Chapter 2

Fixed Point Theorems on Variant

Spaces

In this chapter, we extend some fixed point theorems for Kannan type mappings
with some additional conditions such as orbital continuity and asymptotic regularity
on the mappings. We provide an example that gives strength to our result. In
addition, we generalize Kannan (1968) theorem for generalized metric space (RMS).
In section 2.1, we provide some results which will be needed for the subsequent
sections. In section 2.2, we derive a common fixed point for two maps in which
one map is orbitally continuous. In section 2.3, we find a unique fixed point for
the asymptotically regular map. In the last section, we demonstrate a result for

generalized metric space(RMS).

2.1 Introduction and Preliminaries

Edelstein (1962) proved the unique fixed point for mapping on compact metric
space. Recently, Gornicki (2017) extended his result for Kannan contractive con-

dition and derived a unique fixed point in compact metric space. We generalize
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Gornicki (2017) result and establish a common fixed point for two maps in which
one map is orbitally continuous in compact metric space of Ciri¢ (1974) type con-
tractive condition, which was discussed in chapter 1, section 1.3 (1.1). In addition,
Gornicki (2017) extended Kannan (1968) for three terms in the contractive condi-
tion and derived a unique fixed point for the asymptotically regular map in complete
metric space. We generalize Gornicki (2017) result for four-term in contractive con-
dition for the asymptotically regular map in complete metric space. Further, Azam
and Arshad (2008) proved an important result for Kannan contractive condition for
the RMS (rectangular metric space or generalized metric space). Inspired by Azam
and Arshad (2008), we find a variant of his result in RMS. The definition of RMS
was discussed in chapter 1 (1.4.2.1). Following that, we offer certain theorems that

will be necessary for our research.

Theorem 2.1.1. (Edelstein (1962)) Let (X,d) be a compact metric space and the

map [ X — X satisfies

d(fz, fy) < d(z,y) ;Vr,ye X,z #y.

Then, f has a unique fixed point.

Gornicki (2017) extended Theorem 2.1.1 as follows:

Theorem 2.1.2. Let (X, CZ) be a compact metric space and f : X — X be a contin-

uous mapping and satisfies

(fr, fo) < ld(e, o)+ dly, fo))

Then, f has a unique fized point v € X and for each x € X the sequence of iterates

{f™x} converges to v.
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The following theorem is also proved by Goérnicki (2017) for the asymptotically

regular map.

Theorem 2.1.3. If f : X — X is an asymptotically regular map from a complete

metric space X into itself such that there exists K < 1 and satisfies the following:

d(fz, fy) < K[d(z, fz) +d(y, fy) +d(z,y)] ;Vz,ye€ X.

Then, f has a unique fived point v € X.

Azam and Arshad (2008) proved a very strong result for Kannan contractive condi-

tion for the generalized metric space in the following way:

Theorem 2.1.4. Let (X, ci) be a complete generalized metric space, and the mapping
f: X — X satisfies

d(fz, fy) < Nd(z, fr) +d(y, fy)]  ;Vo,y € X,

where, \ < % Then f has a unique fixed point in X.

We are now ready to provide our research findings in the next section.

2.2 Fixed Point Result with Orbital Continuity

In the following theorem, we extend Theorem 2.1.2 and obtain a common fixed point

for two maps, one of which is orbitally continuous.

Theorem 2.2.1. Let f and g be self mappings in compact metric space X, where g
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1s an orbitally continuous map and

d(fgr, fgy)? < X maz{d(fz, fgy)d(z,y),d(fy, fgx)d(fy, foy)}

+uld(gy, fay))?, (2.1)

where 0 < A+ p < % Then f and g have a unique common fized point.

Proof. Firstly, we define a sequence {x,} of iterations of f and g as below:
fon = Ton+1y GTopn—1 = Ton ;N = 07 1a 27
By triangle inequality and Young’s (Royden (1988)) inequality, we have

[dA(fE2n+1, $2n)]2 = [Ci(fgl?n—la f9932n—2)]2

A mflx{OZ(fﬂfzn—l, f9$2n—2)02(3?2n—1, lEQn—z), dA(fx2n—27 f9$2n—1)62(ff€2n—2, fgﬂfzn—z)}

IN

~

+uld(gon—2, fgTon—2)]?

A max{d(xzn, $2n)dA<x2nfla 372n72), Ci(372n717 $2n+1)6i($2n717 $2n)} + M[CZ(@n—h $2n)]2

IA

< )\[63(35271717 Tay) + j(me $2n+1)]0?(3?2m Top—1) + ,U[Cz(iliém $2n71)]2
< )\[Ci(xanl? SL’Qn)]z + /\CZ(SUzn; $2n+1)62(5€2n7 Top—1) + ,u[a?(xzn, x2n71)]2
7 d ns mn 2 CZ [ n— 2 7
< Ad(@anr, wan)]2 + A o Tonit)” | (A, T )Ty g e

2 2

which leads to

R 3\ +2 A
[d($2n+1, xQn)]Q é { 9 _ )\M}[d(xQn7$2n—l)]2‘
That is
R R A+ 2
[d(xon 41, w9n)]* < K[d(w9n, T9n1)]*  where, k = 32 i /\Iu <1
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which results in

A ~

d(w2n, Tont1) < d(Tan—1, T2n). (2.2)
Similarly, one obtains

~ A

d($2n+17 $2n+2) < d($2m $2n+1)~ (2-3)

From, equations (2.2) and (2.3), one gets

~ A

d(xn+17 J:n) < d(xna xn—l)-

This proves that {cf(:)snﬂ, xp)} is a decreasing sequence of non negative real numbers
and hence convergent to u.

lim x, = u.
n—oo

Since g is orbitally continuous, we have

lim gz, = gu.
n—oo

That is

lim x,.1 = u.
n—oo

This is possible only if gu = u. Hence, u is a fixed point of g. Now, by a triangle

and Young’s inequality,

[d(u, fu)* < {d(u, 2011) + d(w2011, f) }
S {dA(ua x2n+1)}2 + {(i(fngnfla fgu)}2 + 26%(“7 x2n+1)cz(fgx2nfl> fgu)

< A{d(u, xani1) > + {d(fgran_1, fou)}?

A

[d(u, 22,41)]? | [d(fg220-1, fou)]?
2* + 5 1.

+2{
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One arrives at,

[d(uv fu)]Q < [Cz(ua x2n+1)]2 + [Cz(fgl?n—la fgu)]z + [d<u7 x?n-‘rl)]Q + [CZ(fg:L’zn_l, fgu)]z
(2.4)

By contractive condition, one gets

[dA(fngnfla ng)]2 S A m@x{g(fonfla fgu)j(fﬂanla U), Cz(fua fg$2n71)6i<fu> fgu)}
+p{d(gu, fu)}?

< N d(fron-1, fgu)d(wan—1,u) + pl{d(gu, fu)}?,

which together with equation (2.4) and applying limit on equation (2.4) both sides,

we have

[d(u, fu)]* < (A+2 p)[d(u, fu))*.

Since, 0 < A+ p < %, one can write © = fu. Hence, u is a common fixed point of f

and g. Uniqueness can be proved easily. O]

Example 2.2.2. Let X = [0, 1] with the usual metric and f, g : X — X defined by
f(z) =2 and

N
S
m

o

N

gr =

AN

It is easy to see, g is orbitally continuous. For x € [0,1) and y = 1, we have
5 1 1 1 1 1
d(fgz, fgy) = |fgz — foyl = If5 = f1l =15 —71= -
So, d(fgz, fgy)* = & and
. . . . . 1 .
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One can see that all the conditions given in the previous theorem are satisfied. Hence,

1

5 1s the unique common fized point.

2.3 Result with Asymptotically Regular Maps

Next, we extend the Theorem 2.1.3.

Theorem 2.3.1. If f : X — X is an asymptotically regular map in complete metric

space X with M < % that satisfies following:

d(fz, fy) < Mld(z, fz) +d(y, fy) + d(z,y) + d(y, fz)]. (2.5)

Then, f has a unique fived point v € X.

Proof. Let x € X and define a sequence {z,, = f"x}. For m > n, one arrives at

d(f e, fme) < MA(fra, ) +d(fme + ) + d( M )

+d(fm, [ ).
By the use of triangle inequality, we have

d(f" e, ) < Md(fM, 7))+ d(fm e+ ) + d(fr i )

+d(f e, f ) + A, f) + d(f, f)

+d(fr, [ ).

Again using triangle inequality, we have

M
1-2M

d(fn+1x7fm+1x) < [4d(fnl’,fn+ll’) + 3J(fmx,fm“x)]

33
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Since f is asymptotically regular map, we have

d(f" e, f ) — 050 — .

This means that { f"z} is a Cauchy sequence in X. Since X is complete, there exists
v € X such that

lim f"x =wv.
n—o0

Then,

IA

d(v, fo) < d(v, f'a) +d(f" e, fo)

< d(v, ") + M[d(f "z, f72) 4+ d(v, fo) + d(fx,0) + d(v, )],

which results in

—_

+M

M
1-M

d(v, fv) < ( )d(v, fz) + [d(f "z, [ z) + d(fz,v)).

=

Hence,

d(v, fv) = 0 ;n — co.

So, v is a fixed point of f. For the uniqueness, let us assume that u is another fixed

point of f and u # v. Then
d(u,v) = d(fu, fv) < M {cZ(u, fu) +d(v, fo) + d(u,v) + d(v, fu)} :

This implies, M > %, which is a contradiction with our assumption.

Hence, we proved. O]

The following example provides the strength of the above theorem.
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Example 2.3.2. let X = [0,1] U [, 3] with d(z,y) = |z —y| and f : X — X be

given by

Here,

(a) [ does not satisfy Banach contraction principle at x = 1,y = 3.

f 1s asymptotically reqular map.

3

(b) f does not satisfy Kannan fized point theorem at v =0,y = %

(c)

(d)

Ifx€[0,1] and y € [3,32], then

d(fz, fy) =d(0,1) = 1, d(y, fy) =y — 1, d(x, fx) = = and d(x,y) > }.
Which gives [d(z, fz) + d(y, fy) +d(z,y)] >z +y — $>1

If [d(z, fz) + d(y, fy) + d(z,y)] = 1, then there is no such K < 1, which

satisfies Theorem 2.1.3.

If x, y €[0,1] and x,y € [3, 3], then it is obvious.

If x €10,1] and y € [%, g], then

d(fr, fy) = d(0,1) = 1, d(v, fr) = @, d(y. fy) = y = 1, d(y, fx) = y and
d(z,y) > 5.

Now, [02(3:, fz)+ OZ(y, fy)+ cz(a:,y) - cZ(y, fx)] > x+2y — % > g

So, for M = %, all the conditions of the previous theorem are satisfied. Hence,

0 1s the unique fived point of f.

2.4 Result in Rectangular Metric Space

We find a variant of Theorem 2.1.4 as follows:

Theorem 2.4.1. Let (X, (i) be a complete generalized metric space and the mapping
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f X — X satisfying the following:

d(fz, fy) < Nd(=, fr) +d(y, fy) + d(z,y) + d(y, fz)], (2.4)

where 0 < \ < % Then f has a unique fixed point.

Proof. Let zp € X be an arbitrary point. We define a sequence {x,} of iterations

of f as follows:

frn =" = Tny1, Tn FE T0y ;0 =0,1,2, ...

Using the inequality (2.4), we have

~

d(xm xn—i—l) = Cz(fxn—la fxn)

A A A A~

Md(zp_1, frn_1) + d(xn, fr,) + d(zn_1,2,) + d(Th, fTn_1]
22 -

———d(xy_1, Ty).

1—A

IN

IN

Now assume that z( is not a periodic point. Actually if =, = x¢, then

d(wo, fr0) = d(xp, fr,) = d(fzo, [ a0)
2\

md(fn_l%, [ o)

< {%} (o, f0).

Put k = %, clearly £k < 1 as A < % This implies

IN

d(f"xo, f"wo) < k"d(wo, fao), (2.5)
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and

A

It follows that x is a fixed point of f. Thus we can suppose f"zy # xy for n =
1,2,3, ...

From inequality (2.4), one arrives at

~

d(fnifo, fn+ml'0) < A[d(f”_lxo,f"xg) + d(fn-i-m—lmo’ fn+m370)

(" o, f ) + A g, fh)
By rectangular property and (2.5), one gets
(1 = N)d(f zo, [P a0) < 2A[K"Yd(xo, fo) + K" d(x0, f20)].

Thus, d(2p, Tpim) — 0 as n — oo. It means that {z,} is a Cauchy sequence in X.
Using completeness of X, there exists a u € X such that z,, — u. From rectangular

property, we have

IN

d(fu,u) < d(fu, frae) +d(f"zo, f " w0) + d(f 2o, u)

Nd(u, fu) + d(f" " wo, frao) + d(u, f a0)]

IN

+l€nd<$0, fl'()) + CZ(.]N’L-i_lx(h U)

n

1—A

A

k™ - A
5 d(@o, fxo) + T d(u, Tn-1) +
1 -

+md(u7 Tpg1)-

Ci(l’(), fl'o)

IN

Now, taking limit n — oo, we have u = fu. For the uniqueness, suppose v € X is

another fixed point with v = fv and v # w.

d(v,u) = d(fv, fu) < Nd(v, fv) + d(u, fu) + d(v, u)].
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This results in

A

dv,u) =0 ;X\ # 1.
Hence, u is the unique fixed point of f. [

The following example illustrates the above result.

Example 2.4.2. let X = {1,2,3,4}. Define d: X x X = R as follows:

d(2,3) = d(3,2) = d(1,3) = d(3,1) = 1,
d(1,4) = d(4,1) = d(2,4) = d(4,2) = d(3,4) = d(4,3) = 4,
=3

d(1,2) = d(2,1) = 3.
Then (X, CZ) 18 a complete rectangular metric space but not a metric space as it does

not satisfy the triangular property:
3=4d(1,2) £ d(1,3) +d(3,2) = 2.

Let f: X — X, defined as

Now, d(f2, £3) = d(f2, f4) = d(f3, f4) = 0 and d(f1, f2) = d(f1, f3) = d(f1, f4) =
1.

Hence, in all cases d(fz, fy) =0 or 1.

Also, d(1, f1) = 3, d(2, f2) = 1, d(3, f3) = 0, d(4, f4) = 4.

If d(fx, fy) = 0, then it is obvious. For d(fx, fy) = 1 if we take 1 < X\ < L ail

conditions of previous theorem are satisfied. Therefore, 3 is a unique fized point of

f-
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