
CHAPTER-5

UNIFICATION OF GENERALIZED 
q-POLYNOMIALS & THEIR PROPERTIES

5.1 INTRODUCTION

In Chapter-4, the ordinary version of the inversion pair ((4.1.1) 

and (4.1.2)) proved by Gessel and Stanton [1] was given further 

extension. A general class of polynomials

,, , , „ v \nl^(-\)skUA + sk + nfi) kMn{s,A,fl,x) = £ - -'-T1-—TT.----^ Wkx
k=0 (n-sk)\ K (5.1.1)

was defined from that extended pair with a view to study integral 

representations, differential equation (0-form) and inverse series 

relations. In this chapter a q-analogue of (5.1.1) denoted here by the 

symbol Mn(s,A,p;x|q), is constructed and the above mentioned 

properties are given q-extensions through it.

The general class of q-polynomials 

{Mn(s,A,J3;x|q), n=0,l,2,...} is defined as:

Mn(s,A,j3;x\q) = (5.1.2)

where is a general sequence (not involving n).

This polynomial unifies several known q-polynomials. In what 

follows, unless otherwise stated q2=qp.
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In fact, through this general polynomial (5.1.2) several known 

basic polynomials occurring as its special cases, are further extended by

giving particular values to the parameters involved.

These extended q-polynomials are listed below. 

Extension of Askev-Wilson Polynomial

Pn s{x,o,b,c,d | q) = a n[q]n[ab]n[ac]n[ad]n
[nls][q~n}sk{abcdqn-ll
So [q]nmk

[ael\[ae^\ . 

[ac]k[ad]k

Extension of q-Racah Polynomial

RnM***>P>r>*>q)=[XK^TTJ^rrL ^ V
k=o \aq]k[yq]k[Pdq]k[qlk K

Extension of g-Hahn Polynomial

_ [«/.^] [q~nU[afiqn+{). [q^X\qk
QnjS{x-aJ,N\q)= Y------^--------- -----

k=0 [aq\k{q~N}k[q]k 

Extended Little q-Jacobi Polynomial

p„'S(x.«.m=.
k=zQ [aq]k[q}k

Extended g-Leaendre Polynomial

k—0 \.q\k\.q\k

(5.1.3)

(5.1.4)

(5.1.5)

(5.1.6)

£5«!3L*7^

156



Extended q-Konhauser Polynomial

te) im)„ in/S]^n+a+])+^l),hr"k^%^
Z^(x;k\q) = ^irf~- £ ---------------- ----------------- £----. (5.1.8)

(gk-,qk)„ j=° (qk-,qk)sj[aq]kj

Extended q-Laquerre Polvnomia 

Ja) W\„[nls]g
z.

j(n + « +1) + j(j ~l)/2r -«I ^y 
w J>sy

to]„ y=o to3 „•[«<?].•
*y j

(5.1.9)

Extended Wall Polynomial

, , iwoFw/sW ^sk Mk-\)!2-snkw (Jto,„) = (-i)"M„/("+1);2lSJ(~1) « rl-------------
”»■* " 6=0 [a].

o xK (5.1.10)

Extended Stielties-Wiaert Polynomial

snmix,P,q)-h>v"(2"+1)/2 [P]n ‘gV.rV2*k'2 n
mk iPli

(5.1.11)

The inverse series relations of these extended polynomials is 

given in section-5.8. For inverting the polynomial (5.1.2) a general 

inversion formula is also proved. Together with this, a couple of 

inversion formulas are discussed in sections-5.4 to 5.7. Section-5.2 

contains integral representations of Mn(s,A,p;x|q) which are derived 

using some known q-integrals. Whereas section-5.3 deals with 

q-difference equation (0-form) of the polynomial (5.1.2).
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5.2 q-INTEGRAL REPRESENTATIONS

In this section the q-integral representations of Mn(s,A,P;x|q) are 

obtained using four known basic integral formulas. These q-integrals 

are as listed below.

g-Beta Integral (Gasper and RahmanflT)

Pq(*,y)
_ ^qix)Tq{y) 

rq(x + y)

},JC-1 OfcflOoo

(tqy',q)oodqt, Re(jc)>0, y*0,-l,-2, (5.2.1)

g-Beta Integral (Askey and Andrewsflll

j ^X,C’^ao^x/d’tiao d rq(a)Tq(P) Cd
~c{-xqa lc;q)m(xqP/d;q)m 9 rq(a + P) c + d

00

(-cl d'^^-d / c;q)m 
(-qfic/d;q)m(-qad/c;q)m

(5.2.2)

g-Beta Integral (W.HahnlT, d.91)

! J-1lxA lE (qx)d(q,x) = {l-q) —*■

o q (q -q)*
q-Gamma Integral (W.Hahnfl, p.101)

ith-\

0
e (■
q

-t)d t
q

q-Kh-1)/2

(5.2.3)

(5.2.4)

(I) On making use of the q-integral (5.2.1), a q-integral for 

Mn(s,A,P;x|q) will now be obtained.
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Consider,

k=0
£lrxk I (5.2.5)

risk

where

f A sk+skfi ,

(Aqsk+skP;q2)x (?2,?2)„

(1-<J )' A-sk-skP Yq (A I sk + nfi)

Tq (A + sk + skfi) \\-q )!~A-sk-nfi

=<>-v (A + sk + skfi)
(5.2.6)

(1 - skP Tq (A + sk + nfi) Tq (A + skfi) Tq (2A + sk + skfi + nfi)
2 2__________ 2

+ sk + skfi) Tq^ (.4 + s&/?) (2,4 + sk + s#/? + nf3)

(1 -qJ*P skfi ra (2A + sk+skfi + nfi) X
A + nfi+sk-

r„ {A+sk+skfi) F, (A+skfi) i. 
H'y H*) U

, A + skfi . <3U^»92)qo 2

Re(A+n(3)>0, A+sk3*0,-l,-2,..

Therefore, from (5.2.5)

[«/$]
M (s, A, fi;x | q) = £ - 

" £ = 0

(~1)5* q~ snk xk (1 - q0 fP sk@ T (2A + sk + skfi + nfi)

[q] T (A + sk + skfi)T {A + skfi)n-sk q 2

\tA + ne + sk-1 (‘ur’q2,«, j f

0 «/ + ^;?2)„ ’

Re(A+n(3)>0,A+sk3^0,-l,~-2,...
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or alternatively

Mn{s,A,p\x\q)= ltA+nP l(tq,q )p (s,A,fi,xj\q)dqt,
0 ^ 2

where

[nls-]{-l)Skq~Snk{l~q2)nfi~Skl3 Tq (^ + sk + sk/3 + nmkxktsk

p (s,A,/3\x,t\q)= I ............................................................................... .., „-------------
k = ° [<?]« - ^ r,y2 M + + ^ (^ + skfi)(tqA + ;*2 ^

and Re(T+nfi)>0,A+skfi*0,-1,'-2,.. (5.2.7)

(II) The q-Beta integral of Askey and Andrews given above in (5.2.2) is 

now considered with c=d=l, which then reads as:

2} (-^?)oo(<?-y;i?)oD d"X = Tq(a)Tq{/3) (-l;?)ao(-U<7)oo

-x{-xqa\q)o0(xq^-,q)(Xy Tq(a + fi) (-/^(V^oo'

In (I) it is already shown (in (5.2.6)) that

T (A+sk + nfi)
(Aask + skP-aP) ~(\-a \nP~skP ^
{Aq ’q n-sk U q2} T (A + sk + skfi)'

therefore it can also be written as:

(V4+s4/V)
(l-g,)"^ skPr (A + sk + nP) r (A + skfi)

n-sk T (A + sk + skfi) T (2 A + sk + skfi + nfi) 
q2

r
2

(2 A + sk + skfi + nfi)

T (A + skfi) 
q2
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(1 ~q0)nP skPrn (2.4 + sk+sk/3 + nfi) Yq^ (A + sk + n(i) (A+skfi)
q2

T (A+sk+skfi) Tq (A+skfj) V (2A+sk+skfi+nfi) 
*2 *2. “2

( ^,q2^«2 l,q2*<x> , A+skB . , A+sk+nB .

, A+skB x , A+sk+nB . H.<72)00(-1.?2,00

(1 -g2ffi skfi r„ (2^+^ + b/wV+^.«2)»(V+^+,,/J;?2)«,

1
2 J1(V+fa^2uV+#,?2)w

dchJ

but in view of the definition of r^Cx) and (-gJt;g)00(^'*;<?)oo = (q2x',q2)co,

one gets

(V+^,<?2)„ (-,^;?2)„(?^;,2)„

rg2(A + skp)( l;?2)oo (1~«2)' ^ sk+q7,q1>.yJ-\:q1),c,

, 2A+2skfi 2sI (? ^2 )«>

0-?2> (72^2)«>

Thus

(Vt+rt/V)
n-sk

(\-gy+n^lr„ (^+tf+^+»/w»^+^;^uV+*+'0w,).
q. 12'°o

r 0*+^+^1; 92)°° ’ ?2 )«>

1
• I rf_ t.
,, , A+sk+nB . , , A+skB , "7-)—1(-*ST ’^°o 2
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Finally substituting the above in Mn(s,A, |3;x|g) the q-integral is

obtained in the form:

1
Mn(s,A,p,x\q)= \{-tq-,q1)(X>(tq-,q2)aoSn{syA,l3-,x,t\q)dq^t, (5.2.8)

where

Sn{s,A,p,x,t\q) =

[nls]{~l)Skq~Snk{X~ql)A+nP (^+sk+skfi+nfi)(q2A+2skfi;ql)o0

E ------------------------------------- 2-
k = 0 .2 2,

hqA^np.q^xk

(III) Another q-integral representation of the polynomial Mn(s,A, P;x|(?) 

is obtained using (5.2.3).

Using

risk

(Aqsk+sl,P,q2)oo (?2^2^“

(AqSk*"P-q2)„ '

in the defining relation of Mn(s,A, $)x\q), one gets in view of (5.2.3),

MJs,A,j3:xts\q)= £
[nls](-l)skq-Snk(Aqsk+skP;q2)w ^ xk

k~° ^nsk^vh^ °o(1 q2*

{tq)d{q t), 
0 q2 l

or
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(5.2.9)Mn{s,A,P ■ xts\q)= \tA + nP lE (tq„)A (s,A,fi,x\q) d(q7,t), 
0 £/2

where

A„(s,A,/3-x\q) = ----------- — I ---------------------------------------------- ±J*Ll;kxk.

(IV) The q-gamma integral defined by Hahn[l, p.10] given above in 

(5.2.4) is used as a tool to get another q-integral form of Mn(s,A,0;*|q). 

For that once again using,

(V*+^;<f2>
n-sk ~ (Aqsk+»Pu (,2;<,2>„

and (eq. (5.2.4))

fal &(h-l)/2 oo , .
------- ! ,hAeq(-,)dql

[ghu 1-? o

the polynomial Mn(s,A,P;jc|^) takes the form:

Mn(s,A,f5 : xt | q)= I 
k = 0

[«/.] {-\)skq-mk(Aqsk + skl3-q2)^Zk xk

^n-sk^V^ oo

q(A + sk + nfi)(A + sk + nfi-\)/2 ^

0-42) 0 V ^2

which can be written as

Mn{s,A,p\xts\q)^ ltA + nP 1 e (-t)d (s,A,/3;x\q) d t, 
0 q2 n q2

(5.2.10)

where

163



9n(s,A,p x\q) =

[n/^](~l ^skg(A + sk + n/3-l)(A + sk + n/3)/2-snk

I  -........ ——_— .........-
k = 0

h x
k

, A sk + skB .

5.3 q-DIFFERENCE EQUATION(0-form)

The 0-formed q-difference equation for the polynomial 

MnCsAP;*!#) will be derived in this section.

As mentioned in section 3.3 the function

y= <t> J rTs
V"’ ar,q,z 

's

where r<s,0<|q|<l; if r=s+l then iz|<l, and for |z| = l, Re (Ebj-Za,)>0, 

satisfies the Q-formed q-difference equation:

i 1 ~~b Q-, f' .. \ Oy />,  bv+s{0(0 + q l-l)(0 + q 2-l) (0 + q s-l) + zql 1 5

.(0 + q °l-\)(0 + q °2-l).... (0 + q °r-l)}y = 0. (5,3.1)

From this equation the corresponding q-difference equation for 

Mn(s,A,P;jc|q) may be obtained as follows.

Here, in fact a particular case of Mn(s,A,p;x|g5 is considered for 

this purpose as the polynomial Hn(s,A,P;x|q) is to be expressed in a 

generalized q-hypergeometric function form.

In the polynomial

[nfs] (-1 )skq~snk(Aqsk + sk^-q1) 
Mn(s, A,fl;x | q) = £ ----------------- —---------

k = 0 [q]n-sk
2Jn-sk e „k 

gk ’ (5.3.2)
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set p=l then the product (Aqsk+skP ,qP)n__sk takes the form 

(Aq2sk ,q)n_sk but

(•Mlsk-,q)n-sk Moo

[■Aqn + sk}JAIco

[A]n + sk
£Ahsk

Wn[Aqn] sk 

£Ahsk

Thus,

[A] [n/s] q
Mn{s, AX x\q) = I -

£ = 0

-sk(sk-\)/2

2.v£

,sA:L ’ J.s£ e ^ 
*k

Next putting ££
s£(.s£-l)/2

Mk
-and denoting this particular case of

Mn(s,A,(3;x|<7) by G*(A,x\q), one finds

¥ lA]n [n/s] [qn},{Aqn]
G*(A,x\q)~—S. £ ----- m------- sLxk

*=o WkW2sk
(5.3.3)

As mentioned in section-3.3, Chapter-3, the q-factorial functions 

[q~n}sk,[Aqn\sk and [A]^ can exPressed in other q-factorial

functions with sk and 2sk replaced by k and with base q, using the 

formulae (3.3.7) and (3.3.8).

Thus,
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[«~"U =i<l-nh'.ci)k^"hw,qh (q^V-\q)k(q^ls-,q)k......

(q(--" + V/sw,q)k....(,(-»+1>/V-1;*)jy-'’ + J-1>'I;?)t.....(,(-» + *-I)/*w>?)

, (-« + ^-l)/s S — 1 s.w ;q)k, (5.3.4)

[Ag"]sk^(A]/Vls-,q-)k(A'lV/sw,g)k

(5.3.5)

and

[A]lsk HAyis-,q)M'2S <^)t....(Al/2s cr2s~\q)t

.(Ainsqins,q)k(Al/2sql/2sa-q)k .{All2sqll2sa2s-\q)k.

....(.All2sq{ls l)l2s;q)k(A1/2sq(2s l)'S<r,q)k....{AXI2sq^2s X)l S a2s~X ,q)k

(5.3.6)

Now, in the light of (5.3.3) to (5.3.6) the general q-difference 

equation (5.3.1) takes the form:

\e
2ft12fiV-*W25 A J)/2s-\)

j-0 m-0
+ jcq

2s2+3s-As

n1 n(0+wvq(n~p)ls -w^q<A+"+rih -i)
p=0 v=0

•G?AA,x\q) = 0,

(5.3.7)
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where a is (2s)th and w is sth roots of unity.

5.4 q-INVERSE SERIES RELATIONS

If a polynomial in * is known in the explicit form then it will be

interesting to know its inverse series. With that intention the following

results are proved.

The inversion pair

-nk( A-k + kfi B. n q (Aq )
m= I

k = 0

'n-k
[ql

y(k) (5.4.1)
n-k

W(n)= Z - 
k = 0

n ^n-kq(n-k)(n-k + l)/2 + nk^n + (n-l)J3 q-(3^
n-k-l

Mn-k

.(1 ~Aqk + kP)0(k) (5.4.2)

proved by Gessel and Stanton[l] will be further extended in this 

section.

In fact, the polynomial

Mn(s,A, fi;x\q) =
[n/sK-l)*q-**(Aq* + 'V-,q0)n_sk

* = 0 [q]n-sk
(5.4.3)

is defined through the proposed (in this section) extension of (5.4.1). 

With a view to invert the polynomial Mn(s,A,P;^|f) the series (5.4.2) is 

extended.

The proposed extension of the above pair (5.4.1) and (5.4.2) is 

stated here as
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Theorem-9. Fors=l, 2, 3, 

if

[n! s\
U(ri) = S a(n,k,s) V(k) (5.4.4)

and

V(n)= Yb(n,k,s) U(k) 
k=0

(5.4.5)

then

a(«, A:, 5) = n-sA:

implies and is implied by

(-l)A; q(sn~k)(sn--k+Y)/2+snk ^ _ ^k+kfl ^
b(n,k,s) =

lq)sn~k

(5.4.6)

sn—k—\ (5.4.7)

and

£ b(n,k,l)U(k) = 0 if n*sj, jeN. (5.4.8)
k=0

For s=l theorem-9 reduces to the pair (5.4.1) and (5.4.2) given 

above. This theorem is proved in section-5.6, with the help of a lemma 

which will be proved in section-5.5. It also suggests another general 

inverse series relation, which is stated here as:
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Theorem-10. For s=l, 2, 3..., 

if

[w/j]
A(n)= £ c(n,k,s)B(k) 

k=0

and

£(*) = Td(n,k,s)A(k) 
k=0

then

c(n,k,s);
(_^n-sk q(n-sk)(n-sk+l)/2+snk ^ _ ^sk+skfi ^

fe]n-sk

if and only if

q-snk(Aqk+kP-qP)
d(n,k,s) sn-k

sn-k

.(V^+Vw-i

and

E = 0, if n^sj, jeN.
k=0

The proof of this theorem is given in section 5.7.

5.5 LEMMA-2

For n=0, 1, 2,... (Gould and Hsu [1])

m= l qk^n-"k

k=0
Tl(ai+qkbj) V{k)

^n-k

<=>

r(«)= ik=0
(~\)n~kqk(k-l)/2

(ak+i*ikbk*{>m

(5.4.9)

(5.4.10)

(5.4.11)

(5.4.12)

(5.4.13)

(5.5.1)

(5.5.2)
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Proof

The proof of this lemma uses the orthogonality relation

k + j

N lrZ (-1)* 
k=0

N
k

(a, . . 4-q^ + kb, .) n (0. +
«*-l)/ 2 k + J +1 t + J + i , = 1 '

k + j'4* 1

n {a.+qnb.)

(5.5.3)

/ = 1 i * r

where N=n-j.

In order to prove the first part, it should be proved that 

(5.5.1)=>(5.5.2).

Denoting the right hand side of (5.5.2) by T(n) one gets,

T{n)= Z (-1 )n~kqk(k 0/2 (a^+1 +q bk+0t(kL

*=0 n («/+A)

This in the light of (5.5.1) gets reduced to

n k 
Tin) = Z Z

k=0 j = 0

(_1)« ~kqk(k -1) / 2 + j(j +1) / 2 -kj 

— —

(ak+\ + ctkbk+l)

k •
n (<»,•+^.) k/)

Wn-h [q\-j

Now using the double series relation:

n k
Z Z 

k=0 j=0
A(kJ)= i 

j=0

n-j
Z ^(*+yJ), 

k=0

T(n) becomes
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n n~ j ~ J ~ k Jk + J)(k + J + j(j + V/2- J(k + J)
T(n) = I I ^-----------g..- ;.................... ——..-...................—

J~0 k = 0 ^H-7-A:

(«.

k+j+l 4" (J
k+j

«+j+l } JJ(a/+A> ^
A+ /+1

n (a-+qnb) 
i=\

„ B_y(-l)"--'-V(*"1)/2(<.* + y + I+/ + ^., ,.,)
E E 

i=0 A = 0
k + j +1

A:+ 7
n (a +qJb )/ = !

A: 4- y + 1
II ia+qnb) 

i = 1

rO)

H~1 f-lf'V(;1 j-lK«)+ E 1 / , - J E (-if 
7=0 WJw_y A: = 0

n-7
A

A(A -1) / 2

(«A+7+1
*+/ ,

+ r jbk+J+}) n(vA>A+7

A+7+1
I! (ai+qnbj) 
/= 1

^(/?) + y?^1 (-if ~ V(y)
7 = 0 W«-7

o
n~J*

in view of (5.5.3).

Therefore, T(n)=i|/(n), which proves that (5.5.1)=>(5.5.2).

To prove the converse part that (5.5.2)=>(5.5.1), it is just 

sufficient to show that the diagonal elements of the coefficient matrix of 

each of (5.5.1) and (5.5.2) are non-zero.
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Let the diagonal elements of these coefficient matrices be <J»nn and 

Vnn respectively.

Then

nn. <1
(n(n+l)/2)-n2 £

{-rp- !2)+n 12
11 i=l

w =(jn(n~iy2 an + \+q ^n +1 
V n + l

n (a +qnb )
/ = 1

_ ^(n-l)/2 1

n («? +A )
/ = i

Clearly 4>nn*0 and \j/nn*0, which implies that the inverse is unique. 

Therefore (5.5.2)=>(5.5.1). Thus (5.5.1)<=>(5.5.2), which completes the 

proof of Lemma-2.

5.6 PROOF OF THEROREM-9

With a view to prove the first part, that is (5.4.6)=>(5.4.7) and 

(5.4.6)=>(5.4.8), let the right hand side of (5.4.5) be denoted by fn, 

then

sn (-\)kq(sn-k)(sn-k+l)/2+snk^ _ Aqk+kfi^
fn = ,2 r-;

k=°

■(Aqm+(sn~\)P. P-
sn-k—1 U (*)
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which in view of (5.4.4) takes the form

sn [l/.v](._r)£ + srq{sn - k)(sn -k + l)/2 + (sn- sr)k^ ^ k + kf}^

* = o rt'o [«!,„-*

k-sr
M

F(r).
k-sr

Next using the double series

.?« [/c / .v] n sn-sr
E E 4(/r,r)= E E A{k + sr,r) 

k=0 r=0 r=0 /c -0

it becomes

« m-sr(i\k (sn-sr-k)(sn-sr-k + l)/2 + (sn-sr)(k + sr)
fn = E ' E ------------------r------------------------------------------ V(r).

r = 0 k = 0 ^ sn - sr — k

a - V*+sr)W+11 x vn+(OT-1)/? (Vr+sr/V)

Taking n-r=N, sn-sr=sN, one gets, using the relation,

(I-V"^) (-A‘<S"+S”/3-‘>-/>)SN-k
(A sn+{sn-\)p -fi. _______________

i'V-*-1(l -Aqsn+mP) (1 -Aqs"+sn/!) ’

n sn (__^kq(.sN-k)(sN~k + l)/2 + sN(k + sr)y__A(}(k-i-sr){0 + l)y
,fn='2l E —

r-0 k = 0 '■^'sN-k

, , sn + snB -6. , A sr + srB B.(Aq F,q H)sN_k(Aq H\qH)

n-1
■■V(n)+ E m

(i -V"+S^)M,

5v / n* (sAf-*X^-^+l)/2+jAf(ifc+3r)

F(r)

^0(I-A=0
E„ H)V

sN
k

0 - V*+JrX^+1))sN_k )
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But,

, , sn + snB - B, (Aq F;q H)
(1 - Aqsn + snP) ’ S^ ~ ^ ~ *

The q-factorial function on the right hand side can also be written 

with base qp, thus,

(AqsnHsn-np<q~P)^^(AqsnHsr+MW.qP)
sN-k-r

Therefore,

n-l sN(sN+\)/2+sNsr y() aN _ y
fn=V{n)+Y 1---------- —-----------— I (-1 fqk{k 1)72

r=0 [q]sM k = 0
sN
k

(1 ~Aq(k + sr)(fi +1) j ^Aqsn + (sr + k + \)fi.;r)sN-k-
l(Aqsr + sr^-,q^)l

qsN{sN +1) /2 + sNsr ^Aqsn + sr/3. qJ3 ^ y^
n~1

V(n)+ E ---------------------- —-------------------- ------- •
r=0 [q]sN

? (-1 )kqki-k 1)72 
k = 0

sN
k

(1 - V* + Sr)iP + X)){AqSr + srP-,qP),

(V»+ *■/*;/)
(5.6.1)

k +1

If the inner series here is denoted by vj/(M) where sN=M then it 

can be obtained from (5.5.2) of Lemma-2. In fact choosing a,= l for 

i=l, 2,..., k+1, b,=-Aqsr(p+1)+(,"1)p, i=l, 2,....,k+l in Lemma-2 it reduces 

to

k{k + \)!2-nk, A k + (B + l)sr. Bs. rn\ n q v ’ {Aq ’ ,qy)nT{k)
U(n) = Z -----------------------—----------------------5-------

k—0 \.q\n—k
(5.6.2)

if and oniy if
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£ (-l)»-i/(H)/2(1_/)9(i + .ST)(^ + l))

k= 0 (V + ^ + Jr.^)it+i
U(*)- (5.6.3)

Thus the inner series above in (5.6.1) is actually

7W)= E (~X)kqk{k~Y)l2 
k—0

M
k

(1 -Aq{k + sr)^ + l))

KAqM+sr+srPJ)k+x
U (it), (5.6.4)

where (Aqsr+srP,qP)k is taken as U(k).

The inverse of this follows from (5.6.2) in the form:

U(M)= E qk(-k+^12 m 
k=0

M
k

(V+w + ,)''r;/)M'/W. (5.6.5)

Thus (5.6.4)»(5.6.5) in view of the inverse series relation (5.6.2) 

and (5.6.3).

Now consider T(k) ■■ in (5.6.5) then

U(M)= s qKk*m~Mk [M] {AqkHfi+\)sr.qf>

' " kk=0

Thus with T(k) the choice \j{k) = {Aqsr*srP\qP)k\s restored.

Now with these choices of T(k) and U(k) in (5.6.1), one gets,

„-l g^,N+m+sN,r S^srH.qP 

fn~n«)+ Z -------------------------------------------------------------------------- -------------------------------------------------——

/•=0 [q]sN
0

sN

thus, f(n)=V(n), which proves that (5.4.6)=>(5.4.7).
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In order to prove that (5.4.6) also implies (5.4.8) consider the left

member of (5.4.8) and denote it by A(n), then

n (_nk Cn-k)(n-k+ 1)12 +nkn . k + kps 
A{n)= I kJLl----------------- 1.

k=0 ^n-k

(Aqn + <"-W,q-\_k_^{k)

but

thus

A(n) =
n ^_^k (n-kXn-k + \)/2 + nk^_ Aqk + kP)

k=0

(5.6.6)

This in view of (5.4.4) takes the form:

n [k!s](_i)k + SJ (n-k)(n-k + l)/2 + (n-,y)k(l_ A k + kps
A{")= e z —----- --------n----- n-------- -—1--------

k = 0j = 0 lrin-k Wk-.y

.(V^A-4-1 (Aq‘MP J)k_s] Vi])

Using the double series relation

n [k/s] [n/s]
E E A(k,j)= E 

k=0 j=0 j=0

n-sj
E A(k + sj,j) 

k=0

it becomes
A(n) = [t] F(y) "x'Vl)*^(»-*/-k\n-s/-k + l)/2 + rtk + (n-k)sj _ 

./ - 0 - s; A- = 0

w--s/

A:
(V-^A

176



(»/.y)/*-'7)(»-.r; + i)/2+n,, iX)kM-\M2

1 = 0 Mn- sf k = 0

n - s/ 

k

.(!- V*+9X1+«xV”<*+^l>/V VsjhW (A

Taking n-sj=R, one obtains,

A(n)= S i

J = 0 MR k = 0

but

/ + sjB. „B\(y4o«+(^+^+1)^ ■ aP •) D , _ ^ ^ ^
1Aq ’q *R~k—\ ~ „+„/? ft(V + ^;/)ifc + 1

therefore

I
7 = o [»] /? k = Q

R

(i-V*+4'xl+/’))(V'+A/’:

Jfc + 1

The inner series in k, above is the same as (5.6.3), whose sum

T(n)= as seen above.

Thus

M »**+1>'2+raW+wV),) n;)
A«) = Z -------------------- —-------------- -------

7 = 0
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=0 if R*0, i.e. if n^sj, jeN,

which proves that (5.4.6)=>(5.4.8), completing the proof of the first 

part.

To prove the converse part, it is to be proved that (5.4.7) and 

(5.4.8) together imply (5.4.6). Since (5.4.8) holds true, in view of 

(5.6.6) above A(n)=0 if n*sj, jeN, holds true. Also it is to be noted that 

A(ns)=A(sn)=V(n).

Thus in view of the inversion pair (5.4.1) and (5.4.2) it is proved

that

sn (-\\sn~k (sn-k)(sn-k+l)/2+snk _ Acfk+kfi, 
¥{sn)= £  ---------- ------------n--------------------------------

k~0 [y^sn-k

sn-k-\ m

k-0

[#»/*] q~snk(AqSk+s¥^)
n-sk ¥{k),

^n-sk

subject to \|/(n)=0 if n*sj, jeN. This in fact proves that (5.4.7)=>(5.4.6) 

subject to (5.4.8), which completes the proof of the converse part and 

that of the theorem.
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5.7 PROOF OF THEOREM-10

To prove that (5.4.11) implies (5.4.12) let the right hand side of 

(5.4.10) be denoted by F(n), then in view of (5.4.12),

sn q mk(Aqk+kP;qP) ,F(n)= £ ----------- —----------- ^±A(k)
k=° Wsn-k

sn [k 1 *](_!)* - sj (k - sj)(k ~sj + \)/2 + skj- snk ^ _ A sj + sjP ^ 

k = 0 j = 0 {qh-sj ^sn-k

Using the double series

sn [k/s] n sn-sj£ £ A(k,j)=t £ A(k + sj,j)
k=0 j=0 j-0 k=0

one arrives at,

SJ (-l)kqk(k +1)/2 + sj(k + sj) - sn(k + ,sy) ^ _ ^.sy + s/0 ^n sn - 
F(n)= £ £

j=0k = 0

but

k+sj+(sj+\)P,

therefore

[q\sn - sj -k

{Aqk+sMW.qPh^ BU)

0 (I(V+*+^;/)
/• Aan ' *v 1 w 1 \

' (l-Aqk + * + W) (1 + V +

n sn-sj (_i\k k(k + l)/2-(sn- sj)(k + sj)(, , sj + sj/J.F(n)= £ £7iiL5----------------------------------- ------------------ 1,

J - 0 k - 0 -sj-k

{Aqk + sj + kP + sjP.qf})m_sj k{Aqk + sj + sj(}.qP)k

(1 -Aqk + Sj + Sjf})
B(J)
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n-\tm-sj(_nkk(k + \)l2- (sn - sj){k + sj) (, _ , .y + s/fi ,= *(«) + Z Z ---- -----n-jrz----------- -------------- 1
/ = 0 k = 0 Mkiq]sn-si-k

(Aqk+SJ+kp+sjp.qpK ^ (Aq*+WM.qP)ir_' BU)
k—l

Taking n-j=N (=>sn-sj=sN), one gets

n - 1 n NjS 
F(«) = B(«) + S *------

(1 -AqSJ+SJP)B(,) k k(k-l)l2

7 = o [?]siV k = 0

sN
k

(A(k+sj)(fi+\). B (A k+sj+sj/3+J3. B (1 - sAQ* 
,q >sN-kKAq >q h-\ q

but

(Af+WM-,q\_^Aq^W,ql>)sN_k

-(Aak+sjHsj+l)P.afi)
~(Aq ,q )sN__x

sN-1 
= Z C q

r = 0

kr

Therefore,

n - 1 q NP (i _ Ag*l + sJfi) gr a sN k uk-XMl 
F(n) - B(n) + I I (-1)V( l)i 1

7 = 0 [<?]sN k = 0

sN
k

(1 -sN)k sIirlr kr
r I cr <?r=0

7 = 0

-l9-^2(1_^+^)5(y) W-l

[<?] I c .
r = 0

if (-1)* 1)/2
k-0

sN
k

~(sN~r~l)k
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Here, the inner series in k vanishes because

I (-l)V
kqk(k-1)/2 sN -(jW-r-l)jfc

kk = 0

=(l-q1+r'sN)(l-q1+r"sN+1)....... (l-qr)

=0,

for r=0,l,2,.....,sN-l. Hence, F(n)=B(n), which proves that

(5.4.11) =>(5.4.12).

To complete the proof of the first part it is left to prove that

(5.4.11) =>(5.4.13).

Consider the left hand side of (5.4.13), and denote it by G(n),

then

k~ 0 [^1/7—/c

■qp)n_kA(k)
(5,7.1)

£
k = 0

n [kls\(_ftk-sja(k-sjXk-sj + \)12 +skj-nk ^_A(sj + s/0^^

Using the double series relation

and putting n-sj=N, one gets,

/ = 0 k = 0

{Aqk+sj+sj(3+p .qfl

)cqk{k-\)l2qk-N(k + sj) N

k+sj+kft+sjfl, B s
}N-k
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Here,

(A^sJ*s]^-,/)k_x(.Mk+si+kp+^-,/)N^k

=(V+«'+^+/Vv_,

N-1
S c a

r = 0
£r

Therefore,

G(n) =
(l-AqSJ+SJP)B(j)

7=0
I (-rfqW-W2

k = 0

f TV—1
| E Cr g qk-N(k+sj)

jf = 0 r = 0 ^ £; = 0

Here, the inner series in k vanishes because

(N—r—\)k'

EH)V(* 1)/2
k = 0

N
k

q~(N-r-l)k

=(l-q1+r-N)(l-q2+r-N)....... (l-qr)

=0,

for r=0,l,2,....., N-l. Therefore G(n)=0, if N=n-sj*0, i.e. n*sj,

s=0,l,2,.......This proves that (5.4.11)=>(5.4.13), which completes the

proof of the first part.

For proving the converse part, it will be proved that (5,4.12) and 

(5.4,13) together imply (5.4,11).

This means that
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-snk f A k+kfi 8 .S(„)= f q ( q -q

*=°

and

„ 4 nk(.Aqk+kP 'qlS) k A(k) . . _
E------------—------ —----- =0, if nxsj, ]=0,1,2,.

i=0

hold true.

This in the notation of (5.7.1), means that

G(n)=0 if n*sj, j=0,l,2,..... (5.7.2)

and

G(sn) = G(ns) = B(n). (5.7.3)

In fact, in view of the pair of inverse series relations (5.4.1) and 

(5.4.2), we have

n q-nk(Aqk+kP,qP) kA(k)
G(«)= E--------------n--------—-------

k=0 [q\n_k

=>
„ +"k(l^Aqk+^KAqn+k^) G(k)

A(n)= I --------------------------------------- —------------------------------!LAJ------- .
*=0

This proves that (5.7.2)=»(5.4.11).

But in view of (5.7.2) and (5.7.3) above, one has

n sn q-mk{Aqk+kfi-,qP)m__kA{k)
B(n) = E ---------------—-------^--------

k=0 ^sn-k

implies
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A(n)-- nz
sk- 0

.y}n..sk ^{nsk){nsk+\)I2+snk ^ _ ^skskfi,

M rt-sk

.{Aqn+sk^-q^)^sk_xG{sk)

which proves in fact that (5.4.12)=>(5.4.11), subject to the condition 

(5.4.13).

This completes the proof of the converse, and hence that of the 
theorem.

5.8 SPECIAL CASES

The polynomial special cases (in extended form) of the general 

class of polynomials Hn(s,A,P;x|q) defined in (5.1.2) are given in this 

section where the corresponding particular values of the parameters are 

also accompanying. Also the properties of this general polynomial, 

studied in sections 5.2 to 5.7 are particularized.

To begin with, first the extended versions of the various known 

polynomials occurring as the special cases of

Mn{s,A,p\x\q)-
[nls]{-

: I - 
k=0

-DSV -snk(A sk+skfi
{Aq ’q 'risk
[q\ U *

risk
(5.8.1)

are described together with the specializations. The extensions of the 

Askey-Wilson polynomial, basic Hahn polynomial, q-Racah polynomial, 

little q-Jacobi polynomial, q-Legendre polynomial, q-Konhauser 

polynomial, q-Laguerre polynomial, Wall polynomial and the Stieltjes-

184



Wigert polynomial can be obtained from a slightly modified version of 

(5.8.1) by taking p=l.

Thus taking p=l and M*(s,A;x\q) = —” — ^,1,x *in (5.8.1), after a
[Vico

little simplification it takes the form:

Mn(s,A;x\q) =
frjftk Sk(Sk+mU^n\k[Aqn]00lAqlskU ikxk

*=® oo

but

[Vico
- = [VU, and denoting [Aqlsk]^ by the symbol ok one

JOO

arrives at
. lnls]q~sKsM)l2 [?-"] t [VLC! **

M (s,A,x\q)= I ----------------------------^---------S£_JE-----
" k=o

(5.8.2)

Now, specializing A and ak suitably the polynomial special cases

are obtained as follows.

Putting x=l, A=abcdq'1 and

„sk(sk+l)/2+k [ae~i0]k [aei0]k

°k [ab]k[ac}k[ad]k[q]k

in (5.8.2) one gets, an extension of the Askey-Wilson polynomial; 

denoted here by Pn,s(x;a,b,c,d|q):

Pn,s{x’aAc’d 1 q) [abcdqH~l]sk[ae~l9]k[aei6]kqk
ssk

[ab\n[ac]n[ad]na n k = 0 lqlklab]k[ac]k[ad)k

(5.8.3)
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An extension of the q-Racah polynomial with the notation

Rn,s(|i(x);a,p,Y,8;x), where |i(x)=q"x+ySqx+1, can be obtained from

(5.8.2) by taking x=l, A=apq and

qsk(sk+m+k[q-x]k[r&lM]k 
(X k = ----------------------------------------------------------------------------------------------------------  •

[aq}k{pSq}k[yq]k[q\k

Thus,

Rv(.Mix),a,/3,r,S,q) = InU] lg^n]sk[al3q’,+h!sk{q~x\ mX+\ qk 

Win k=o Win Wq\k\fi8q\k [yqlk[qlk

therefore

R^sO*(xy,a,fi,r,S-,q)
[«/■*] W~\kWPqn+x}skw~\ lr%x+lh<ik 
So Wq]k[mk[yq\k W\ (5.8.4)

q{sk{sk+\)!2)+k
Setting x=l, A=apq and or, =---------------rr--------- —, (5.8.2) yields ank [aq]k[q~N]k[q]k

extension of basic Hahn polynomial, which is denoted here by

Qn,s(x;a,p,INi|q).

Therefore,

Qn ^x,a,P,N\q) = [„/s] [q-"]sklaliqn+']!!kl‘l-X\k<lk 

4=0 [q]n\.aq]k[q^N]k[q}k

or

QnsW,a,P,N\q)
{q~nUWPgn+\kW xhqk

k=0 [aq]klq~N]k[q]k
(5.8.5)
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For obtaining an extended little q-Jacobi polynomial the same

choice for 'A' as above is required, together with

q(sk(sk+l)/2)+k
°k im}k[q\k

It is expressed using the symbol pn,s(x;a,p;q). 

Thus

pn s{x-a j-q) Jh/j] [q-*]sk[afan*i]sk(xq)k

' ‘So

therefore

Pn^a^'^ _{nls] [q n}sk[a(3qn+l}sk(xq)k

Mn So {aq\k[q]k (5.8.6)

An extension of the q-Legendre polynomial denoted here by 

Pn,s(x|q) can be obtained very easily from (5.8.6) just by taking 

qa=qp=l, which is:

pn,s(x k) =
K*] i^]sk[in+\k^)k
k=0 ^k^k

(5.8.7)

The q-Konhauser polynomial Z^{x,k\q)\s also a special case 

(s=l) of (5.8.2). An extension denoted by Z^)(x,k\q), of this

polynomial is obtained by setting

ksj(sj+l)/2+kj(a+\)+fg(kj-l)/2
A(=qA)=0, 0<q<l, u j — —

^■1%:[«%

Also q is to be replaced by qK and x by xkqnk, keN.

187



Then one obtains,

r , , , kj(n+a+l) + kj(kj~\)/2 -nk. K(a), ... NL [n!s}q (q ,q )
zyu,(x,k\q)=....t ~ ? zn,sK ’ , k. k ^

sj
(q*;qn')nj= 0 (qk-,qk)SJ[aqlk.x kj

Thus,

r i r / 1Mn+a+\)+kj(kf-l)/2 -nk k, kj [aq\n [n/s]q Kj A )SJx

(q A )n j=0
(5.8.8)

Extended q-Laguerre polynomial L^)(x\q)is obtained from (5.8.8) just

by taking k=l. Therefore,

J(n+a + l)+j(]-l)/2, -Ml J(a) [<*}]„ nIs] qJ
L{a)(x \g) =----2. S

'[?“"] -A-
9 (5.8.9)

The above polynomials given in (5.8.3) to (5.8.9) are called 

extended versions because if s=l, then all of them reduce to their 

corresponding original forms.

The remaining part of this section is divided into three parts 

according to the properties discussed in sections 5.2 to 5.7. They are:

(I) Special cases of q-integral representations.

(II) Special cases of q-difference equation.

(III) Special cases of q-inverse series relations.

The part (III) is further divided as follows.

• (Ill-a) Extensions of inversion pairs of Gessel and Stanton.
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• (Ill-b) Extensions of pairs of inverse series relations of 

polynomial special cases.

The polynomials occurring as special cases of the general 

polynomial Mn(s,A,P;x|q) are described above, mentioning the particular 

values of the parameters. Taking into consideration these same 

particular values, the properties derived for the polynomial 

Mn(s,A,P;x|q) can be particularized for the special polynomials. To avoid 

repeatation these particular values are not described again in (I), (II) 

and (III).

(I) Special cases of q-integral representations

The integral representations of the above mentioned polynomials 

in view of (5.2.7) are listed below.

pnj(x>a’b,c,d\g) a + b + C + d + n-2 ^ i 

[ab]n[ac]n[ad]na 0
Pn(s,a,b,c,d-,x,t\q)d t,

where

[»/»] lq~"},k\.oe-i0]Aaem]
p (s,a,b,c,d;x,t\q) = £ ----------------------------------*---------*------------ ." kt0[q]nrq(a + b + c + d + sk-l)[ab]k[ac]k[ad]k

r^(2(a + b + c + d~l) + 2sk + n)( 1 -qf ~sk qk tsk [abcdqn ~1 

Tq{a + b + c + d + 2Sk-mabcdqsk~\[abcdq2sk~-\{q]k

and Re(a+b+c+d+n-l)>0, a+b+c+d+sk-1^0, -1, -2,.....

Rn,s(p(*y>a>P.rAq) = ua + ^ + n [tq^cr^(s,a, fi,x,t\ q)d t,
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where

an{s,a,p,x,t\q) =
[nW W n ]sk lq~\mX +1 ]k [cc/3qn + \ 

k^O Wq2sk + \[aq)k[mk{n]klq]k

(2a + 2p + 2sk + n + 2)(l- qf ~ sk qk tsk 

T^(a + p + 2sk +1)T(j(a + fi + sk +1 )[tapqsk +1 ^ '

and Re(a+p+n+l)>Q, a+p+sk+l^Q, -1, -2,..... , fi(x) = q~x +/Sqx+^.

Qnj(x;a,fi,N \q)=\ta + P + n [tq] A (s,a,p;x,t |q)d L
n n q

where

An(s,a,P\x,t\q')
[nls][q ”]y^[? X]kTq(2a + 2fi + 2sk + n + 2)

* =0 [q}k[aq-\k[q-~N}k[tqA + !lk\m

n ~ sk ,sku - q) trq(a + fi + 2sk +1)r^(a + fi + sk +1)'

and Re(a+p+n+l)>0, a+p+sk+l^O, -1, -2,.....,

1
Pn,s(x;a,fi;q)= It 

0
a + p + n Yn{s,a,P,x,t\q)dqt,

where

yn(s,a,p;x,t\q) =
[n / s] [q~ ” ]sk rq(2a + 2P + 2 sk + n + 2)(1 - qf ~ sk 

k = 0 r^(a + p + 2sk + l)Ty(a + p + sk +1 ){tapqsk +1 ]w

(xq)ktsk

[aPq2sk + l]Jaq]k[qlk'
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and Re(a+p+n+l)>0, a+p+sk+l^O, -1, -2,......

1
pn,s(x I <l) = ltn [itqAn(s,xJ | q) dqt,

where

[nJs] [<T "L, r (2sk + n + 2)(1- <?)« (*?)* r®*
A (j;jc,/|gr)= £ ----------- --------------------------------------------------

" k = 0 rq(2sk + l)Tq(sk + l)[tqsk + l](a[g2slc + h00[q]k[q]k

When the parameters are specialized suitably, the integral (5.2.8) 

gets particularized as given in the list below.

Pn,s(x>a,b,c,d\g) 

[ab]n [ac]n [ad]n [q\n a

1
= i Moo pn(s,a,b,c,d\x,t | q) dqt,

where

[n/s][q-n], [ae~W}k [aeW] [abcdqn + \ qk 
Pn(S’a,b, c,d,x,t | q) = ' ;-2sk.A................. ...................... 52----

k = 0 [abcdq^ ~1 [ab]k [ac\k \ad\k Mk M
n

(2abcdq2sk-2,q2)oo[-abcdqsk + n-l]00(^q)a + b + C + d + n~2 

H]oo(q2-,q\ l-tabcdqsk+n-1}oo (-tabcdqsk~l]oo

Fq (2(a + b + c + d) + 2 sk + n~ 2) 

Tq(a + b + c + d + 2sk — 1)

1
pn,s(M(x)><*,P>V,8\q)= J [-/<?]^ [tq]^ (s,a,P\x,t\q) dqt,

where

An{s,a,p,x,t\q)
[nh] k~nlsk[q~X]k[r8qX + \(l-qf + fi + n 

k = 0 [a/S?25* +1 [aq]k \fiSq\k \rq\k [qlk

Tq(2a + 2p + 2sk + n + 2)(2aPq2sk + 2;q\ [-aPqsk + n + \qk 

rq(a + P + 2sk +1) E-l]*® (q2-,q2 )o0 [-tafiqsk+n+l ]«, [~taPqsk+l ]«, ’
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Qn,s(x;a,p,N\q)= J [-tq] [tq] e (s,a,j3;x,t j q) d t,

where

[tt/s]
s (s,a,fi;x,t\q) = Z
n k = mnl<M]k[q-N\[q\klat!q2sk+\ [-tafask *" + h

'CO

Tq(2a + 20 + 2sk + n + 2)(2a0q2sk + 2;q\ [~a0qsk + " +1L [afiqn +1 ^ /
J00 J00

[-ta0qsk+lUrq(a+0 + 2sk + \) [-!]«,irU(q2;q2)
Joc 00

Pnf(x>a>P><i) = I [-<?]«, toloo &n(s,a,0,x,t j q) dJ, 

where

[n/s] [q~n),kO~qf + J3 + n T (2a + 20 + 2sk + n + 2)

2 sk 4-1k = 0 [«$? ]„[«?]* (a + 0 + 2sk + \)

Ptt/fr2** + V )m {-apqsk + " +1 ] „

[-!]„(« V )„ H«/*!''4+"+11™ Ho*J,<+1 ]»

1

Iq) = J Hq]^14) dql>

where

[fl/s]lq~n]'k(l-qfr(2sk + n + 2)(q2sk + 2-,q\
r is-x,t\q)= Z ------ ------------i-------------------------- -

k = 0 [q2sk +1 ^ [q]k [q]k T (2sk +1)[-1]

[-qsk + n + \qkxk

(„2 „2-v r f„sk+n+\-> r(q ,q )00Hq ]«[-'? ]«>
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From the general q-integrals (5.2.7) and (5.2.8) the reducibilities

for the family of polynomials \z(f\x-k\qln = 0,1 A
are not obtainable

as the q-gamma function rq(A+sk+n|3) and other such q-gamma 

functions fail to exist when A and n are vanishing.

The special cases of the general integral (5.2.9) are as given below.

Pn,s(x-,a,b,c,d\q) J g+b+c+d+n-2 

[ab}n[ac\n[ad]n[q]na~n 0
Bq(tq)Sn(s,a,b,c,d;x\q)d(q,t),

where

[n/s]
S (s,a,b,c,d;x\q) = £ 

k = 0

[q~nlsk [ae-W]k [aeid]k [abcdqn + \ qk 

(l~q)[ab]k[ac]k[ad]k[q]k[q)n [q]^

1
Rn,s(M(xy,a,J3,y,S-,q) = \t

0

a + fi + n Eq(tq) Pn(s,a,0,r,S;x \ q) d(q,t),

where

p (s,a,B,y,S\x\q)= £ -------- &--------- *------------- *--------------- ------

Q„,s(x;a,/3,N\q)^ + fi + n

0
Ey(tq)An(s,a,fi,N;x\q) d(q,t),

where

An(s,a,fi,N;x\q) =
[»/*] {q~n]sklq-x\l<*Pqn*\qk

k - 0 lq- N \k lqlk [?]„( 1 - <?)[?]„ '

pn^x’a^M
^ta + fi + n 

0
Eq{tq)Pn{s,a,fi-,x\q) d(q,t),

193



where

, ... to to] to "]jJtto?)*
M(s,aJ,x\q)= £ SK

k = o

i
pn,s(x \4) = Un En(t<i) v(s-,x Iq) d(q,t),

0 q n

where

[«/*] [q~n]sk(.xq)k 
u(s;x\q)= £ slc

k = o to^to^O-?)[?]*,

^toto to) = f to "1 £ to?) <? (w | g) <%,o, 
oq

where

^-0 to7,qJ)sk [aq\kj (qJ;qJ)« 0 -qJ)to7;qJ)»

4i? to to) = J.to 1 £ (tq) r to,a;x | q) d(q, t),

0 *

where

yn(s,a\x \q)= £ -------------------------------------- —-----
JR) to]^ M ^ tol« (i - q) lg]<x>

lwn,s(x‘,a,q) = \tn 1 E (tq) d (s,a;x\q) d(q,t), 
0 H

where



lnls](-lf + skqk(k-'V2-snk+nl~"+'V2[<,2skUla] [,] xk
0n(s,a;x\q)= E ----------------- —------——r———,----- 77-7—k=0 ^n-sk 1^/c ^sk ( <3')[^Joo

«n

1
sn/n(x’P>rt = I*" 1 Ea^ Yj-m’p'x Id^’ 

0 q

where

r / •./ nn + km k(2k + \)/2 2mk-> r r k
[n/m](-1) 9 W JcoLpLurl *

^„(m,p;jc|g)= E------------------------------------- •4=0 ? ( V

The particular cases of the q-integral (5.2.10) are enlisted as follows.

Pn,s(x’a’b>c>d\q) _?g+b+c+d + n-2 e / ^ 
[ab\n[ac\n[ad]n[q] a~n 0 ?

■ M (s,a,b,c,d;x\q)d t,

where

[n!s] (a+b+c+d+sk+n-2)(a+b+c+d+sk+n~\)f2
u (s;a,b,c,d;x\q)= Y —- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

k = 0 m^acl^adl^ql^M^l-q)

[q n1sklae ldlkiae,0]kqk

00 /?
,s(fi(xXa, fi,y,S;q)= $ ta + P + n e (-/) A ($,a„0,r, <?; * I <?) rf /, 

0 y y

where

[«/s] g(0:+^ + ,s:^ + n)(Q: + ^ + -s^+/J + ^)//2 r
A (s,a,ft,y,S;x\q) = E

* = o (i-y)[«y]^ TO] k [yq\k M k Mn

[q~\{r&ix + \[ccmn + \

Qn,s(x;a,/3,N\q)= $ ta + P + n e (-t)o (s,a,fi,N,x\q)d t, 
0 q n q
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where

v Js,a,p,N\x\q)= £
[n/s^q(a + fi + sk + n)(a + J3 + sk + n + \)/2 ^-ri

sk
* = 0 (1 -q)[aq]k[q-N]k [q]k [?]„ [q

P„ v{x,a,p,q) = J ta + P + ne (-t)ii(s,a,/3;x\q) d t, 
0 q n qnjs

where

u(s,aj;x\q)= £ 
k = 0

[nls] q(a + P + sk + n)(a + p + sk + n + \)/2^-ri] qk

(1 -»)[<*]* [«]*[»]„

00

f/r,j(*k)= J*” e_(-0 \ f,
oq q

where

[«/5] <r(» + ^X» + ^ + l)/2to-ii]^^
2 (i,^:|g)= £

» Ar0 [*]*&]* [*]«,(!-*)

oo
zh$(xJ 1<?) = J ^ 1 eq(-t)rnis,atx | ?) <y,

where

[«/s] j(sk+n-l)(sk+n)/2+jk(a+n+\)+jk(jk-\)/2
y (s,a; x\q)= I  - - - - - 7—7- - - - - - - - - - - - - - - 7—7- - - - - - 7—7- - - - - - - -

/00

mnj(q nj^j)skxjk

(1 ~qJ)
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f \ uuLnJ(* I q)= l tn~ e (-t)k (s, a;x \ q) d t, 
o * n **

where

A„(s,a;x\q) =
[nls]
z

k=0

(,sA:+ft-l)(.s&+o)/2+A:(£iH-M+l)+A;(&-l)/2 r , r 
*Lg \sk k

[q^iaq^iq^lq^-q)

wn,s(x>a,q) = \tH 1 e (-0 £(*,«;*!$) d t, 
0q q

where

[«/■*] C-l)
5„(^a;x|g)= I ■ 

k=0

n + sk q(sk+n-l)(sk+n)l2-snk+k(k-l)/2+n(n+\)i2

(1 -g)[qU[q]n_sk[a]k[q]sk

■iqlnWnte2^^-

Snw&P’q)^ Un len(-t)p„(m,P',x\q) d t,
oq q

where

[n/m] (~.i,\n + km (mk+n-l)(mk+n)/2~n(2n+\)/2+k^+k/2 
p (m,p,x | q) ~ £ --------------------------------------------------------------------

^0 [q]mk[p)klqU(l-q)Mn^mk

■lplnMnlq2mk] *>*k-

(II) Special cases of g-difference equation(9-form)

The e-form q-difference equation (equation (5.3.7)) derived for 

the polynomial Mn(s,A,p;x|q) in section 5.3 will now be particularized for 

the special polynomials. These particular q-difference equations for the 

specialized polynomials are given in the following list.
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{d{0+ql~a-b-A)(0 + q]^c -1 )(0+ql~a~d _X)+q*+s(fl+b+c+d + \)+ae

5_] n_R -(a+b+c+d+n-1) _ pn Tl(0+wvqs S-1)(0+Wvq s s -1) .p=0 v=0

.(6+q-ae~W-\W + q~aeW -l)}PnJx,q,b,c,d\q) = 0. 

{«(« + ,-“-1) (fi + q-f-3 -1) if) + ,-r -1) + qXx+Ws-Wcc+fi) .

C_1 5-1 n _ 2 -{a-k P+m-Y) _ p

n n (0 + wv qs s -\)(0 + wv q s s -1) .p=0 v=0

. (e+qx - l)W+q tr*5'x"> 1)} Rn s(U(xl,a,p.y.s.x) -0. 

{0(e+q~a -l)(0+,w _i)+,2+4«+^+3)-*-a+A'.

5_1 5_i n _ p_ ~(g±ff+”+l) _ R

n n (a+w’V 5-i)(^+x^vg 5 5-l)./>=0 v=0

.(0 + qx-l)}On s(x,a,p,N\q) = 0.

{ 0(0 + q~a - l)+xq2+s{a+/j+3)~a .

n p -(a + p + n + l) p
■ 'll *]! (0 + wvqs s -l)(0 + wvq s s -1) .

p = 0 v = 0

.(0+q x l~l)}pn s(x,a,p;q) = 0.

gae1^ -la-b-c-d
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-[(9^ +xq~>s+'^‘

n p -(« + !) p

s ss -1) }Pn s{x\q) = Q.

In all of the above q-difference equations w is the sth roots of unity.

(HI) Special cases of q-inverse series relations

This set of special cases is further divided into two subsets, which are

(Ill-a) Extensions of inversion pairs of Gessel and Stanton.

(Ill-b) Extensions of pairs of inverse series relations of polynomial 

special cases.

We now start with

(Ill-a) Extensions of inversion pairs of Gessel and Stanton

The various inverse series relations proved by Gessel and Stanton 

([1], theorems 3.1 to 3.6) admit extensions under therorem-9, which is 

proved in section 5.6. In fact when the parameter p is assigned the 

values p=1/2,1,-1/2, -1/3, and 2 in theorem-9, one obtains the 

following extended inversion pairs.

(i) p=l/2

h
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and

( ,,n-k (n-k)(n~lc+\)/2+nk fA n+(k+\)/2 1/2, .
& 1 ’ q___________ K q___  _ ’ q }n -k- \ Ak

k=0 [q]n_k(\-Aq3k/2rl
0,if n* sjJ e N.

(H) p=l

lnls]q-^(A™,q)n_skBk
iLi^=0

o

( rvsn-k(sn-~k)(sn-k+l)/2+snk, .sn+k+l , .D ™ (“1} q (Aq ’q)sn-k-1
^

and

nS
A=o

(_1)» -kq(n~k)(n~k+\)/2+nk^n+k+\.q^n-k-l Ak

[iUd-V‘r'
: 0,if n* sjJ e N.

(Hi) P=-l/2

, [*/j] ,r^(^^/2;^1/2)^^
An ~ X. r-r

*=° foW

«

OT (-l)“-t9(OT-*X®-*+l)/2+»>*(/<?»K*+l)/2.?-l/2)OT_t_| ^
Bn = Z

*=° taUP-V'2) 1

and

wI
/c=0

(-1)” - k q(n-m-k+l)/H-nk (Aq"-<k+l'>/2-,ci-m)^k_1 Ak

[?]„_*(!-Aqk/2)-1
QJf n ■*■ sjJ e N.
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(iv) 0=-l/3

" *=° M«-Sk

<=>

5
sn 

k=0

hX)m-kg(sn-k*m~M)n+snk{Aqm-(M)ll.q-1/3^^ ^

and

«Z
=0

(_!)«■- ■A 9(«-*X"-*+l)/2+«A: {Aqn~{k+\)n> ,g-

r i /1 a 2&/3\”l 1

1/3.
V*-l = 0,tf n* sj,j € iV.

(v) [3=2

” *=o

5„ = Z-----------------
k-0 [q]sn-k ^ ^ ) 1 ,-l

and

„ (-1)"~*q(.n-k){n-k+\)l2+nk{Aqn+2(k+l).q2(1 _ ^3*^

*=° toW

if n*sj,jeN.
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(IH-b) Extension of pairs of inverse series relations of polynomial 

special cases

The general class of polynomial {M„(M,/?;*|4),tt=0,l,2,...}defined in 

section-5.1, given by

Mn(s,A,fi;x\q) =
[„^](-\fkq~mk + ft *k

k = 0 - sk
(5.8.10)

is inverted through theorem-9. From the second series (5.4.5) of 

theorem-9, the inverse series of Mn(s,A,f3;x\q) can be obtained as

follows.

In (5.4.4) taking V(k)=£kXk, one obtains U(n)= Mn(s,A,fi;x\q). 

Therefore from (5.4.5) the inverse series of (5.8.10) is given by

bn x — L r ,
k — 0 W'sn - k

{Agsn + (sn 1 )fi.q P)sn_k_l Mk{s,A,p-x\q). (5.8.11)

For obtaining the polynomial special cases a slightly modified 

version (given in (5.8.2)) of (5.8.10) is used, which is denoted by

M*(s,A-,x\q), as it was shown in the beginning of this section.

Therefore,

M (s,A,x\q) = I ------------------—------
” k = 0

(5.8.12)

where
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* M (s,AXx\q) t ,
Mn(s,A,x\q) = —- Zk=[Aq2sk]m and P=l.

W']
00

Making these replacements in (5.8.11) one arrives at:

/L x'V7 sn
Wm L. *=0

= z
(-i)kq(sn-k)(sn-k+\)/2+snk ^Aq2sn~ 1-1

sn-k-1
[«WV]„

But

[V“]„ (VOT-',<r V/M = ■ 2sn-
'.sn

,-k-l ^Aq ]c0

:[Vn+*+1]oO

therefore

•■-n v
&=0

which is the inverse series of (5.8.12) and it can be written in a 

simplified form as:

" k=0
sn (-1)kqsn(sn+\)/2+k(k-\)/2^__Aq2k^

Mk(s,A;x\q), (5.8.13)
lsw+1

Thus the general pair of inverse series relation (5.8.12) and 

(5.8.13) contains number of polynomials as special cases in extended 

form together with their inverse series. These pairs are given below.
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, one
i \ae-,d1 \ae'e\ aMsn + l)/2+n

Taking x = \,A = abcdqA and A„J fJ"L f j"* --------
W,HMnWn

obtains the pair of inverse series relations of an extended form of 

Askey-Wilson polynomial given by:

P„,s(x;a,b,c,d \q) frffi [q~H]sk [abcdqn~l]sk [ae~l0]k [aeld)k k

[ab]n [ac\n [ad\n a n k=0 [q\k [ah]k [ac\k [ad\k 9

if and only if (5.8.14)

{ae~ld]n[aeW]nqn _ sn {-\f qk(k~l)/2 {\-abcdq2kA)

[db]n \ac]n [ad]n [q]n /c=o [g] [abcdq^ ^ ] .
Sft K S¥l~r i

Pks(x-,a,b,c,d\q).

The inversion pair of Extended q-Racah polynomial can be 

obtained from the pair (5,8.12) and (5.8.13), if x=l, A=a3q and

^1)/2+B[?-x]jiW«1]b

[aq]n [pSq]n [yq\n [q]n
is chosen.

Therefore

, ,, n . , W~xVy&ix' hi
RnS(u(x);a,B,y,S;q)^ I -------------------—--------------------------------—--------------------------------------------------—

k=o [q]kmk[m\mk

if and only if (5.8.15)

dnl<i-\\ys,x*\ ™ D , ,, „ _
-------- >1-------- «_= £ i—L-J.-------->■   £2----- tR (fi(x);a,8,y,S;q),
W. *=» lq\k Wis„_k laPj1 + 1 s„+1 M

where /u(x) = q x +ySqx+\

By choosing the same values for x and A as above and setting
sn(sn+\)/2+n r -x, 

i _ q W in
n
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one can obtain the pair of inverse series relation of extended 

q-Hahn polynomial in the form:

Qns{x,a,f3,N\q)-
[n!s\

- £ 
k=0

w n+1-

[aq\klq ■N ^k ^k

<=> (5.8.16)

qni<l % sn (-1 fqk(k ^Ik+l^
-----tv77£T=A   717   r„J + l---- - Qk/x>a>P'N I ^

Next for deriving the inversion pair of an extended form of the little

sn(sn+1)/2
q-Jacobi polynomial one should set A=a|3q and Xn —> then

[,nls]
Pn,s(x’a>fl’q) = I 

k=Q

[q n]sk\af3qn+l}sk{xq)k

mk[q\k

if and only if

(xqf g (-1 )kqk(k ^/2(1 -apq2k+l)
pks(x,a,fi>ql

(5.8.17)

From the above pair (5.8.17) the pair of inverse series relation of 

an extended q-Legendre polynomial can be obtained just by setting 

a=p=0 (i.e. qa=qp=l,]q|<l). Thus,

PnAx l*)= Xn
k-0

lq~")sk^n*']sk^q)k

(xqf

M„b)„

sn (_i f qk(k 0/2^_qlk+\^

& f«W«*+lWi

(5.8.18)
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The extended q-Konhauser polynomial and its inverse series can

sjs *be obtained from Mn(s,A;x\q) and its inverse series, which are given in 

(5.8.12) and (5.8.13) respectively.

ksn(sn+1)/2+kn(a+1 )+kn(kn-l) / 2 
In fact, taking A(=qA)=0, = "--------- -—--------------------- ,

^ M .{s,A,x\q)and replacing q by q\ x by xkqnk, keN, and Mj(s,A\x\q)by —L
(«?]

J

one obtains

,(a), ,, . _ _nk *,zvwi«)- i j ,-±r0 .4 /1. . , (q -q ’s,x

if and only if (5.8.19)

&«(tf+l)+&«(/37-l)/2-.sttfc / jJ a4/'0'-l)/2
-------------------------------- = v -—— ------------- Z. _(*;&|#).(9k^k)snMi 7 = 0 taV), .M

Just by putting k=l in the above pair (5.8.19), one can straight 

away get the inversion pair of the extended q-Laguerre polynomial. 

Thus,

j(n+a+l)+j(j-\)/2 n j XJ

loin j=0 Msj My

«>

qn{a+\)±n{2n-\)l2 xn 
l-Q^sn

sn (_i)2 qJ(J

,=o MOT-,N]y.

(5.8.20)
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5.9 EXPANSION OF GENERAL q-POLYNOMIALS

The pairs of inverse series relations of the polynomials 

M*(s,A;x\q) and Sn(l,m,a,p;x\p) are given by ((5.8.12) and (5.8.13))

^ -skjsk-l)/2fr %

h = 0 fed
Mn{s,A-x\q)= I ' q-°»^-'>'*-J—J!L[Aqn]skXkJ

n

2 k,

(5.9.1)

*n = .?(-!)* ------!h^_)------M*(M;*I?)(5.9.2)
k=0

and ((3.9.21) and (3.9.22))

^sn~k^Aq ^n+1

Sn(l,m,a,J3;x\q)= Z p
[nfm] mk (P n,p)mk .

, cr, xl-«a. «& = 0 (0ql-nu-p)
(5.9.3)

Ik

mn . k k(k—l)/2 na,P)^Slr(I,m,a,fi-x\p)
crx"= I (-1)"' p 

k = 0
00 A:

lKr'>wm-klrt-ka+k‘-a-.,)mtop->k ,(5.9.4)

wherein /=m« and p = qa,a*0, as before,

Now on substituting the inverse series (5.9.4) in (5.9.1) for xk, 

one gets

aj(j-l)/2-sk(sk-\)l2 n^sk^Aq”^sk\
M (s,A;x\q)= £ Z Hr q JKJ ' —----- --------------------

k=Oj = 0 ^n^^mk-j^^j^k

(l-fiql-a)(fiql-na;p)m
S .(l,m,a,ft;x\p). (5.9.5)

On the other hand, combining the inverse series (5.9.2) with the 

polynomial (5.9.3), the expression occurs in the form
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S(l,m,aj.x\q) = l"z] U-\)i .
" j = 0

CP n'’P^mk(-l~Ac^2j^crk *
•-------- 5---------^------ :--------- £--------M As,A,x\q).{5.9.6)
-M* ,KZ;p)ft[VuJ,M. y

sA;+l ^ sk-j

The expansion formula (5.9.5) may be illustrated in particular by

taking A=a'P'q,Xk=qsk^sk+^/2 , r , . r i 1 J ■^asllr
/[a'q], [q]j ,s = l,and<x. =?. ..1 * , , K .

* * * V>x\ [br]k(F,P)k

in which case the polynomial in (5.9.1) defines little q-Jacobi polynomial

Pn(x,a,fi -q) ancj t^e polynomial in (5.9.3) reduces to the q-extended
[ag]„

Jacobi polynomial ffl^j^[(a);(b):x\q]; and (5.9.5) would yield

n mk [aq\n [<T% [a'P'qn+\\bA [b ] (p;p)^ (1 ~Pql~a) 
pn(x,a',0',q)= Z Z K k i K r k

*=0^0M.[“«* M* [“ilf-t'.1* p)„

.(^1~^«;/7)00 (-1)^' (5.9.7)
jyiyftl

Similarly, the expansion formula (5.9.6) gives

n(a R\ m [w/«] fc 0> ,P)mlr[aA, -[a ],{a’q\Aq},

k=0 j-0 (A [»j] .[4r]t (p,p)k

,2y+l___&r£^5_. > (-iy ga**-k+j<J-W p .(x,a’,p;q). (5.9.8)
W*., J
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