic integral formulas. These g-integrals
are as listed below.

g-Beta Integral (Gasper and Rahman[1]1)

Iy ()T, ()

ﬂq(x:y): rq(x+y)

1 .
_ (J;t‘x—l %dqt, Re(x)>0, y£0,-1,-2,..... (5.2.1)
2 w

g-Beta Integral (Askey and Andrews[1])

d (-gx/cq) (gx/d;q) J @B cd
I T T @ p) crd

—c(-xq% Ie,q) (xq” 1 i),

(=c/d;q),(-d/c;q),

: . (5.2.2)
(~q7cld;q) o (~q%d ;)
a-Beta Integral (W.Hahn[1, p.91)
1 (g:9)
5 1E (@0 = (- ——=-. (5.2.3)
0 7 (@".9),,
g-Gamma Integral (W.Hahn[1, p.10])
© 1-9lg]l = _ppe
jth‘l e (-t)d ts(—?hz—q—f’iq hh=1)/2 (5.2.4)
0 79 94",

(I) On making use of the g-integral (5.2.1), a g-integral for

Mn(s,A,B;x]q) will now be obtained.
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Consider,

/s1(=1 sk —snk y sk+skf .
Moo, frxlq) = p 4 AT )

- [4] n—sk

nsk g ik, (5.2.5)

where
sk+skf .
’q2)n—-sk

sk+skf
(4g™+HP 245 )oo (97,95 )oo

(g™ 4))e 92:92)e0

(4g

(1-q )I“A_Sk”Skﬂ qu (4+ sk +np)

2
qu (A+ sk +skf) (1- I~ A—sk-np

qz)

qu (A+sk+npf)
’ I'q2 (A + sk +skB)

~(1-g_)"B~SkB (5.2.6)

(1- )"~ Tg, (A+sk+nB)Ty (A+5kB)Tg (2A+sk+ Sk +np)

Ty, (A-+ sk +kp) Ty, (A+ skp) T, 4+ sk + sk + nf)

_g \1B—skp
_(1 qz) Fq2(2A+Sk+skﬂ+n/3) }tA+nﬂ+sk~1 (tq’qz)oo t
qu(A+sk+skﬁ)Fq2(A+skﬂ) 0 (“IAHkﬁJIz)oo 95

Re(A+nB)>0, A+skB=0,-1,-2,...
Therefore, from (5.2.5)

/5] nkgmsmk g xk-g, yB = skfp rqz A+ sk + sk +np)

M (s,4,0, =
o84 0:%19) k§0 il

o rqz (A+ sk + skB) rq2 (A+skp)

}1A+nﬁ+sk-—l U:95) s

d t,
0 gt :q)),, 12

Re(A+nB)>0,A+skB=0,-1,-2,...
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or alternatively

A+nf~1

1
Mn(S>A7ﬂ;xlq) = gt (tq>q2 )(XJ pn(saAsﬁ:x>th) dq2 t:

where

[n/s )
p,(s.Apxtlg)= ¥

](—1)5" g (- g, yB = skfp T, @A+sk+skp+ np), i 1k

YR
E=0 lal, T, (44skssip)T, (4+st)tg )

and Re(4+nf)>0,A+skf #0-1,-2, .. (5.2.7)

(II) The g-Beta integral of Askey and Andrews given above in (5.2.2) is

now considered with c=d=1, which then reads as:

2} (-9%9) o0 (9%, D)oo dqx:Fq(a)Fq(ﬂ) LwLao
1 (-24%:9)e0 (24P 190 F9@+8) (4P (4% Do

In (I) it is already shown (in (5.2.6)) that

I (A+sk+np)
~(1-g,) P 2
sk 2 qu (A+sk+skp)’

(AqSk+Sk'B;q’B)n_

therefore it can also be written as:

(1-g)"F KL (dssk+np) T (A+skP)
‘D) 9y

sk+skB. p _
(Ag™ Py .
=S qu(A+sk+skﬂ) Fq (2A+ sk + skB +np)

2

I (QA+sk+skp+np)
)

rq2 (A + skpB)
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(-4, yB—skpp F‘Iz 24+ sk+skB +np) rqz (A+sk+np) rq2 (A+skpB)

qu(A +sk+skB) qu (A+skp) qu QQA+sk+skf+np3)

A+skp A+sk+np

(-14,),(-Lg,) (~q

© 7Q2)00(Hq
A+skp
) (1

1)1y,

9500

At sk+nf

(-4 2050

(-g)"P~¥r_ Ak sk +nf) - -4 g ) g g

I‘qz(A+sk+skﬂ)F A+ ) ()0 (-1, )os

) } (~19,95 oo (19 oo ,
21 (thA+sk+nﬂ,q2)oo(‘_thJrskﬂ,qz)oo )

L o X, X, . 2x. 2
but in view of the definition of T'y(x) and (47 ;@) (@™ ;D0 =(77" ;9" Voo,
one gets

A A+sk,

e )0 @ )

Ly, (A+SkB)Lax)o0  (1-g,) ™ (g5,45)0 (L)oo

244255 2

7)o

1 (q
2 (1-gt™ S"ﬂ(q2 43)c0

Thus

(Aq sk+skﬂ ﬂ) =
n-s

(1_q2)A+n/3 qu QA+ sk+skB+nB) (g2t 25kB

A+sk+nf.

030 (4 3950

F (A+sk+skﬂ)( lqz) (qz, )w

1 19,95) o, 19:9,) o,

fl( AT RB A+5K5

395) 00 (—iq ,qz)
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Finally substituting the above in My(s,A, B;x|q) the g-integral is

obtained in the form:

]
Mpy(s,4,5.x|q) = Jl(—tq;qz)oo (17,99 )0 Sn (5,4, f, 3,11 q)d g, 1, (5.2.8)

where

O,(s, 4, B, x,t|q)=

_ sk —snk _ A+nﬁ-1 2A+2Skﬂ. 2
{néS}( D™g (=g, Fq2(2A+sk+skﬁ+nﬁ)(q 395)
: _ 2 2 '
k=0 [qJn_Squz(AHkﬂkﬂ)( 195)(95-95),
(“qA+sk+n,B 4o §k &
: T :
g™, g g g )

(II1) Another g-integral representation of the polynomial Mu(s,A, B;xlq)
is obtained using (5.2.3).
Using

sk+sk, i
(Aqsk-l-skﬂ.q\ ) - (Aq 'gaq?_)oo (95:97)0
*12 ' n—sk sk+np3

(46 q,)e @2592)0

in the defining relation of Ma(s,A, B;xlq), one gets in view of (5.2.3),

[n/ s/~ g Snk(ag KB 4y ¢
Mn('g:A:ﬁ:XEqu)z E 2’k :

k=0 91, 4(9539,),(1-9,)

1

-1
3PN g ydiay0
0 7

or
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P 1 A+nf -1
My(s, 4,8 xt” |q) = [t Eq2 (tg5)A (s, 4,8,x1q) d(q,.0), (5.2.9)
0 .
where
[n/s1-1)*k g~ (ag ™+ g, )
Mnls,AB x| =—— 3 20 ¢ ik

(@2399)e0 k=0 g1, (-1,

(IV) The g-gamma integral defined by Hahn[1, p.10] given above in
(5.2.4) is used as a tool to get another g-integral form of Ms(s,A,B;xlq).

For that once again using,

(AgF By o (45385)0

qsk + skf3
(Aq‘Sk’*'nﬁ Yoo (42;512 Yoo

(4 ) )n—sk =

and (eq. (5.2.4))

h(h—-1)/2
[q;}“’ =1 0Fth’leq(—::)clq,t
(9" Jeo I-qg 0

the polynomial Ma(s,A,B;xlq) takes the form:

o DS gk g gy g
Mu(s. A B 575 |q)= 5
k=0 [, _ £ (95:99) s

AT Sk nBY A+ sk+nf -2 "I"IA+sk+nﬂ~1“S"e (-nd_ ¢

which can be written as

© 4+nf-1
Mp(s, 4,8 x1° |q)= [t e (06 (s, AB:x1q) d_ 1, (5.2.10)
0 " )

where
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[n/s)(~1)Sk g(A +sk+nf =D A+sk+np)/2-snk .k
On(s, 4,8 xlq)= % k
k=0 9], _ 5 (@5395) o, (1-45)
-(AqSk.PSk'B;qz)w‘

5.3 g-DIFFERENCE EQUATION(6-form)

The 6-formed g-difference equation for the polynomial
Mn(s,A,B;x|q) will be derived in this section.

As mentioned in section 3.3 the function

a) ,ar;q,z}
7

= ¢ .
Y= P bl,.,,bs,

where r<s,0<|q]<1; if r=s+1 then |z|<1, and for |z|=1, Re (£b,-Za,)>0,

satisfies the 0-formed g-difference equation:

-5, 1—b2 1-b ay+ . Aap—by..~bg+s
{6(6+q -1 +q -D....(0+g S-D+zq

O+g V-1)0+q 2-1).. (0+q T-Diy=0. (5.3.1)
From this equation the corresponding g-difference equation for
Mn(s,A,B;x]q) may be obtained as follows.
Here, in fact a particular case of Mq(s,A,B;xlq) is considered for
this purpose as the polynomial Mn(s,A,B;xlq) is to be expressed in a
generalized q-hypergeometric function form.

In the polynomial

I5) (~1) g sk 5k + kB
[n/s] (-1)* g~ (4q %%ﬁm%xk (5.3.2)

2

Mn(saA:lB;x!q) =
k=0 lal, _ o
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set p=1 then the product (4gS<+s%P qﬂ)n-—sk takes the form

2

2sk

(Agq 7Q)n—:s'k but
2sk
25k _ [4g77 ), 14,
g™ D n—sk = ag"* 1 Ml
- [A}n + 5k
[A]ZSk
_ 141,149 1,
[Aog
Thus,
— sk(sk—1)/2

[, [n/s) q M P
X .

k
al, kK=o [,

M, (s, ALx|q)=

sk(sk—-1)/2 ,
Next putting §k=—-[~i—-———and denoting this particular case of
ik

Mn(s,A,B;xlq) by G;(4,x]q), one finds

[, [n/s] [@"1, 144",
[4l, k=0 41,14,

Gp(4,x|q)= (5.3.3)

As mentioned in section-3.3, Chapter-3, the g-factorial functions

_.n n - - »
[q ]sk’[Aq ]sk and {A]zsk can be expressed in other g-factorial

functions with sk and 2sk replaced by k and with base g, using the
formulae (3.3.7) and (3.3.8).

Thus,
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47"y =@ S @ wa), @ g T g,
(q(—n+1)/sw;q)k """ (q(—-n+1)/sws~l;q)k(q( n+s—1)/s )y ( (-n+s 1)/SW,q)k
...... (DS sy (5.3.4)

ny  _4/s nls. /s n/s Vs nls . s-1
(4971 =(A77q7 " 7q) (A2 w472 2w ),

.(AI/Sq(n+D/S;q)k(Al/Sq(nH)/s (AUS (n+1)/s s—1.

W,C])k ,q)k .......

(Allsq(n+s—l)/s AI/Sq(n+s—l)/s ' (Alisq(n+s—l)/sws—1

;q)k( W;Q)k~- QQ)k

(5.3.5)

and

-(A1/2Sq1/2s,f?)k(Al/zsql/ZSO'QQ)k

, .....

2s5-1)/2 2s-1)/
(A1/2sq( s=1)/ S;q)k(AI/ZSq( s=Dis. .

(5.3.6)
Now, in the light of (5.3.3) to (5.3.6) the general g-difference
equation (5.3.1) takes the form:

{ [zﬁl 20 g omg@s—A=)i2s |, 25243s-As
J=0 m=0

i:sﬁl H @+w’ (n—'p)/s_1)(9+qu*(A+n+P)/s —-I)}}Gg(A,xlq):O,
p=0 v=0

(5.3.7)
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where ¢ is (2s)" and w is s™ roots of unity.

5.4 g-INVERSE SERIES RELATIONS

If a polynomial in x is known in the explicit form then it will be
interesting to know its inverse series. With that intention the following
results are proved.

The inversion pair

g (gt TR Py

b= 3 n=k k) (5.4.1)
k=0 lq1, 4

(_l)n—kq(n—lx:)(n~-k+1)/2+nk(Aqn+(n—l)/j”q—,ﬂ)m_k_I

w(n)=
k

M=

0 lal, _p

(1= AgE HBygi) (5.4.2)
proved by Gessel and Stanton[1] will be further extended in this
section.

In fact, the polynomial

(/511" g~ Sk (ag ™+ K 4P
MH(S:Aaﬂ;x!q) = Z 4 NSk gk xk) (5'4‘3)
k=0 [q]n—~sk

is defined through the proposed (in this section) extension of (5.4.1).
With a view to invert the polynomial My(s,A,B;x|q) the series (5.4.2) is
extended.

The proposed extension of the above pair (5.4.1) and (5.4.2) is
stated here as
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Theorem-9. Fors=1, 2, 3, ...

if
[n/s]
Uny= 3 alnk,s) V(k) (5.4.4)
and
V(n)=;§é)(n,k,s) Uk (5.4.5)
then
Sk _—snk ., sk+skf [
a(n, k,s)= h 4 (49 4 In-sk (5.4.6)
(9] n—sk
implies and is implied by
b ks) = (»1)k q(sn~k)(sn--k+1)/2+snk (i- Aqk+kﬂ ) |
{q]snwk

(g™ DBy (5.4.7)
and
kg() b(n k1)U(K) = 0if nzsj, jeN. (5.4.8)

For s=1 theorem-9 reduces to the pair (5.4.1) and (5.4.2) given
above. This theorem is proved in section-5.6, with the help of a lemma
which will be proved in section-5.5. It also suggests another general

inverse series relation, which is stated here as:
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Theorem-10. Fors=1, 2, 3.,
if
[n/

Ay =" o k518K

and
B(n)= %’d(n, k,s)A(k)
k=0

then

—sk q(n—sk)(n-—sk+1)/ 2+snk (1- Aq sk+sk,8) .

c(nk,s) = D"

91—k
(4q n+sk,8+,6 ﬂ )

n—-sk—1
if and only if
—snk(Aqk+kﬁ ﬂ)

d(n.k,s)= 7 sn—k
sn—k

and

kﬁo d(n, k1) A(K) = 0, if nsj, jeN.

The proof of this theorem is given in section 5.7.

5.5 LEMMA-2

For n=0, 1, 2,... (Gould and Hsu [1])

sy B RUED/2onk { fi @ +ah, )} (k)
k=0 i=1 [q ]n-k

n—k k(k=1)/2 (ak+1 k+1)¢(k)
k+
n (a +q"b)ldl,_,
i=1

y(n)= Z D

(5.4.9)

(5.4.10)

(5.4.11)

(5.4.12)

(5.4.13)

(5.5.1)

(5.5.2)
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Proof

The proof of this lemma uses the orthogonality relation

(a + ", )kﬁj<a‘+qu.)
Mk4ﬂ2 k+]+1 k+j+11=1 i i 0
Py = e (5.5.3)
[T (a,+4"b)
i=1 i 1]

Z(I)

where N=n-j.

In order to prove the first part, it should be proved that
(5.5.1)=(5.5.2).

Denoting the right hand side of (5.5.2) by T(n) one gets,

k
n—k k(k—-l)/2 (ak+1+q b9

n (a; +4"b;) 41,

T'(n)= Z (=D

This in the light of (5.5.1) gets reduced to

n—k k(k-0D/12+j(j+1)/2—k k
T(n)-:g § (-1 q( ) JU+1 J (ak+l+q bk+l)'
k=0j =0 k1
IT (a;+4"

i=1

k . .
’nl(a,-+qu,-) w(j)
=
gl 9l

Now using the double series relation:

_

$ & aen-% Yawrin
k: =0 >J _-j:O k=0 Js 05
T(n) becomes
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- {1; n_j(_l)n—j—kq(k+j)(k+j—1)/2+j(_]+1)/2—j(k+j)
n)= )y .
j:O k=0 [q}n~j—k [Q]k
k+j
k J
@y + 4 " P a1 iI==I1 (a;+47b;) ¥())
k+j+1 "
igl (ai+q bi)
= J—k k(k=1)/2 k+j
_ & n=j D 9 (ak+j+1+q bk+j+l)
j:() k=0 {q]n—j—k[‘ﬂk
k+j .
I (a,+475)
i=1 L
k+j+1 v

M (a.+¢"b)
i=1 ! !

=y(m+ X

n=1 " Jycn n=J 7 N
"y S (_nk[” J}qk(k /2
j=0 l_; k=0 k

k+j
ket J J
@i v by ) !.E, (@; +9°b;)

k+j+1
Il (q;+4"b)

=y(n)+ nilm”—'('l)n—jvl(j) { 0 ]
j=0 {q}n—j n-y|

in view of (5.5.3).
Therefore, T(n)=y(n), which proves that (5.5.1)=(5.5.2).
To prove the converse part that (5.5.2)=(5.5.1), it is just

sufficient to show that the diagonal elements of the coefficient matrix of

each of (5.5.1) and (5.5.2) are non-zeré.
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Let the diagonal elements of these coefficient matrices be ¢n, and

Ynn respectively.

Then

a2
¢nn.: q(n(n+1)/2) n II:Il( a,+ qnbl)

—n2 2 n
=q( n«/2)+n/ Hl(ai+qnb1)’
1=

n
w ::qn(n——l)/Z a1t b,
nn n+1
I (a. +4"b.)
i=1 * !

- qn(n—l)/ 2 1

n
I (ai “'qnb,‘)
i=1

Clearly ¢nn20 and ynnz0, which implies that the inverse is unique.

Therefore (5.5.2)=(5.5.1). Thus (5.5.1)=(5.5.2), which completes the

proof of Lemma-2.

5.6 PROOF OF THEROREM-9

With a view to prove the first part, that is (5.4.6)=(5.4.7) and

(5.4.6)=(5.4.8), let the right hand side of (5.4.5) be denoted by f,,

then
sn (—l)k q(sn—k)(sn—k+l)/2+snk (1- Aqk+kﬂ)
Jn= 2 .
k=0 [q]sn~k
. Aqkn+(sn—~1)ﬂ : q“*ﬁ 5sn—k—1 Uth)
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which in view of (5.4.4) takes the form

sn [k!slpyk+sr q(sn ~k)(sn—k+1)/2+(sn—sr)k
fn = 2 )3
k=0 r=0 9l _ &

(1~Aqk+kﬂ) .

( Aqsn+(sn—1)ﬂ;q~ﬂ )yt (44

4] k—sr

sr+srﬁ;qﬂ)k e
14

Next using the double series

sn [k/s] n—Sr
3 Z Ak, r) = Z Z Ak + sr,r)
k=0 r=0 r=0 k=0

it becomes
n o sn—sr (——1)k q(sn —sr—k)sn—sr—k+1)/2+(sn—sr)(k +sr)

Jn= L 2z Viry.
r=0 k=0 [Q]sn——sr—k

(1- Aq(k +sr)N S +1) )(Aqsn+(snwl)ﬂ ;q"ﬂ)

[Q]k

sr+srf f
sn—sr—k—1 44 4 )k

Taking n-r=N, sn-sr=sN, one gets, using the relation,

sN—-k
sn+snf )

(A sn+(sn-1)f _ﬁ) (I_Aqsn+snﬁ) (Aqsn+sn,6 [3)
q A I sN k-1 (- Aqsn+snﬂ ) (-

2

Aq

P E Z -1 q(s‘N k)(sN - k+1)/2+sN(k+s1)(1 4 (lc+w)(,6+1))

F=0k=0 [y

(Aqsn+snﬂ_ -—ﬁ) sr+sr/3 ,B)k
. V{r)

sN -k (dq
(- Aq'm +snf ) [q}

V(r) ke [ (SN—kY(sN—k+1)/ 2+sN(k+sr)
=V 1
(n)+r§0(1 4"y 1q1 ’EO( &

[SII:/] a- Aq(k+sr)(,8+l)) ( Aqsn+sn,8;q~ﬂ )Ska ( Aqsr«i—srﬁ;qﬁ )k .
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But,

+smf. —
(4g™ " g ﬂ)sN—k, sn+snfi~f. —p
sn+ snf =g 4 )N k-1
(I-4q )

The g-factorial function on the right hand side can also be written
with base gP, thus,

(Aqsn+(sn—1),[)”q——ﬂ) - (Aq5n+(~5"‘+k+1)ﬁ;qﬂ)

SN—k-1

sN—k—1

Therefore,

n-1 SN(SN+1)/2+sNsr
Sn=V(m)+ ZO
r=

ve)y SN g k(k~1)/2[SN]_

Y (-1
9N k:O( ra k

(1- Aq(k +sr)(ﬁ+1))(Aqsn+(sr+k+1)ﬁ;qﬁ) sr+srﬂ;qﬂ)k

sN—k—l(Aq

. qu(sN+1)/2+str (Aqsn+srﬂ;qﬂ) N V(r)
S.

=V{n)+ X
r=0 lglsn

(1- Aq(k +sr)( B + 1))(Aqsr +srf.

b4

B
7 (5.6.1)

sN _ N
T kg k=112 {sk }

k=0 (Aqsn+srﬁ;q,6)k+1

If the inner series here is denoted by yw(M) where sN=M then it
can be obtained from (5.5.2) of Lemma-2. In fact choosing a=1 for

i=1, 2,..., k+1, b=-Ag" DD =1 2 . k+1 in Lemma-2 it reduces

to
k(k+1)/2-nk 4 k+(B+Vsr. By 7o
Um= 3 2 i 2y (5.6.2)
k=0 9]k
if and only if
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T'(n)= 121: (_1)” _ qu(k“l)/2(1 - Aq(k M 1))(}1 Uk)- (5.6.3)
k=0 ( Aqn +srf+ sr;q Jij Va1 [k

Thus the inner series above in (5.6.1) is actually

U, (5.6.4)

M _ ks (B +])
T(M)zkgo(__l)k G 1)/2[M} (1- Ag )

k (AqM+sr+sr,6’;q/5’)k+1

where (44" +578 P )¢ is taken as U(k).
The inverse of this follows from (5.6.2) in the form:

M _ .
von- ¥ D2 W[A;](Aqk+(ﬂ+i)sr;qﬂ)M . (5.6.5)

Thus (5.6.4)<(5.6.5) in view of the inverse series relation (5.6.2)

and (5.6.3).

Now consider T(k)z[;jin (5.6.5) then

M - M 0
von= 4 D 12-Mk [J (g BV By M

~(4g" 4Py

Thus with T(k){](jthe choice Uk)=(4g* + 8. 4P i is restored.

Now with these choices of T(k) and U(k) in (5.6.1), one gets,

_y g NN/ 2esNsr (g smo+srf ;‘Iﬂ)sN o [ : ]

n
=Y
Sn=V(m+ rgo 7. e

thus, f(n)=V(n), which proves that (5.4.6)=(5.4.7).
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In order to prove that (5.4.6) also implies (5.4.8) consider the left

member of (5.4.8) and denote it by A(n), then

A(n) = ( I)kq(n k)Yn - I<:+1)/2~H/zk(1 4 k+k,8).

k=0 [q }n~—k

(Aqn +(n*1)ﬁ’q"ﬂ)n_—k—l Uk) (5_6'6)
but
ntnf=p. b - (4g"RBB

(4q S A B )n -
thus
Am)= 3 (- 1)kq(n—k)(n—k+1)/2+nk(l_Aqk+kﬁ)'

k=0 91, _,

g Py U,

This in view of (5.4.4) takes the form:

[k/&]( 1)k+S] (n-kEYn-k+D/2+(n- V)k(l A(]k+kﬂ)

0‘/-—-0 9], g lal g

Ag PP Py iy g7 IE Gy v,

Using the double series relation

n [k/s] [n/s] n—sj
Z Z Ak, )= X Z Alk+s7,7)
k=0 j=0 J=0 k=0
it becomes
A = [nés] vy ™ i“:j(*l)k q(n 8~k n~-sj~k+1)/2+nk+(n-k)sj

j=o0ldl,_o =0

si+yp. B
n— Sj I(Aq 9q )k

[n kﬂ(l PRCR) GNP RS
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[n/s]q(ﬂ A=y +DI2+ny ”Z‘/( yk ke~ 1)/?[ }
k

/=0 lql, n—sg

ARG TN VN (4g7 P .

n—sy—k—1
Taking n-sj=R, one obtains,

/ R(R+l)/2+ns1 R
(/51 AORE NN (S 1),’2[ ](1 agkHSBY,y,

Am)= 3
=0 lalg k=0

(agmETOB By (g7 PGPy,

but

(4q" 9P 4Py
(Aqn+‘sjﬁ;qﬂ)k+1

( Aqn+(k+sj+1)ﬁ : qﬂ )R] =

therefore
A(n):[”g'] qR(R+1)/2+nsj (Ag n+51,6”q,6’)R V() R R l)k Kk 1)/2[ ]
J=0 lalp k=0 k

(- 4gk+ 9N+ B)y 49498 )

R+sp+s/
(4gRTIFTI Gy
The inner series in k, above is the same as (5.6.3), whose sum

T(n)= [2} as seen above.

Thus

RRADI2+ny y n+9B By )y 0
An)= 3 = { j|
20 lalp R
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=0 if R=0, i.e. if nzsj, jeN,
which proves that (5.4.6)=(5.4.8), completing the proof of the first
part.

To prove the converse part, it is to be proved that (5.4.7) and
(5.4.8) together imply (5.4.6). Since (5.4.8) holds true, in view of
(5.6.6) above A(n)=0 if nzsj, jeN, holds true. Also it is to be noted that
A(ns)=A(sn)=V(n).

Thus in view of the inversion pair (5.4.1) and (5.4.2) it is proved

that
_nsn—k _(sn—k)(sn—k+1)/2+snk ., , k+kp

w(sn) = %’ (-1 q (1-4q ).

k=0 [q}sn—k

N Aqsn+(sn-l)ﬁ' ;q—ﬁ )sn—k-l 4(k)

=5

/ ~snk A sk+skﬂ; yij
gon="5 A Dk,

k=0 (91,_ sk

subject to y(n)=0 if n#sj, jeN. This in fact proves that (5.4.7)=(5.4.6)
subject to (5.4.8), which completes the proof of the converse part and

that of the theorem.
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5.7 PROOF OF THEOREM-10
To prove that (5.4.11) implies (5.4.12) let the right hand side of

(5.4.10) be denoted by F(n), then in view of (5.4.12),

—snk(Aqk-i-kﬁ. )B)

Fy= %7 L Lsnck gk
k=0 9], 1
3 Sg [kés}( 1)k s (k Wk —s+1)/2 + sk — (1_Aqs/+.syﬂ) '
k=07=0 {q]k”é_'] [q}sn—-k

g Py gt Iy, BG).

sn—k

Using the double series

sn [k/s] sn—sj
kZ ZO Alk, J)—- Z Z Atk +5, 1)
=) =

one arrives at,
i?/( 1)k EE+1/2+9(k+5)- sn(k+s/)(1 Aqg gl_*.s/ﬂ)
[Q]k[ ] n—sy—k

n sn

Fn)= X
J=0k=0

Ag*HIHRBP. ﬂ) e Aq* I+ IBP ;qﬁ )1 B

but
k+g+gBy (agtt I IP Py
(1—Aqk+sj+s]ﬂ)

ktgHgDB. B, (- _

therefore
n gyt s1p )

Fny= X
7=0£k=0

sni sf (—I)qu(k +1)/2~(sn—s7)k+57) (-4
[l W,

J

U_Aqk+g+gﬂ)
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1 k k(k+1)12 —(sn—s)k+57) s +838
TR R S S (1-4g% 7).
j=0 k=0 (41, 4]

sn—sy—k

(g I Gy AgEITIPB Gy B,

S8~

Taking n-j=N (=>sn-sj=sN), one gets

F(n)=Bm)+ % )

2
n=1,~Ns" 409 +9P)p ) SZ’:z 1)k ke 1)/2[sN}
J=0 [l gy k=0

( Aq(kw)(ﬁ*-l); qﬂ)sN_k ( Aqk+s1+sjﬁ+ﬁ;q ﬂ)k—l q(l —sN)k

but

g I (agE DB By

—(4gFrIHIB By

Therefore,

Finy=B(m+ X

2
—1,-Ns° s+ sN _ N
"slg (1-4g )BU) Sy Rk 1)/2[* }

j:O [q]SN k_o k
q(l—-sN)k SZ c, kr
2 ,
1, Nis™ 4,9+ 9P sN -1
B+ ¥ 4 (1-4g )B() 75 c,.
j=0 lal r=0

Z (-1)k gRUE1/2 {sﬂ ~(sN-r—1)k
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Here, the inner series in k vanishes because

Z (1) gRCk=D/2 [SN} —(sN-r—1)k
k=0 k

=(1-qM* Ny (1-gtrrsNtYy L (1-q"

=0,
for r=0,1,2,....,sN-1. Hence, F(n)=B(n), which proves that
(5.4.11)=(5.4.12).

To complete the proof of the first part it is left to prove that
(5.4.11)=(5.4.13).

Consider the left hand side of (5.4.13), and denote it by G(n),
then

n g (ag" PGPy L Ak

(5.7.1)
k= [q]n——k

k~s1q(k—51)(k—~SJ+1)/2+sk/-nk

[k)és](__l) (1- Aqu 5P YB(J) .

0;=0 [q}k-n}‘} [q}n~/(

(AqFIBEB By ) (ag M Py

Using the double series relation

n [k/s] [n/s] n-gf
2 X Ak =X X Alk+g.)),
k=0 j=0 Jj=0 £=0

and putting n-sj=N, one gets,

sl aq¥ * %) b))

G(n) =
7=0 lq] N k

N _ _ N
& Cuyk kD2 & N(k+.g;)[k]

0]
.(Aqk“%?’*'@lﬂ*‘ﬂ;qﬂ )k-—l (Aqk+‘sj+k'3+'syﬂ;q'3)N_k
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Here,

( Aqk+‘gj+‘y’6+ﬂ;q’8)k4 4 qk+$+kﬂ+3fﬁ : qﬂ)ka

= (U I By

N-1
=X C,qkr-
r=0
Therefore,
[n/s] §+9Bypcy N _ N
Gy= 5 (= 4g VBU) 5 (Lpyk Rk 1)/2[}(}

N-1 _
_ {EO c, qkr} S NG+)

g a- agY I BN N e ke m N=r-Dk
j=() [Q]N r=0 ,:k=0 k

Here, the inner series in k vanishes because

N _ NT (Nere
S 1k SRk 1)/2[;{}] (N—r—D)k
k=0

=(1-g"*"M)(1-¢**"Y)........(1-q")

=0,
for r=0,1,2,...., N-1. Therefore G(n)=0, if N=n-sjz20, i.e. n=sj,
s=0,1,2,..... . This proves that (5.4.11)=(5.4.13), which completes the
proof of the first part.

For proving the converse part, it will be proved that (5.4.12) and
(5.4.13) together imply (5.4.11).

This means that
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—snk , , k+kf
N 4P
k=0 [q]sn—~k

ACk)

and

w g 4" Gy L A

=0, if n=sj, j=0,1,2,.....
k=0 lal,, 1 !

hold true.

This in the notation of (5.7.1), means that

G(n)=0 if nzsj, j=0,1,2,...... (5.7.2)
and
G(sn) = G(ns) = B(n). (5.7.3)

In fact, in view of the pair of inverse series relations (5.4.1) and

(5.4.2), we have

~nk ( 4 k+kp p Ak
oo & TP a0
k=0 [q]n—-k

fon = g (_l)n—k q(n~k)(n-k+1)/2+nk (1- Aqk+k,6’ X Aqn+kﬁ+ﬁ )anmi G(k)
k=0 [‘I]n_,k .

This proves that (5.7.2)=(5.4.11).

But in view of (5.7.2) and (5.7.3) above, one has

sy & PRCVY P W ()
k=0 {q]sn-k
implies
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n (,,1)n~sk q(n-—sk)(n-—sk+})/ 2+snk (- Aqsk+skﬂ )

Am)= 3

sk=0 [q] n—sk

(Aq™ B Py Glsh)

which proves in fact that (5.4.12)=(5.4.11), subject to the condition
(5.4.13).

This completes the proof of the converse, and hence that of the
theorem.
5.8 SPECIAL CASES

The polynomial special cases (in extended form) of the general
class of polynomials Ma(s,A,B;x|q) defined in (5.1.2) are given in this
section where the corresponding particular values of the parameters are
also accompanying. Also the properties of this general polynomial,
studied in sections 5.2 to 5.7 are particularized.

To begin with, first the extended versions of the various known

polynomials occurring as the special cases of

My (s, A,B:x|q)= ¥
" k=0 4], g

sk £, xk (5.8.1)

are described together with the specializations. The extensions of the
Askey-Wilson polynomial, basic Hahn polynomial, g-Racah polynomial,
little g-Jacobi polynomial, qg-Legendre polynomial, g-Konhauser

polynomial, g-Laguerre polynomial, Wall polynomial and the Stieltjes-
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Wigert polynomial can be obtained from a slightly modified version of
(5.8.1) by taking p=1.

M “
Thus taking p=1 and M:(s,A;qu)z n(s, A1 x19) in (5.8.1), after a

(49" 1o

little simplification it takes the form:

Mn(S>A;xl‘Z)= Z sk
k=0 [91n[49"™ " 10
but
n
= }kw =[4q4" lg» and denoting {qusk}oo ¢, by the symbol ok one
[49"
arrives at
R T e

M (s, 4x]g)=" 3.

(5.8.2)
k=0 91n

Now, specializing A and oy suitably the polynomial special cases
are obtained as follows.

Putting x=1, A=abcdq™* and

qSk(Sk+1)/2+k [ae“iG}k [a@ie }k

[ab] [ac], [ad] [q],

o = s
in (5.8.2) one gets, an extension of the Askey-Wilson polynomial;
denoted here by P, s(x;a,b,c,d]q):

P, (mabedlq) [n/s]lg™"]  labodg" '] [ae™ ], [ac?) o
[ab] [ac] [ad] a™" k=0 Lg1 Lab) lac] lad], '

(5.8.3)
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An extension of the g-Racah polynomial with the notation
Ra,s(n(x);0,B,v,8;%), where p(x)=q>+y6q**!, can be obtained from
(5.8.2) by taking x=1, A=apq and

g (kD 24k

g 1 lrég™ 1y,
logl [Bogly [ralylalx

O'k =
Thus,

Ry s(u(x),0,8,7.8,q) [nls} g1 (g™, (a1, rég™1, o*
[q]n k=0 lglnlogl, (85, e

therefore

(/s)lg™"1, [efa™ N1, 171, rég™ 1], ¢F
Ry s(u(x);a, 8,7,6,:0) = 3. 7 sk pACEg i

. (5.8.4)
k=0 [W]k[ﬂ&l]k[ﬂﬂk [‘I]k

q(sk(sk+1)/ 2)+k 7]

lagl, lg™ 1, lq1,

Setting x=1, A=apq and o, = k , (5.8.2) yields an

extension of basic Hahn polynomial, which is denoted here by

Qns(x;a,B,N|q).

Therefore,

0, ((xa.B.Nlq) ) [nés} [a7™"1y, [yt s la™1 qu‘

4, k0 (gl laql, la~ V1, 1],
or
/sTt,—N n+l ~xq. k
Ors i, BN )= 5 10 Lsklor” Iskla Jka” (5.8.5)

=0 fagl,lq” Vklal
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For obtaining an extended little g-Jacobi polynomial the same
choice for ‘A’ as above is required, together with

(Sk(sk+1)/2)+k
_49
O-k —

[aq}k[q]k
It is expressed using the symbol pss(X;,B8;q).

Thus

Py s®aB) [nis) a7 lapg™ ] o)
[q] k=0 [4],,[eq], 9],

n

2

therefore

PusS0BD nis] Tg ") L™, o)t
{q] k=0 lag], a1,

n

(5.8.6)

An extension of the g-Legendre polynomial denoted here by
Pns(x|g) can be obtained very easily from (5.8.6) just by taking

q*=g=1, which is:

(nis] lg7"1,1q"M], (xq)¥
PosCl)= 3 s sk

5.8.7
& @, (58.7)

The g-Konhauser polynomial Z,(qa)(x;qu)is also a special case

(s=1) of (5.8.2). An extension denoted by Z,(&)(x;qu), of this

polynomial is obtained by setting

ksp(sj+1)/ 2+kj(a+1)+Hj(kj—1)/2
A(=qA)=0f 0<qg<i, O'j = q .

(q*:q* )gloaly;
Also q is to be replaced by g* and x by x*q™, keN.
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Then one obtains,

- el s PO IE D ok ey
Zn,s(x’qu): k. ;: k k —kj

Thus,

X

qiq‘(n+a+1)+ig'(kj~l)/2(q-nk,qk)sj K
. (5.8.8)

log], [n/s]
Zy k= ¥ kK
(97:97), j=0 @97, logl,

Extended g-Laguerre polynomial ngs? (x]¢)is obtained from (5.8.8) just

by taking k=1. Therefore,

@ lag] [nts] 7DD g
LY | gy=—2 )
ns

= 4, j=o0 gl logl,

(5.8.9)

The above polynomials given in (5.8.3) to (5.8.9) are called
extended versions because if s=1, then all of them reduce to their
corresponding original forms.

The remaining part of this section is divided into three parts
according to the properties discussed in sections 5.2 to 5.7. They are:
(I) Special cases of g-integral representations.

(I1) Special cases of g-difference equation.
(III) Special cases of g-inverse series relations.
The part (1II) is further divided as follows.

s (III-a) Extensions of inversion pairs of Gessel and Stanton.
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e (III-b) Extensions of pairs of inverse series relations of
polynomial special cases.

The polynomials occurring as special cases of the general
polynomial Mn(s,A,B;x]q) are described above, mentioning the particular
values of the parameters. Taking into consideration these same
particular values, the properties derived for the polynomial
Mn(s,A,B;x|q) can be particularized for the special polynomials. To avoid
repeatation these particular values are not described again in (I), (II)
and (III).

(I) Special cases of g-integral representations

The integral representations of the above mentioned polynomials

in view of (5.2.7) are listed below.

Pns(x;a,b,¢,d |q) - }ta+b+c+d+n~2
[ablylacly, [ad]na_n 0

[49] o P (5,00, d: %, L[ )d 1,

where

o edinily [a7"],, lae™'], [0’
S’a7 7C> ;x: = .
Py 1 k=014l T (@+btctd+sk—Dlab], [ac], fad],

0

‘rq(z(a+b+c+d— 1)+ 25k + n)(1 - q)"" = 5% gk 1, [apedq” — 1

14

I (@+btcd+2sk- Dftabedg™ ~11_[abedg®* 11 [q] ‘

and Re(a+b+c+d+n-1)>0, a+b+c+d+sk-120, -1, -2,......

1
Ry s(u(xy,a By, 8g) = [12 P 0 [19) 0 (8-00. B, x| @) 1,
0
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where

/5][g~ " —-x x+1 n+1
o, (s.0,p,x,1] q)__:[nzél [q ]ﬁ'k-:ql 18" T, ey T
k=0 [ofg™" "] logl, [Bog), ], L],

o0

T, (2a+25+2sk-+n+2)( _ gyt Sk gk sk

'rq(a+,6+2sk+1)rq(a+ﬁ+sk+1)[taﬁqs"+‘}m '

and Re(a+p+n+1)>0, a+p+sk+1£0, -1, -2,......, u(x)=q* +;/§qx+l.
1a+ﬂ+n

Qn,S(x;a:ﬁ:leq): .[t [tq]co An(s>a:ﬂ;x:llq)dqt:
0

where

(/5110 ") a7 1, T, Qa+2p+ 25k +n+2)
A, (s pxtlg)= X < :
k=0 CAPAC P

A+ sk
o 1 lo

(l~q)”—Sk Sk
'rq(a+ﬁ+2sk+1)rq(a+ﬂ+sk+1)’

and Re(a+B+n+1)>0, a+p+sk+1+0, -1, -2,......,

a+f+n

!
Pn,s(xa.5,9) = [t 9], 7, (8,0 B 5.t 9)d
0

where

(n/s] 197 "1, T, Qa+2f+2sk +n+2)(1-g)"
7,(sa.Bixtlg)= X 1 11
k=0T (a+f+2sk+1) I‘q(a+ﬂ+sk+1){taﬂqs 4

0

(g™ 1) Laa] la1,
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and Re(a+B+n+1)>0, a+p+sk+120, -1, -2,

-------

1
— [ 1
Pn,s(x!Q)—(J)t ligl, A, (s, xtg) d 1,

where
[n/s] [q—~n]Sk Fq(Zsk+n+2)(l—-q)”"Sk (xq)k Sk

A (sxtlg)= 5 :
" k=0T Qsk+DI_(sk+Dlg™ * 1 111 (41, (a1,

When the parameters are specialized suitably, the integral (5.2.8)

gets particularized as given in the list below.

Pn,S(x;as b: C,d ‘ q)

1
= [ [-q] (4]  p, (s.a.bc.d;xt]q)d ¢,
[ablp lacly [adly [q) a™" -1 " 1

where

(n/sllg~ "1, lae” 0], [ae'®], [abedg"* 1] 4F
pn(s;a,b,c,d,x,th)z 3 S§Sk~1 k k ©__,
k=0 [abedg®* 1] [ab], [ac], [ad], [q], q]

(2ab0dq2‘gk'2,q2)oo [_abcdqsk+n-—1]oo (1_“q)a+b+c+d+n—~2

[l (g%59%) © [tabedg™* 1), [~tabedg™ 11

Fq(Z(a+b+c+d)+2sk+n~2)

I"q(a+b+c+d+23k—1)

1
Rys(u(x),a,B.7.6,9) = _f 1 (41, [, 2, (5.0 Bt [ q) d o,

where

/ —h -X x+ly q_n@tBtn
ln(s,a,ﬂ;x,th)z[nzsj la "1y la "1, g™ "1, (-9 |

k=0 [opg®* 1) [oql, [65), D), (4],

I, Qa+28+2sk+n+2)Qapr** +2:%) f-apg™ 11 gk

| rq(a +f+2sk+1) {1l (qz;qz )y [ﬂtaﬁqskmﬂ Too [_taﬂq‘gk“ lo ’
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1
Onsa.BNIa)= ] [-4l, [l 2, (s.a.Bxt1q)d 1,

1

where

/ —n —X71 - a+pf+n
ST RP I S e M i —
k=0[q], logl, [q~ "1, [q], [afg™" "7 [~tapg™ """

o

rq(2a+2ﬂ+25k+n+2)(2aﬁq23k+2(12)00 [___aﬁqSk‘{"n‘f‘l]oo [aﬂqn +I]oo qk

2

1By 1o T (e + B4 25k +1) [l 1], (9734,

1
Pn,s(x;aaﬂQQ) = J- [_tq]oo [“1]00 An(s,a,ﬁ,x,t{q) dqt>
- -1

where

[n/s] [q—n]sk (I”Q)a+ﬂ+n

A (sa.pxtlg)= X

Fq(2a+2,6+2sk+n+2)
k=0 {aﬁqZSkH}oo {aq]k [q]k I‘q(a+ﬂ+23k+1) .

(QaﬂqZSk+2;q2 )w [maﬂqSk +n +1]w (xq)k

11, (a%:4%),, [ty g [topg e

1
Pps(xla)= j | [-9], ), 7, (%21 9) d

where

o8]

[n/s1lg” "1 (=0 T @sk+n+2)(q>**2:0%)
7,sxtlg)= X Y
k=0 [ Ll Lal T @sk e D

sk+n+1 k

-¢q 1y q* x

sk+n+]

sk+1 ]w

(P g g
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From the general g-integrals (5.2.7) and (5.2.8) the reducibilities

for the family of polynomials {Z,(za)(x;qu),n=0,1,2, . } are not obtainable

as the g-gamma function I'q(A+sk+np) and other such g-gamma
functions fail to exist when A and n are vanishing.

The special cases of the general integral (5.2.9) are as given below.

Pn,S(x;a:bacad {q)
[ablnlaclyladlylql @ "

1
= [4* b+c+d+n-2 Eq(tq)gn(s’a’b’c’d;x lq)d(q.0),
0

where

[n/s] g™, lae™ 0], [ac®], {abcdg"* 1] o*
s (sabedx|q)= % .
" k=0  (-olabl lac] [ad] 1q],1q] lq],

1
Ru,s(u(x); . B.7.5,9) = [1* thing (D Py (5,00 0.7.8,x1q) d(q.0),
0

where

R N e P g R I 7 L WL
PGB X=X oy (e, bl L), A-oldl,,

1
On s BN 19)= (1" P E (19)2, (s.0.0.N:x19) d(q.0).
0

where

[n/s] [q~ "), la 1, lafg" 1 q*
ln(s,a,ﬂ,N;XIq)'—" Z “’N *
k=0 [ogl, [g " 1,14l [q] (1-9)q],,

i
P, (mapig)=[2 TP E, ()p, (5,0, B:%19) d(g.0),
’ 0
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where

n/s]  [g7"1, (xg)f
b (safx|g)= 5 sk :
k=0 [a‘ﬁk [Q]k (I_Q)[Q]Oo

1
Pas(x19)=[1"E (ig) v, (s,x]9) d(g.1),
0

where

(/s [~ "], (x)
v (sxlg)= X .
k=0 lalla), (-Dlq]

(@), . 1 n-1
Zyg(xjlg)=[t Eq(i‘I) 5n(S,0!;x lq) d(q.1),
0

where

[n/s] qig(a+n+l)+lg'(lg‘~—1)/2 (qwnj q j)

op(s,a.x|q)= %

sk {QQ]”] x/g

i
Lid )= 10" E_(9) 7, (5,53 19) (a1,
0

where

[n/s] qk(a+n+1)+k(k—1)/2 g 1 Lk
rn(s.ax|q)= %
k=0 {q]sk [aq]k lqln 1-9)lgleo

1
Wn,s(xa,q)= 1"~ E_(g) 4, (s.:% |9) d(q.0).
0

where

=0 (¢)07) g ol (@7 307 n (1=07 (e 307)ao
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IS~ sk k(k—1)/2—snk+n(n+1)/2 - k
¢n(s,a;x|q)={:>:s]( ) 1 4" loo [a], [q], .

=0 [Q]nwsk [a]k [q]sk (d-9qlw

25k

1
Snm(xp.q)=]"" E_(g) v, (m.pix|9) d(q.0),
0

where

/] 1) R qk(2k +1)/2
Ypm,pxlg)= %

=0 1[4l A~ DNl [P] [9)o 4

[ 1w p], 4], *
n2n+1)/2 °

The particular cases of the g-integral (5.2.10) are enlisted as follows.

Pn:,g(x;a,bJ,dVI) :wta+b+c+d+n-2 e (*’1).
[ab]n[ac]n[ad}n[q}na_n 0 1
-ty (s,a.b,c,d;x|q) dgt,

where

[n/s]q(a+b+c+d+sk +n-2)(a+b+c+d+sk+n-1)/2

a,b,c,d; =
Hpl5a.b.c.d.x|q) AEO [ab], lac], lad], 1], 14}, l4],, (-9)

g™, lae™ 0] [ae®], g*.

[e 8]
Rus(u(xsaBr8:0= 1P e (-0, (saBr.8xla)d 1,
0

where

(/5] q(a+/i‘+sk+n)(a+ﬂ+sk+n+1)/2

lg~"1
A (s,0.p,7.0,xq) = 8
W SEAT OO T S aa, 1BedT Dl (a1, Tal, T4,

g™ 1, a1, tapg" T

£ 9}
OnsrafNIg= (%" e (v (B Nx19)d 1
0

195



where

[n/s]q(a+/8+5k+n)(0-’+ﬂ+sk+n+1)/’2

[qbn] k
v (5,0.0,N:x|q)= % N -
k=0 (-glogl lg "~ 1, 141, 4], [4]

[47* 1, (g™ 1o 4.

o0
+ B+
PsaB= [P e (o (sapixiqd .

0
where
[n/s}q(a+ﬁ+sk+n)(a+,8+sk+n+l)/2[q-n] qk
i (s fx|g)= % sk
" k=0 (1-q)leq], 4], 4],
o0
Pn,s("l‘l):(f)fn e D A, (sx1a) d b,
where
[n/s] q(n+sk)(n+sk+1)/2[q—n] qk
A (sxlg)= X sk
n k=0 lq1, [a], L], (1~9)
Z(a)(x j!q)=?t""le -0y (s,a,x|q) d ¢
ns s 0 q % q,
where
[n/s] g J(sk+n—-1)(sk+n)/ 2+ jk(o+n+1)+ jk(jk-1)/2
7,(ax|g= % 77 T
k=0 (q:07) g loaly; (@739 @30 oo
(gl (a3 ) g 57
1-¢7)
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oD
g =[""Ve (-nA (sax]q)d 1,
0 q n q

where
| [n/s] q(sk+n—1)(sk+n)/2+k(a+n+1)+k(k—l)/ 2 [ogly [q“"] -
An(S,a’xM): Z S X
k=0 91 lagl, [g],, (4], (1-q)
* n-1
Wps(xa,q)=[1""" e (-t) 6 (s,a;x|q) d t,
n,s ; q " q
where
[n/s] D"+ sk _(sk+n—1)(sk+n)/2—snk+k(k—1)/2+n(n+1)/2
Sp(s.a;x|q)= X 1
k=0 (1-9lqleo [q]n—sk [a]k [CI]Sk
lqln laln [g%F] %%

0
Snm{xp.q)= | Ml 0p, (m.pxlq) d 1,
0 q q

where

[n/m] .y + km q(mk+n~1)(mk+n)/ 2-n(2n+1)/2+k2+k/2

P, (m.px|q)= = 41,1, [P1;, 410 (1= 9)I4]

n—mk

plnlqlnle

(I1) Special cases of g-difference equation(6-form)
The o-form g-difference equation (equation (5.3.7)) derived for
the polynomial Ma(s,A,B;x|q) in section 5.3 will now be particularized for
the special polynomials. These particular g-difference equations for the

specialized polynomials are given in the.following list.
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—16
{9(@+q}~0*b _‘1)(0+q1—~a~c _1)(‘9+q1-a———d M1)+q4+s(a+b+c+d+l)+ae ‘

10 1 s-1 n_p —(a+btc+d+n-1) _ p
‘qafe ——3a-b-c»~d SHO SHO(0+WV qs S __‘1)(8_*_“,1’ q 5 A ___.1) .
p=0 v=

(0+q7% 7 _1o+q7%? D}P (nabcdlg)=0.

{00+37% 1)@+ P70 —1)@+q 77 ~1)+ g T D@+F)

s—1 s—1 n_p —~(a+f+n+l) _p
Ho [T@+w"qsS S-D@+w'gq s S -1
p=0 v=0

(O+q* DO+q T IR (u(w),a,B.7.6:3)=0.

{60+q~ D)@ +qN —1)+g¥tS@HS)x-a+N

o1 st n_p (atfintl) _ p
o @+w'qs TS on@rw'y S *-D)
p=0v=0

O+q* —I)}Qns(x;a,ﬂ,NIq)=0-

(00+q 1)+ 2g 5@ P43

n p ~(a+f+n+l) p
s—1 5-~1 - -

T H@+w'qgs S-D@+w'q § S-Dy.
p=0v=0

@+q* -0} p, (xa.fi9)=0.
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{92 +xq3S+2 .

h_p -(n+l) p

s-1 s5~1 =
[T T @+w' g *-D@+w'q *  S-D|}P (xlg)=0.
p:o v=O >

In all of the above g-difference equations w is the s roots of unity.

(I1I) Special cases of g-inverse series relations

This set of special cases is further divided into two subsets, which are

(11I-a) Extensions of inversion pairs of Gessel and Stanton.

(I1I-b) Extensions of pairs of inverse series relations of polynomial
special cases.

We now start with

(I11-a) Extensions of inversion pairs of Gessel and Stanton

The various inverse series relations proved by Gessel and Stanton
([1], theorems 3.1-to 3.6) admit extensions under therorem-9, which is
proved in section 5.6. In fact when the parameter B is assignhed the
values p=1/2,1,-1/2,-1/3, and 2 in theorem-9, one obtains the

following extended inversion pairs.

(i) p=1/2
i [nE/:S] q—snk(Aq3sk/2; ql/z)n-sk .
k=0 lg,,_a
-
" (_1)sn—k q(sn—k)(sn—k+1)/2+snk ( Aqsn+(k+l)/2; qllz)sn—k—l Ak
=

k= (4] gy (1 Ag>* )7
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and

4

, (Ml)n-kq(n~k)(n~k+l)/2+nk ( Aqn+(k+l)/2; q1/2 it A

2 =0,iff n=g,jeN.
k::o [q]n_k(l — Aqu/Z)—l

(ii) p=1

/st (ag* gy 0ok Br

k=0 (9] sk

n

" (Ml)sn-k q(sn~k)(sn——k+l)/’2+snk (A qsn+k+1’ q)sn~—k—1 Ak
By = ¥

= 4], (1~ 4g*%)7!

and

- ~kY n—k+1)/2+nk
n (~)P kK q(n kY(n—k+1)/2+n (4 qn+k+l’ Dy A

=0,if n+s,jeN.
k=0 lq1,,_ (1~ 447!

(iii) p=-1/2

B

—~snk, 4 ski2. —1/2
~_[néﬂq (49" %97 7) X

= n—sk
k=0 [Q]n—sk

Ap

o (_l)sn -k q(sn~k)(sn—~k+l}/ 2-+snk ( Aqsn—(k+1)f 2 g 1/2 ) sptot Ak
" k=0

[q1gp_p (1 - Ag*7 %)™

and

n (D1~ k q(n—-k)(n--k+1)/ 24nk ( Aqn—(k+l)/ Z;q—— 1/ 2) y

nk 17k _o ifnes,jeN.

k=0 [q}n_k(l—Aqk/2)—l
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(iv) p=-1/3

—snk(Aq2sk/3;q— 1/3)n~sk

n—sk

=[n£S] q B,

k=0 [q]

n

sn—k q(sn-k)(sn-k+1)/ 2+snk ( Aqsn—(k+l)/ 3; -1/3

o D 9 )sn—k-14g

n —
k=0 [Q]sn—-k(l_quk/3) 1

and

n ()" -kq(n—*k)(n——k+l)/2+nk (Aqn-(k+1)/3;q~1/3)

n—k-1 ..
1 - =0,if n=sgj,j€N.

k=0 [q}n_k(l_quklg) 1Ak1
(v) p=2

- {nés} q_snk(Aq?’Sk;?z)n—sk Bk

k= L
ferd
- - —k+1 k 2k+1). 2

5 - .%1 (- kq(sn k)(sn—k+1)/2+sn (Aqsn+ (k+ );q ek

" K=o 1 1

[q]sn——k (1-4g9™) Ak

and

" (_l)n——k q(n-k)(n—k+1)/2+nk ( Aqn+2(k+l); qz)n—-k-l (i- Aq3k) Ak

)) =0,
k=0 {‘I]n,,_k

fnsi,jeN.
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(IT1I-b) Extension of pairs of inverse series relations of polynomial

special cases

The general class of polynomial {M,,(s, 4, 8;x|q),n=012,. {defined in
section-5.1, given by
{n/s](_l)Skq‘—Snk (AqSk+Skﬂ,qﬂ)

My(s,4,6:x1q9)= % n—sk
k=0 [Cﬁn_sk

£, 5k

(5.8.10)

is inverted through theorem-9. From the second series (5.4.5) of

theorem-9, the inverse series of M,(s,4,5,x|q)can be obtained as
follows.

In (5.4.4) taking V(k)=&x x*, one obtains U(n)= M,(s, 4, ;x|q).
Therefore from (5.4.5) the inverse series of (5.8.10) is given by

SH (Ml)kq(snnk)(sn-k+1)/2+snk (1——Aqk+kﬁ) |

n povad
n¥= X 4]

sn—k
(gt EmDE =By My ABxl).  (5.8.11)

For obtaining the polynomial special cases a slightly modified

version (given in (5.8.2)) of (5.8.10) is used, which is denoted by
M:(S,A;xlq), as it was shown in the beginning of this section.

Therefore,

—sk(sk-1)/2 . —
. prrsta” MO 2 g7 g 2, o
My(s.4xl9)= 3 s

(5.8.12)
k=0 [q]

n

where
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M (s, 41x|q)

*
M (s,4,x|q)=
" (44",

=T Ag 28k -
> /lk‘[Aq ]oo 5’(’ and B“l

Making these replacements in (5.8.11) one arrives at:

2, 5" o (_l)kq(sn—k)(sn—k+1)/2+snk (qusnvl;qwl)sn—k—l
2sny = k '
(447" ] £=0 4], ;149" Jo
®
(- 4g*%) M (s, 451 9).
But
2sn 2sn—-1  —1 sn+k+1 2sn
[497" Jeo (Ag A Vpp— =144 lopp— 1447 Jeo
:[Aqsn'i'k"l"l]w
therefore
1 gMe ‘%1 (___I)kq(Sﬂ—k)(Sn—k+l)/2+Snk(l__quk){Aqsn+k+1] .
n k o0
k=0 [, ;149" ko

&
.Mk(S,A;XIQ’),

which is the inverse series of (5.8.12) and it can be written in a
simplified form as:

wk su(sn+ 1)/ 24+ k(k-1)/2,, _ , 2k "
2, 5"= ¥ -D%q . (1-4977) M (s, 4;x|q). (5.8.13)
k=0 [q]sn——k{Aq }sn+1

Thus the general pair of inverse series relation (5.8.12) and
(5.8.13) contains number of polynomials as special cases in extended

form together with their inverse series. These pairs are given below.
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[ae—’e]n [ae’a]n qsn(sn +1}/2+n
{ab], [ac], [ad],, 4],

Taking x=1,4 =abcdq"1 and 4, = , one

obtains the pair of inverse series relations of an extended form of
Askey-Wilson polynomial given by:

PrsOsabodiq) _Infs)[g"]y labedg™ 11 Tae ™), e’y
[ablp lacly [ad], @™ k=0 (9], [ab], [ac], [ad],

if and only if (5.8.14)

{ae“i‘g]n [aeig]n g" _ (—l)k qk(k—l)/?. (1—abcdq
labl, [acl, [adl, [9), k=0 lal g, [abedg® 1

2k-1 )
Pk,s (x;a,b,c,d|q).
sn+l

The inversion pair of Extended g-Racah polynomial can be
obtained from the pair (5.8.12) and (5.8.13), if x=1, A=aBq and

sn(sn+)/2+n —x x+1
4, =J 9" "1 lr07" " 1 is chosen.

" g, 131, Tl Lal,

Therefore

(n/s] g1, [afa™1, 1971, rag™1], 4%
R 0. Boy.5oq) = sk sk g k
nsOyelr 0= 2, [al, 1o, (70T, bl

if and only if (5.8.15)

g"lg*1 ra* ok D2 o 2kl
& n_ ¥ SUAL d ka'[fq )Rk (u(x).a, B.7,8,9),
logl, [Poq], gl [a], k=0 [q] Glal,_ lab +1 S

sn+l
=X x+1
where u(x)=q "~ +yxq

By choosing the same values for x and A as above and setting
qsn(sn+1)/ 2+n [

_.Njn

a1,
lq1,

,2, ==
" logl,lg
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one can obtain the pair of inverse series relation of extended

g-Hahn polynomial in the form:

/ —h n+l —x k
Qn S(x’a’ﬁ’NIQ)::{nZS] [q }Sk [05,&1 }33;( [q }k q

S (5.8.16)

qn[q*x]n s (_.1)k qk(k“"l)lz (-afq
log] [a V] [a] k=0 [ql_ _, [afg**!]

2k+1 )
0y (B BNIg)
sn+l

Next for deriving the inversion pair of an extended form of the little

sn(sn+1)/2
-Jacobi polynomial one should set A= and 1, =2————, then
a poly oba and 4 =ty
-n n+l k
(vict, foq) = {nE/:S] lq ]sk [oBq ]Sk (xq)
Prsi % & k=0 [“‘Y]k [Q]k
if and only if (5.8.17)

G kO g2k
leal, lal, k=0 [q] _, lafg*+])

Py S(x,a,ﬂ;q).
sn+l

From the above pair (5.8.17) the pair of inverse series relation of
an extended g-lLegendre polynomial can be obtained just by setting

a=p=0 (i.e. g*=g’=1,]q|<1). Thus,

(n/s] [g7"1, [a"],, ¥
P — Sk Sk
n,s(x 2) k§0 M]k {‘I]k

N (5.8.18)

()" -k gFEDI2 g2k,
la],[4), =0 [ql__,[g"*!]
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The extended g-Konhauser polynomial and its inverse series can
. * o
be obtained from M,(s,4;x|q) and its inverse series, which are given in

(5.8.12) and (5.8.13) respectively.

ksn(sn+1)/ 2-+kna+1)+kn(kn—1)/2
In fact, taking A(=g")=0, 4, =2

?

@*:a%) gy o],

M (s, 4% q)
and replacing q by g, x by x*q"™, keN, and Mj(s, Ax|gby —L

logl;
one obtains
15] Hi(mral)hi(g-1)/2 ,
2@ ok gy =—Loln V5T (g~ "*:gF) 5
(@m0 (47397 g logly J
if and only if (5.8.19)

kn(+1)+kn(kn—1)/2—snk o/ G-D72
@39 )sploal,, j=0 (@97, 7

Just by putting k=1 in the above pair (5.8.19), one can straight
away get the inversion pair of the extended g-Laguerre polynomial.

Thus,

- [nés] qj(n+a+l)+j(j—~l)/2 [qwnlSy xj
[q]ln j=0 {q}S] [a’q]j

ngas) (x]q)=

& (5.8.20)

. FJjG=D/2
g nGn012 on n /gD L(Jf’?(x{q)-

[q}sn [aq}n j =0 [‘I]Sn_j [aq]J
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5.9 EXPANSION OF GENERAL g-POLYNOMIALS

The pairs of inverse series relations of the polynomials

M;(S,A;x{q) and S, (I,m,a, p,x| p) are given by ((5.8.12) and (5.8.13))

Mo x| )= sk kD214 L sk 4" 2, < (5.9.1)
k=0 l41,
2k ,
A, %" = Z( 1k 4 snk+(sn—k)(sn—k+1)/2 (1-4q k) Mk(S,A;x[q)(S.Q.Z)
lg ]sn-—k [4q ]sn+1
and ((3.9.21) and (3.9.22))
/ I
Sn(l,m,a,ﬁ;xlq)::[nzm] p kLLGk xk, (5.9.3)

k=0 (1&71 no [k

-y gyl - "% Py, S S, (,m,a, ;x| p)
1-ka+in— a

1-
o = e ke ~1ys2 A=A

k=0 wp),, (b

,(5.9.4)
;P), (B P) k

wherein /I=ma and p=qg%,a=0, as before,
Now on substituting the inverse series (5.9.4) in (5.9.1) for x*,

one gets

—n n
M (SAMQ)—[Z] "”‘( 1y U DI2-sk(sk=1)/2 la 71, [4a7], 4,
k=0 j=0 lal, (B:P),,,_ PO,

(1 ﬂql—a)(ﬂql na
) (ﬂq1~ja+lk . 5

00S(lmalﬂx]p) (5.9.5)

o]
On the other hand, combining the inverse series (5.9.2) with the

polynomial (5.9.3), the expression occurs in the form
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/ . . , .
Sn(l,m,cz,,B,x(q)anm] ‘%‘(_1)1 qamk+skj+(sk—1)(sk—j+l)/2 .

k=0 j=0

-n. a2
(p ’p)mk(l Aq )crk

' 1-na. J
Ay (ﬂqv Py lda )y ldlg

Mj.(s,A,x|q) .(5.9.6)

The expansion formula (5.9.5) may be illustrated in particular by

[a,1,..[as]
taking A=a'Byq, A, =g*F kD12 —lando. = Vg-t¥sly

in which case the polynomial in (5.9.1) defines little g-Jacobi polynomial

Pp(xa’.B'.q)

w7l and the polynomial in (5.9.3) reduces to the g-extended
n

Jacobi polynomial %iﬁ’i)[(a);(b):qu}; and (5.9.5) would yield

— ¥ ' f}’l-}-l b [b ] ( 7 ) 1._ l—a'
Py )= g nék lag], (g ]k[aﬂq }k[ l]k B ppk( g~
k=0j=0[q], la'q], ld], la,], -la ], (B

- jo+lk—-a ,
Py, (BiP) k=)

(Bg"1Y py (1)) gFHAU-DI2 :wgf";ffz)[(a);(b):xpm Ip]. (5.9.7)

Similarly, the expansion formula (5.9.6) gives

—3’2.’ 7], Iq]
%gﬁ’ﬁ)[(a);(b):xpm;p]=[n§:m] g PP e, e ], ladl, lal,

k=0 j=0 (87" p), B, 181, (R),

__U-apg®
la),._; l@Ba” 1,

() g EHIUDI2 (s p2). (5.9.8)
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