Chapter 5

Fixed Point Results in Aj-metric

Space

Ughade et al. (2016) introduced the Ap-metric space and derived some fixed point
results in A,-metric space by considering a continuous map. Motivated by his work,
in this chapter, we present an important result in A,-metric space and then we
obtain the Banach type contraction principle and Kannan type fixed point theorem
as corollaries in which map need not be continuous. At last, we derive the fixed
point theorem having rational terms, which is the answer to the open problem given
in Saluja (2021). Moreover, we find common fixed point theorems for four maps
that involve rational terms. Our results extend and generalize several results from
the existing literature, especially the results of Ughade et al. (2016). In addition,

we provide examples for the justification of our results.

5.1 Introduction

Metric spaces are extremely useful in mathematics and applied sciences. As a result,

some authors have attempted to provide generalizations of metric spaces in a variety
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of methods. For example, Gahler (1963) and Dhage (1992) introduced the concepts
of 2-metric spaces and D-metric spaces respectively, but some authors pointed out
that these attempts are not valid (see Mustafa (2005), Naidu et al. (2005)). Mustafa
and Sims (2006) proposed a new structure of generalized metric spaces known as
G-metric spaces as a generalization of metric spaces (X, d) in order to create and
offer a new fixed point theory for various mappings in this new structure. Sedghi
et al. (2007) established D*-metric spaces, which are likely modifications of the defi-
nition of D-metric spaces introduced by Dhage (1992), and demonstrated some basic
properties in D*-metric spaces.

Sedghi et al. (2012) created a three-dimensional metric space called S-metric space,
which is defined by modifying D-metric and G-metric spaces. After that, Kim et al.
(2016) derived a common fixed point theorem for two single-valued mappings in S-
metric spaces. In the same year, Souayah and Mlaiki (2016) introduced the concept
of Sp- metric space which is a combination of b-metric space and S-metric space.
In the definition of Sp-metric space, condition(2) (see 1.4.8.1) is not true in general.
In order to make a general one, Rohen et al. (2017) modified. Also, many writ-
ers generalized the Banach contraction principle by employing various contractive
conditions in extended S,— metric space, S-metric space, and cone S-metric space
(see Mlaiki (2018), Ozgiir and Tas (2017), Saluja (2020), Kim et al. (2015), Sedghi
and Dung (2014), Sedghi et al. (2014), Sedghi et al. (2015), Mustafa et al. (2019b)).
Such generalizations are established via contractive conditions formulated by ratio-
nal terms (see, Latif et al. (2015), Shahkoohi and Razani (2014), Saluja (2019)).
Abbas et al. (2015) introduced n-dimensional metric space, namely A-metric space
which is a generalization of S-metric space. Ughade et al. (2016) introduced the A;-
metric space, which is a mixture of A-metric space and S,-metric space and defined

as below:
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5.2 A,-metric Space and its Properties

Definition 5.2.1. (Ughade et al. (2016)) Let X be a nonempty set and let s > 1,

the function Ay @ X™ — [0, 00) that satisfies, for all 1, xs,...,x,,a € X,
(1) Ab(l’1,$2, ,xn) Z 0,
(2) Ap(x1,29,....;2,) =0 if and only if 11 = x9 = ... = x,,

(3) Ab(mlax%“')mn) S

s[Ap(x1, 21, ..y L1y pys @) + Ap(T2, T2, o T2, a)+ ...+ Ay(zp, ..., xn(n_l),a)].
Then (X, Ay) is called an Ay-metric space.

Remark 5.2.1.1. (i) S,-metric space is the particular case of Ay-metric space

with n = 3.

(i1) Every A-metric space will be Ay-metric space with s = 1. However, the con-

verse need not be true.

Example 5.2.2. (Ughade et al. (2016)) Let X = [1,00) and A, : X" — [0,00)
defined by

n
Ab(xlax% "'7'Tn—17xn) = ZZ \:131 - .’17]‘|2 ,v.fl:l S X, 1= 1,2, N

i=1 i<j
Then (X, Ap) is an Ap-metric space with s = 2.

Example 5.2.3. (Ughade et al. (2016)) Let X = R and A, : X™ — [0,00) defined

by
2 3
Ay(r1, 29, oy Tp1, Ty) = | Z:p, —(n—Day > + | sz —(n—2)x*+ ...
_n—3 n—2_
+| le — 3z,_3)® + | le — 2% _o|? + |2n — Tnoa|?,

)
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forallz; € X, i=1,2,...m. Then (X, Ap) is an A,-metric space with s = 2.

Example 5.2.4. Let X = R and Ay(21, 29, ... T,) = |01 — 2> + w0 — 2 + ... +

|1 — xn|?. Then (X, Ap) is an Ay-metric space with s = 2.

Proof.
Ap(x1, 09, .y 1) = |21 — 2P+ |12 — 0P+ Ty — 2P
<2{|xy —al* + |z, —al*}y + ..+ 2{|zny — af + |z — al?}
<2(n—){|zy —al* + |z —al* + ... + |z, — a|*}
= 2[Ap(x1, 21, ...y a) + Ap(z2, o, ..y a) + ... + Ap(Xn, Ty, ..y a)].
Hence, (X, Ap) is an A,-metric space with s = 2. ]

Lemma 5.2.5. (Ughade et al. (2016)) Let (X, Ay) be an Ap-metric space with s > 1.
Then for all x,y € X,

Ap(z,x, .z, y) < sA(Y, Y,y -y Y, ).

The concepts of convergence, Cauchy sequence, and completeness in an A,-metric

space are defined in a similar manner.

Definition 5.2.6. (Ughade et al. (2016)) Let (X, Ay) be an Ap-metric space and

{x,} be a sequence in X. Then

(i) A sequence {x,} is called convergent to w € X if lim, o0 Ap(Tp, Ty vy Ty u0) =
0. That is, for each € > 0, there exists ng € N such that for all n > ny,

we have Ay(Tp, T, ..., Tn,u) < €, and we write lim,,_, T, = u.

(ii) A sequence {x,} is called a Cauchy sequence if lim, o Ap(Tp, Ty ooy Ty Tip) =

0.
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That is, for each € > 0, there exists ng € N such that for all n,m > ng,

we have Ay(Tp, Ty ooy Ty Ty) < €.

(111) (X, Ap) is said to be a complete Ap- metric space if every Cauchy sequence

{z,,} is convergent to a point u € X.

In our last result, the following lemma will be helpful to manage the discontinuity

of the Ay-metric space.

Lemma 5.2.7. If (X, Ay) is a Ay-metric space with s > 1, then we have the following

assertions:

(i) Suppose {z,} and {y,} are sequences in X such that x, — x,y, — y and the

elements of {x,y, Tn,yn : n € N}are totally distinct. Then, we have

s 2 Ay(z, 0, .1, y) < ligglf Ap(Tpy Ty ooy Ty yn) < Hmsup Ay(Tp, Ty ooy Ty Yn)
n—oo

< sS4z, 1,y).

(ii) If {xz,} is a Cauchy sequence in X converging to x and it has infinitely many

distinct terms, then

s 2 Ay(z, 2, ...z, y) < iminf Ay(2, 2p, ..o, T, y) < limsup Ap(Tn, Tn..., Tn, )

n—00 n—00

< §PAy(z, 7, . 2,y),

for each y € X with x # y.

Proof. (i) Using the second condition from the definition of Ap-metric space, we
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have

Ap(z, ..., x, < s|{(N—-1DAy(z,x,...,z,x,) + Ay, Yy, ..., Y, Tp
b(( ) y) [( )As( )+ Ay, Y, Y @)
N-1) terms

< s(N—=1)Ap(z, 2y .y, xp)

+8%[(N = D) Ap(Y, Yy ooy Y5 Yn) + Ap(Tiy Ty vy Ty Y]

and

Ap(Tpy Ty ooy Ty ) < S[(IN — 1) Ap(Ty Ty ooy Ty ©) + Ab(Yns Yny ooy Yy T)]
< (N = 1) Ap(n, Tpy ovey Tny )

—1—52[(]\/ — DAYy ooy Uny y) + Ap(, .y, y)].

Applying the lower and upper limit as n — oo in the first inequality and

second inequality respectively, we reach to the required result.

(ii) Using the second condition from the definition of A,-metric space, we get

Ap(z,zy oz, y) < s[(N = 1Az, 2y ooy, 20) + Ap(Yy Uy ooy Y, T
< s(N —1)Ay(z,x,...,x,x,)

+82 (N = DAY, Y, s U5 Y) + Ap(T, Ty ooy Ty )]
That is

Ap(z,z,y ., y) < s[(N — DAy(z, x, ..., x, 20) + SA( X0, Ty ooy Ty )], (5.1)

Ap(xy Ty oy Ty y) < S[(N — 1) Ap(Tp, Ty ooy Ty ) + A(y, 9, -, 1, )] (5.2)
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From Lemma 5.2.5, one obtains
Ap(Tpy Ty ooy Ty y) < S[(N — D Ap(x, Ty ooy Ty, ) + sA(2, 2, o, y)]

Taking the lower limit as n — oo in the equation (5.1) and the upper limit in

the equation (5.2), we obtain desired result.

Ughade et al. (2016) proved the following theorem for continuous maps.

Theorem 5.2.8. If (X, Ay) is a complete Ap-metric space and let f be a continuous

self map on X that satisfies:

A(fat, fa2, o, f27) < D(Ay(at, 2%, . 2™),

for all z* 2%, ...,2™ € X, where v : [0,4+00) — [0,+00) is an increasing function
such that

limy 00 ¥%(t) = 0, for each fived t > 0. Then f has a unique fived point in X.

5.3 Fixed Point Theorems on A,-metric Space

Now, we start with the main result in which the map need not be continuous. Also,

note that throughout, N > 2.

Theorem 5.3.1. If (X, Ay) is a complete Ay-metric space with s > 1 and T be a

79



CHAPTER 5. ... 5.3. FIXED POINT THEOREMS ON Ap-METRIC SPACE

continuous self map on X that satisfies:

Ap(Tuy, T'ug, ..., Tuy)
< M [Ap(ug, ugy ooy, Tuy) + Ap(ug, ug, ..y Tug) + ... + Ap(un, un, ..., Tun)]
+ Ao Ap(ug, ug, ..., un)
+A3[Ap(ur, uy,y ..., Tug) + Ap(ug, ug, ..., Tuz) + ... + Ap(un, un, ..., Tuy)],

(5.3)

YV uy, us, ..., uy € X, where A\, Ay and A3 are non negative real numbers such that
0 < al+ BAa+7A3 < 1; and,
a=s8N—-12+1,8=5sN—-1),y=sN—-1)(N—-2)+s*(N—-1)>2+s. Then T

has a unique fixed point in X.

Note: Here a« > 2,8 > 1,7 > 2, for any value of s and N. So, according to the

value of a, 3,7, one can choose A1, Ay and A3 such that 0 < aA; + A + A3 < 1.

Proof. Let us define sequence {y,} as Ty, = yn11. From definition of Ay-metric

space and for n > m, we have

Ab(yna Yny -5 Yn, ym) < 32Ab<ym> Yms -y Ym, merl)
—_— ——_——
(N-1) terms (N-1) terms
+S3<N - 1>Ab(ym+1’ Ym+1s -+ ym-‘rlj ym+2)
(N-l;?erms
+s' (N — 1)2Ab(ym+2, Ym+2; -+ Ym+2, Ym+3)
(N-l;;erms
+5°(N — 1)3Ab(ym+3a Ym+3s --s Ymt3, Yme+a)

(N-1) terms

+85(N - 1)4Ab<yn> Yny o5 Yn, ym+4)-
—_—
(N-1) terms
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Continuing in a similar way, we obtain

AWy Yns o Um) < S ALY Yy os Y1)
+57 (N = 1) Ap(Yms1, Ymt1s - Ym2)
+S4(N - 1)2Ab(ym+2; Ym-+25 -, Ym+3)
+5° (N = 1)* A (Yt 3: Yms3s oo Ymta)

+56(N - 1)4[Ab<ym+4> ceey ym+5) + (N - 1)Ab(yn>ym -'-7ym+4)]-

We arrive at

n—m

Ab(yn7 Yny ooy Yn, ym) < Z SiJrl(N - 1)i71Ab<ym+i*17 Ymti—1y -+ ym+i71/7 mer’L) (54)

(N-1) terms

(N-1) terms

Again using definition of A,-metric space and the contractive condition, one gets

Ab(Tyn—la Tyn—b ceey Tyn—h Tyn)
S )‘1[<N - 1>Ab(yn—17 Yn—1y -y Yn—1, yn> + Ab(y’fh Yns -+ Yn, yn—i-l)]
FA2Ap(Yn—15 Yn—1, - Yn—1, Yn)

+/\3[{(N - 2) + S(N - 1)}Ab(yn—17 '-'7yn—l7yn) + SAb(yn; ~-~7yn7yn+l)]-

That implies

1—)\1—>\38

Ab(yna Yns - Yn, yn-i-l) < Ab(yn—lv vy Yn—1, yn)

That is

Ab(yn7 Yns - Yn, yn+1) S 12 Ab(yn—h Yn—15 -+, Yn—1, yn)7 (55)

A (N=1)+ Ao+ A3[N—2+s(N—1)]

where, p = T
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Then, the equation (5.5) results in

Ab(ynv Yny -+ Yn, yn-i—l) S MnAb(yOa Yo, ---5 Yo, yl)

This yields the following by the use of equation(5.4),

Ab(yn7 Yns -+, ym) S Z SiJrl(N - 1>i71:um+i7114b(y07 Yo, - 3/1)
=1

Let, a; = s"TH (N — 1) 1™+ =1 Then,

1; a; 1
im = .
iwoo a;r1 S(N—1)u

Since, aX; + SAs + A3 < 1, where, a = s(N — 1)+ 1, 8 = s(N — 1),
and v = s(N — 1)(N — 2) + s*(N — 1)? + s.
We have

(5.6)

{s(N =1)*+ 13N +s(N =Dy + {s(N = 1)(N =2) +s*(N = 1)? +s}A3 < 1

=
— (N—1)A1+Az+{(N—2)+3<N—1)}A3<%
(N = DA+ +{(N =2) +s(N = 1)}3 !
- 1— X — A3s <S(N_1>
1
- M<m

S(N = 1)2A +8(N =Dy + {s(N = 1)(N —2) +s*(N —1)*IA3 < 1 — A\ — A3s

This yields, lim; aa_+1 > 1. Therefore utilizing the ratio test, »  a; is convergent.

So, from the equation (5.6), we conclude that

Hm  Ap(Yn, Yny -y Ym) — 0.

n,Mm—00
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Hence, {y,} is a Cauchy sequence. With the use of completeness, one gets

lim Ab(y'rw Ynsy -y y) =0.
n—oo
Again by contractive condition, one finds that

Ab(Tyn—b Tyn—b sy Ty) S Al[(N - 1)Ab(yn—17 Yn—15 -+, Yn—1, yn) + Ab(ya Y, .. Ty)]
FX2[Ap(Yn—1, Yn—1, - Yn—1, ¥)]
+)\3[(N - 2>Ab(yn717 Yn—1y -+ yn) + Ab(ynfb Yn—1y -+ Ty)]

+)\3Ab(y7 Yy oony yn)

Taking limit on both sides, we arrive at (1 — Ay — A\3) Ap(y, v, ..., Ty) < 0.
Here, 1 — A1 — A3 >0 as 0 < aA; + By + A3 < 1. Hence, y = Ty.

Suppose y* is another fixed point of T, then one can come across
Ap(Tyx, Tyx, ... Ty) < (Ao + A3) Ap(y, y*, ..., yx,y) + N3 Ap(Y, Y, ..o, Y*).
With the use of Lemma 5.2.5, we have
(1 =Xy — (14 8)X3) Ap(y*, y*, ..., y) < 0. (5.7)
IfF(1—Xy—(14+5)A3) <0, then 1 < Ay + (14 s)A3. That implies
al; + B + A3 < Ao+ (14 s)As,

which is not possible for any value of s and N. So, (1 — Ay — (1 4 s)A3) > 0.
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Therefore from (5.7), we have

Ab(y*v Yx, ..., y) = 0.

Hence, y is the unique fixed point of 7" in X. O

If we put Ay = 0 and A3 = 0 in the previous Theorem 5.3.1, then we have the

Kannan theorem as a corollary.

Corollary 5.3.2. Let (X, Ay) be a complete Ay-metric space and T be a self map

satisfying the following:

Ap(Tuy, Tug, ..., Tun) < A[Ap(ur, uq, ..., Tuy )+ Ap(ug, ..., Tug)+...+Ap(un, un, ..., Tuy)],
(5.8)

YUy, U, ...,u, € X and 0 < X < ﬁ Then T has a unique fixed point in X.

W~

Proof. Here mazx {m} =1
Let us define sequence {y,} as Ty, = y,.1. With the same process adopted in the
previous theorem, one observes that {y, } is a Cauchy sequence and hence convergent

to y(say). So, finally one can write

lim Ab(yn7yn> e y) = 0.
n—o0

Now our claim is to prove that y is the fixed point of T". So, by contractive condition,

one gets

Ab(Tyn—17 Tyn_l, ey Ty) S )‘(N - 1)Ab(yn—17 Yn—1, -+, yn) + )\Ab(y7 Y, Y, Ty)
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Letting limit n — oo, we have

(1 - A)jélb(gJ? y7 ) y7 Ty) S O‘
Since, A < % Therefore, Ay(y,y,...,y, Ty) = 0.
That is y = T'y. It is easy to prove that, T has a unique fixed point in X. [

Example 5.3.3. Let X = R — (—1,1) U{0} U {3} and Ay(21, 22,25, 34) = |21 —
z4|® + |y — 24|® + |23 — 24]?. Then, it is clear from Ezample 5.2.4 that (X, Ap) is

an Ap-metric space with s = 2. Define T : X — X by

if v=0,3

(=

T(x)=

0 ;otherwise.

Here, T 1s discontinuous at {%} and 0. Now, we have the following possibilities:

Case 1: xi:% or0;1=1,234.

We have Ay(Txy, Txo, Txs, Txy) = 0. It is trivially true.
Case 2: x; #+ é and 0 ;i =1,2,3,4. It is trivially true.

Case 3: x; # %,O ;1=1,2,3 and x4 = 0.

Ay(Txy, Ty, Tas, Tag) = A4,(0,0,0, %) Ap(wy, 21,21, Txy) = 3|2 |2,

_ 3
367
Ab(l‘Q,JTg,[L’Q,Tl'z) = 3|$2|2,Ab(l‘3,$3,l’3,T1'3) = 3|$3|2,
Ab(flf4,.7)4,$4,T.Z'4) = 3—3%)
From contractive condition, one observe that
3

1
% S 3)\{|l’1‘2 + ’%2‘2 + ’$3|2 + % .

Case 4: azﬁé%,O ;i1=1,2 and x3 = 0,24 = 0.
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Case 5: 11

Case 6:

Case 7:

Case 8:

Ab(T$17T$2,Tx3,T$4) — Ab( 07 é? é) %) Ab(xl,l'l,l'l,Tl'l) = 3|x1|27

Ab($2,$2,$2,Tﬂ32) = 3|l’2|2, Ab($3>9€37$37Tﬂ73) =3 Ab(I47$47$4,TI4) = %-

367

From contractive condition, one gets

3
36 =

1 1
3)\{|.1'1‘2 ’332‘24-%4—%

#+0andx; =0 ;i=234.
Ap(Txy, Ty, Tas, Tay) = Ay(0, £, 1 1) =

181506 Ab($17$17$1,Tx1) = 3|z %,

36

Ap(xo, 29, 29, Txo) = Ap(xg, 23, 23, Tx3) = Ap(ry, 24,14, Ty) = 2.

367 36’ 36
This implies
3 1 1 1
Mz 2+ — + — + —
36 = SMlmlP+ 55+ 55+ 36

xlzé andxi;é(),% s1=2,3,4.

Ab(T$1,Tx2,Tx3,T$4) = Ab( 0 0 O) Ab(xl,azl,xl,Ta:l) = 0,

36’
Ab($2,$27x2,T$2) - 3|J72|2, Ab($3,$3,x3,Tﬂ73) - 3|I3|2, Ab(x47x47x4aTx4) —
3|.Z'4‘2.

We arrive at

1
— < 3MO + |za]® + |23]* + |24}

36
1 :é,l’gzé andxi%o,% ;1= 3,4.
Ay(Tay, T, Ty, Tay) = Ap(3,5,0,0) = &, Ay(ay, 21,21, Txy) = 0,

Ap(xa, To, 29, Txy) = 0, Ap(x3, T3, 23, Tx3) = 3|23|%, Ap(@s, T4, T4, Txg) = 3|a4|?
We have

2
o5 < 3Mlal + [aaf?).

_ 1 1
Ty, T, w3 =5 and x4 # 0, 5

Ab(T$17T$2,TJ?3,T$4) - Ab(%y %7 %)0) = 3_36’ Ab('rlaxlvxlyTxl) = O;

Ap(22, 2, 00, Txo) = Ap(3, 3, 23, Tx3) = 0, Ap(@a, T4, 24, Tx4) = 3|z4|?.
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So,

2
36 = 3AM{|zal*}.

So, for 0 < \ < 1—19, all the above cases are satisfied. Hence, all the conditions

1

required in Theorem 5.3.2 are satisfied. Thus, & is the unique fived point of T in X

at which the map is discontinuous.

Remark 5.3.3.1. In the next results, continuity of the Ay—metric space is not

necessary.

If we put Ay = 0 and Ay = 0 in the Theorem 5.3.1, we have following result.

Corollary 5.3.4. Let (X, Ay) be a complete Ay-metric space with s > 1 and T be a

self map satisfying the following:

Ap(Tuy, Tug, ..., Tun) < A[Ap(ur, uq, ..., Tug)+Ap(ug, ug, ..., Tug)+...+Ap(un, un, ..., Tuy)],
(5.9)

for all uy,uq,...,uy € X, where, 0 < XA < Then T has a

1
s[I+(N=1){(N=-2)+(N—-1)s}]

unique fized point in X.

Proof. With the same process adopted in the previous theorem, one observes that

{yn} is a Cauchy sequence and hence convergent to y(say). So, one can write

lim Ap(Yn, Yn, -, y) = 0.

n—o0

From the contractive condition, one finds that

Ab(Tyn—l’ Tyn—l: Sy} Ty) S A(N - 1)Ab(yn—17 Yn—15 -+ yn> + AAb(:yu Y, Y, ?Jn)7

87



CHAPTER 5. ... 5.3. FIXED POINT THEOREMS ON Ap-METRIC SPACE

which together with Lemma 5.2.5, we have

Ab(yna Yns -+ Ty) S )\(N - 1)Ab(yn—17 Yn—1y -1y yn) + ASAb(yna Yns -+ Yn, y)

lim Ay (Y, Yn, .-, Ty) = 0.
n—oo

Therefore, {y,} converges to both y and T'y. It must be the case y = T'y. Suppose

y* is another fixed point of T, then
Ab(Ty*v Ty*7 seeey Ty) < )\[Ab(y*v Yk, ., Y, y) + SAb(y*7 Yk, .., Y, y)]

[1— (14 )N Ap(y*, yx, ..., y*,y) <O0. (5.10)

If [1 — (14 5)A] <0 then

1
T4 NS ST NSOV =2 £ (N=1)s}

which is not possible for any N > 2. That means [1 — (1 4+ s)A\] > 0. Hence, from

equation (5.10), it is easy to say that y is the unique fixed point of 7" in X. O]

If we put A\; =0 and A3 = 0 in the Theorem 5.3.1, then the theorem turns into Ba-
nach type contractive condition. In a similar way, one can easily prove the following

corollary.

Corollary 5.3.5. Let (X, Ap) be a complete Ay-metric space and T be a self map

satisfying the following:
Ap(Tuy, Tug, ..., Tuy) < Ap(ug, ug, ...,un) 3 Vug, ug, ...,uy € X. (5.11)

where, 0 < XA < S(N;

- Then T has a unique fized point.
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Proof. Here max {m} = 1. O

Example 5.3.6. Let X = [0,00) and Ay(x1, 12, 23,74) = (max{xy, 2, 23} — x4).

It is clear that (X, Ap) is an Ap-metric space with s = 2. Also define T : X — X by

T(x)= 7.
We have
Ty T2 I3 Xg\9
Ap(Txy, Txo, Txs, T = Dt s A W
b( T1,4 T, L T3, J"4) (mal’{ 47 4, 4 4) )
and

Ab($1,$27x3,$4) = (max{xlax27x3} - l’4)2.

So, for %6 <A< %, the equation(5.11) is satisfied. Hence, 0 is the unique fixed point

of T in X.

Saluja (2021) presented the following open problem:
Open Question: "Can we extend the results for rational contraction/ rational type
contraction/ contraction involving rational expression?"

We try to give the answer to the open problem in the next theorem.

Theorem 5.3.7. Let (X, Ay) be a complete Ay-metric space and T be a self map

satisfying the following:

M*
Ap(Tuy, Tug, ..., Tuy) < A- Yuy, ug, ..., uy € X,

= N

where,

M* = [Ab(ul,ul, ...,Tul) + Ab(UQ,Ug, ...,TUQ) + ...+ Ab(UN,UN, ...,TUN)]Ab(Ul, Ua, ...,UN),

N* = [Ap(ur,uqy .oy Tug) + oo + Ap(un o, un—o, ..., Tun_1)] + Ap(uy, ug, ..., uy)

+Ay(Tuy, Tug, ..., Tuy),
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0<A< ) and N* # 0. Then T has a unique fixed point in X.

1
s(N—1

Proof. Let us define sequence {y,} as Ty, = y,4+1. Using the definition of Ay,-metric

space and the contractive condition, one can see that

Ab<Tyn717 Tynfh ceey Tynfb Tyn) S A

{ [(N — 1>Ab<yn—1; Yn—1, -5 Yn—1, yn> + Ab(y’rU Yns -+ Yn, yn+1)]Ab(yTI—17 -y Yn—1, y’n)
(N - 2)Ab(yn—17 Yn—15 -3 Yn—1, yn) + Ab(yn—la Yn—15 -5 Yn—1, yn) + Ab(yna ey Yn, yn—i-l) ’

yielding thereby

Ab(yTu Ynsy oy Yn, yn+1) S )\nAb(y07 Yo, ---» Yo, yl)

With the same process adopted in previous theorems, one observes that {y,} is a
Cauchy sequence and hence convergent to y(say).
That is lim, 00 Ap(Yn, Yns .-, y) = 0.

Again using contractive condition, we have

Ab(Tyn—h Tyn—h ceey Tyn—h TZ/) S

/\{ [(N_ 1)Ab(yn—17yn—17"'7yn—17yn) +Ab(yay7"'7y7Ty)]Ab(yn—1ayn—1a"'7yn—17y) }
(N - Z)Ab<yn—1a Yn—15 -+ Yn—1, yn) + Ab(yn—la Yn—15 -+ Yn—1, y) + Ab(y’m Yny oo Yn, Ty)

That is

Ab(yna Yny ey Yn, Ty) S

/\{ [(N_ 1)Ab(yn—1ayn—la--'7yn—1>yn) +Ab(yay7-"7y7Ty)]Ab(yn—layn—la--'>yn—1>y) }
(N - 2)Ab(yn—1a Yn—1y -y Yn—1, yn) + Ab(yn—l, Yn—1y -y Yn—1, y) + Ab(y’ru Yny ooy Un, Ty)

Taking limit both sides, we conclude that A,(y,y,...,Ty) = 0. Hence y = Ty. It is

easy to check that, T has a unique fixed point in X. O]

At last, we find a common fixed point theorem for the use of four maps.
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Theorem 5.3.8. Let (X, Ay) be a complete Ay-metric space with coefficient s > 1

and S, T, A and B be self mappings of X such that TX C AX,SX C BX and

Ap(Suy, Sug, .., Suy_1, Tuy) <
)\Ab(Aul, AU,Q, cey AUN_l, BUN) + uAb(Aul, AUQ, ceey AU,N_l, Sul)Ab(BuN, PN BUN, TUN)
1—|—Ab(Au1,Au2,...,AuN_l,BuN) ’

for all uy,ug, ...,uny € X where, 0 < s(N — )X+ pu < 1. If either range AX or BX
is a closed subset of (X, Ap), then

(i) A and S have a coincidence point.

(i) B and T have a coincidence point.

Furthermore, if the pairs {A, S} and { B, T} are weakly compatible then A, B, S, and

T have a unique common fixed point in X.

Proof. Let zyp € X. Since TX C AX, there exists 1 € X such that Az; = Txq,
and SX C BX, there exists x5 € X such that Bxy = Sz;. Continuing this process,

we can construct sequences {z,} and {y,} in X defined by
Yon = Axoni1 = TZop, Yont1 = Bonto = Stop ;Vn € N.

Using contractive condition, one can see that

)\Ab(AI'Qn+1 A.T2n+1 B$2n+2) + J I*
Ap(STont1, STonit, ey STonst, TTonta) < L - ,
b( 2t 2l 2t ? +2) 1+ Ab(Ax2n+17Ax2n+la "'7Ax2n+laB$2n+2>

where,

*
"= Ab(Aﬂﬂan, vy Aoy g1, S$2n+1)Ab(Bl’2n+2, By, .., Tl’2n+2)-
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That implies

AAb(Y2ns Yons s Yons Yont1) + p - m*
14+ Ap(Yon, Yon, - Yon, Yon+1)

Ab(y2n+1, Yon+1, -5 Yon+1, y2n+2) =

Y

where,

m* = Ab(yzm Yony -+ Yon, y2n+1)Ab(y2n+17 Yon+1y -+ Y2n+1, y2n+2),

which results in

Ab(y2n+1a Yon+1y -4y Y2n+1, 3/2n+2) < AAb(an, cooy Yo, y2n+1)+uAb(yzn+1, cooy Yonta, y2n+2)-

We arrive at

Ab(y2n+1, Yon+t1y -+ Y2nt1, y2n+2) < Ab(yzn, Yons -5 Yon, y2n+1)- (5-12)

I—p

Similarly, one gets

A
Ap(Yant2: Yont2, s Yant2, Yonss) < 1_ MAb(Z/2n+1;y2n+1a o Yona1, Yona2). (5.13)

Therefore, from (5.12) and (5.13),

Ab<yn7yn7 "'7yn7yn+1) S 1—

Ab(yn—ly Yn—15+-yYn—1, yn)
12

Likewise,

A

Ab<yn7 Yny -+ Yn, yn—i-l) < [mPAb(yn—% Yn—25 -5 Yn—2, ?Jn—l)-
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Continuing this process, one arrives at

A

Ab(yn7 Yns -y Yn, yn-‘rl) S [m]nAb(y()) Yo, -+ Yo, yl)

Say, h = ﬁ and with the use of the equation (5.4),

n—

Ab(yn7 Yny ey ym) S Z SH_I (N - 1)i_1hm+i_1Ab(y07 Yo, -y yl) (514)

=1

Let, a; = s"T (N — 1) 1p™+=1 Then

Since, s(N —1)A+p < 1. We have lim;_,o, -~ > 1. By Ratio test, {,} is a Cauchy

it1

sequence and hence convergent to y(say). That means

lim Ap(Yn, Yn, -, y) = 0.
n—o0
Thus, one finds that

lim Szo,. 1 = lim Bxg, o = lim Txg, = lim Axg, 1 = y. (5.15)
n—o00 n—o00 n—oo n—oo

Now without loss of generality, one can suppose that AX is a closed subset of
(X, Ap). From the equation (5.15), there exists z € X such that y = Az. Employing

the definition of Ay,-metric space, we have

Ap(Sz,8z,...,52z,y) < s[(N —1)Ap(Sz, 52, ..., 82, Txan) + Ap(y, Y, .., y, Txap)].
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From the contractive condition,

Ap(Sz,8%,...,52,9)
MNAy(Az, ..., Az, Bxoy,) + pAp(Az, ..., Az, S2) Ap(Bxay, ..., Bray, szn)}
1+ Ab(AZ, vy AZ, B.??Qn)

< s(N = 1){

+3Ab(ya Y, - Y, Tx?n)'

From Lemma 5.2.7 (ii) and letting limit supremum on both sides, one obtains

Ap(Sz,8z,...,5z,y) = 0.

That is, y = Sz = Az. Since, SX C BX, there exists w € X such that Bw = y.

Again using contractive condition, one arrives at

Ay, yy oy, Tw) = Ap(Sz,Sz,...52, Tw) = 0.

Thus, y = Tw = Bw = Sz = Az. That is, A and S have coincidence point z and B
and T" have coincidence point w.

Let, A and S are weakly compatible, so we have

Ay = ASz = SAz = Sy.

Now our claim is to prove Sy = y.

Ab(Sy7Sy7JSy7y) = Ab(SZ/;SZJaaS%TU})
AAy(Ay, ..., Ay, Bw) + pAy(Ay, ..., Ay, Sy) Ap(Bw, ..., Bw, Tw)
1+ Ay(Ay, ..., Ay, Bw) ’

<

which results in

Ab(‘sya Sy> S) Syay) =0.
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Therefore, Sy = y = Ay. Similarly, B and T are weakly compatible, one concludes
that Ty = y = By. Finally, we have Sy = Ay = Ty = By = y. So, y is the common
fixed point of S, T, A and B. It is easy to check that y is the unique common fixed

point. ]

5.4 Future Work

It is observed that our results can be derived for Wardowski F-contraction for the
discontinuous map in Ap-metric space and even without taking continuity of the

Ap-metric space.
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