3. Numerical Techniques

3.1. Introduction

In this chapter, we propose and establish results for the solution of fuzzy systems using
numerical techniques. We give two numerical techniques [62-63] to solve such systems. First,
numerical technique is based on discretization of Hukuhara derivative [4] and the other is on
Improved Euler method [17]. We extend both numerical techniques for the system of fuzzy
differential equations. We also give convergence analysis of both numerical techniques, which
is based on complete error analysis. At the end the illustrative numericals are substantiated.

To apply numerical techniques, we consider the fuzzy system,
@) = F(6.X), R(0) = %,
where, f:I x E® - E",

fi(t, Xy, Xy oo B X X10

e, F= fz(t,fl,?fz ~E)| ¥ = 2| and X, = 9230_
fu(t, X, %y . %) Xn Xno
Here, each fi, f,, ... f,, are Hukuhara differentiable.

If f can be put in the form f (t, X ) = A ® X @ B, then it is linear otherwise nonlinear,
and B,x1 = | i | contains fuzzy elements.

by,

) i1 - Qqp
where, Apun = | ¢

pi - Qpp

In the next section, we propose the first numerical technique that is based on the discretization

of Hukuhara derivative.
3.2. Numerical Scheme using the Hukuhara Difference

We propose numerical technique by approximating the derivative using H-difference for linear
as well as nonlinear systems. In next subsection, a numerical scheme for a fuzzy linear

dynamical system is explained in detail.
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3.2.1. f(t,X) islinear function

We consider the fully fuzzy linear dynamical system as follows,
XO=AQX®EB; X0) =%, 3.1
Taking a — cut on both sides of equation (3.1) we get,
R()="AQ XD “B; “X(0)="“

Writing the above equation in parametric form gives,

£ X]=[42]® [x.X] ® [BB]: “X, = [X0.X]
Using fuzzy multiplication and addition as in Section 1.2.5 of chapter 1, we have

[% X | = [min(4 X, AX, 2%, 2X), max(4 X, AX, AX, AX))] 52)

& [min(8,F), max(8,F)]

For notation, let A; = min(é,Z),Au = max(A,Z), B, = min(§,§) and B, = max(§,§).

Using the above notations and comparing components of both sides, we get equations

K= ax+B 63

X = AX+B, (34)

~ — 4T
with initial condition, “Xy = [Xo, X, | -

Equation (3.3) and (3.4) can be written as matrix form,

L%gg Y B ) n=[R] 65)

Now replacing derivative, by Hukuhara difference as defined in [5], of the left side of equation

(3.5) at t = t, we get,

R I B

where, k = 0,1, 2, ...
If “A = [A,, A,] contains some negative fuzzy elements then their place in 4; and A, will be
interchanged in equation (3.5), as in [30] and [72].

In the next section, we give the convergence of solution by the proposed numerical technique.
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3.2.2. Theorem

Let X (t), X(t) be the exact solution of equation (3.5) and Xpe+1 (), Xi41(t) be the numerical
solutions defined by the equations (3.6) converges to the exact solution of equation (3.5) For
sufficiently small h, the determinant value of (I + hA;) and (I + hA,) is less than 1.

|[I + hA;| < 1and |I + hA,| < 1.

Proof: It is sufficient to show,
lim X4 () =X ()
lim Xjep.1 (¢) =X(t)

From equation (3.5), writing the equivalent discrete form,

X(t X A 07X Bl . _|[X
[:( )l=[:]+h[ ! ”:]+h[ l];xo=[:°l (3.7)
Xl Ix 0 Audly B, X,
By subtracting equation (3.7) from equation (3.6), we get
Xjrr —X]  [X—X ] X —X
Xeir — X Xk—X Xe—X

Taking Ej+1 = Xy41 — X and Ejpq = Xj41 — X as the errors at (k + 1) iteration, we can
write,

Eysr = Ey + hA B, (3.8-a)
Ek+1 = Ek + hAu Ek (38'b)

Now by backward substitution, equation (3.8-a) can be written as,

Epa=U+ hAl)(kH)Eo
Since, A, is a nonsingular matrix, (I + hA4;) is also nonsingular so the solution of the system
exists.
For the convergence of equation (3.6),

|(I+hA4)| <1
Take Ey =0, Ex, 1 — 0,
ie.,

lim X4 (6) =X(2)

Similarly,

lim X1 (0) =X(0)
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In the next section, we give a numerical scheme and its convergence for the system of nonlinear

fuzzy differential equations.

3.2.3. f is nonlinear function

Instead of representation (3.1) of fuzzy differential system, we consider more general form as,
20 = 7(¢,%), X(0) = X,

By using variables in parametric form,

K =|%x]. X=[x %), *F=|f, 7]
where, f =minf(t,X,X), f = max f(t,X,X).
The parametric form of the above equation can be written as,

[1X] = [£.7]: %o = [t %]

Now, comparing the component,

X = f(t.X.X) (3.9-2)

X() = F(t, X,X) (3.9-b)
with fuzzy initial conditions *X, = [Xo, Xo]-
Now by the proposed scheme,
Xyerr = Xic + B f (o Xico Xic) (3.10-a)

Xir1 = Xic + R (6 Xio X)) (3.10-b)
with fuzzy initial condition, *X, = [X,, Xo]-
By using the Decomposition theorem as in Klir [70], the equations (3.10-a) and (3.10-b) is as

follows,
Kirr =X + hf(tk')?k);)?o-

In the next section, we give the result for convergence of solution.

3.2.4. Theorem

=\ 7 = : . . Of(txX)
For systems (3.9-a) and (3.9-b), let z (t, X, X ) ,f (t, X, X ) € E™, their partial derivatives —= X

and % bounded and Lipschitz in E™. Let X, X both are the exact solution of equations
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(3.9-a) and (3.9-b) and X, Yk both are the numerical solution of equations (3.10-a) and

(3.10-b) at t = t;, then numerical solution converges to the exact solution uniformly.

Proof: Define error in n** term for X as,

en=X-Xpen=X-X,
Thus, next error term will be,
ent1 =X —Xnt1, €np1 = X — Xni1
Considering, the first expression and replacing X,, .4 by equation (3.10-a).
en+1 =X — Xni1

By using Taylor’s expansion and neglecting higher terms,

h? —
en+1 = |[X+hX + 7X_”(tn +6h) — <&1 + hi(tn'zn'xn)ﬂ

— h?
en+1 = (K - Kn) + h(X_’ - z(tn'&vxn) + 7&(% + Qh)
By taking modulus |X"'(t,, + 6h)| < M,0 < 8 < 1 and using Lipschitz condition for function

f with Lipschitz constant L.

2

h
enral = leal (1 + 1) +

Computing in a backward manner we get at kth step, k < n,

h2
len| < len-1| + h Llen—a| + M~

2
h? h?
|€k—1| = |€k—2|(1+h£)+M7 (1+h£)+M§

hz
el < leo] + A Lleo] + 115

Applying lemma as in [10] we get,

2 n_
lea| < |eo| (1 +AL)" + M% ((1+h;l£L) 1)

n o h*((L+hD)" = 1)
|§n| = |§0|(1+h£) + ME (1 +hL — 1)
hZ (1+RL"-1)
2 hL >

leal < leol(1+hL)" + M

Assuming the initial error e, = 0 (obviously) and (1 + hg) < ehk,
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h* (e™L — 1)

len| < M3 hL
h* (e™L — 1)
len| < M3 ThL

which is valid for 0 < t,, = nh < T - stability, finally,

h* (Tt — 1)
len| < M3 L

as h - 0, we have |e,| = 0,

h* (eTt — 1) h(e™: —1)
< _—_— = —_

= 0(h).

Similarly, we can show linear convergence for error term |e,,|, using 7(t, X, Y) with Lipschitz
constant L.
Let L = min(g, Z) be Lipschitz constant for function f , then this will establish the linear

convergence of the proposed iterative method.
In the next section, we propose and establish results for another numerical technique Improved

Euler method for fuzzy systems.
3.3. Improved Euler Method

We again consider a system of fully fuzzy differential equations,
X = f(t, %), X(0) = X,
Again, putting in the parametric form as in equations (3.9-a) and (3.9-b) we get
X(6) = f(t.X,X)
X = F(6X.X)
with fuzzy initial conditions *X, = [Xo, Xo]-
Now approximating the Hukuhara derivative using the first order derivative, as in Section 3.2.3,

we propose the numerical scheme as follows,
Xprr =X+ b f (e, Xi)
- - h_. - ~ -
Xiyr = Xy + E{f (tio Kie) + f (trar X ian)} (3.11)
where, k =0,1,2,3, ...

After taking @ — cut of equation (3.11),
Ko = Ko+ h f(te, “Xy)
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- ~  h._. - ~ .
K1 = X +§{af (ti “Xic) + “F (trrr, “K'is1)}
The parametric form of equation (3.11) is as follows,

(X", i1 X el = [X, K] + R [f (te Xic, Xie), f (ties X, X )]

[Xies1, Xpew1] = [Xie, Xpe] + 5 {[f (tr Xpe, Xic), f(tk Xk)]
+ [z (tk+1:X X k+1) f (tk+1 X" X*k+1)]}

[Xper1, Xicrr] = [Xe Xie FR[B (i Xoe, Xie) L B(t1es X, X)) | (3.12)

where,

Q(tk'}_(k'yk) { (tw, X Xk)'l'f (tk+1'X*k 1'Y*k+1)}

D(te, X, Xy) = _{f(tk: X))+ f (tk+1:X*k 1'Y*k+1)}-
Comparing the component of equation (3.12),
Xpr1 = X + h0(tie, X, X ) (3.13-a)

X1 = Xi + h@(ty, X, Xy (3.13-b)

In the following section, we give results for existence and convergence of numerical solution
of equations (3.9-a) and (3.9-b) by the proposed numerical scheme. For the purpose following

lemma is required.

3.3.1. Lemma

“@ = [@,0] defined in equation (3.12) is Lipchitz if °f = |f,f| is Lipschitz.
Proof: Let “X = [X, X] and “U = [U, U] are in E™

|2t Xic, Xic) = D(tr U, Up)|

| {f (6 Xie, Xe) +f (tk+1 X’ 'Y*k+1)}
- —{f (61, Uy, Uy) + f (tk+1 ur ﬁ*k+1)} |

<317 (e 2% = (s 1. T)|

Hf (e Xy X k) = £ (08 T i)
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We know that f is Lipschitz continuous function with L as a Lipschitz constant and value of

Ui X

K1 , are calculated by Euler’s method. So, we have,

k+

1
L|Xse = Ul + 5 LP*| X — U]

1
< (Ix_k - Uy (£+§£h2)>-

Thus, @ (tr, X ,Yk) is Lipchitz continuous function with constant L’ = (L + % Lhz).

IA

Similarly, a(tk, Xy, Yk) is also Lipchitz continuous function with constant L= (Z + %th).

Hence, P = [g,ﬂ is Lipchitz function with Lipschitz constant L. = min (L_' R F)

In the next section, we establish convergence result for the proposed scheme.

3.3.2. Theorem

Let [& , ﬂ be the exact solution of equations (3.9-a) and (3.9-b) and [Kn ,Yn] be the numerical

solution of equations (3.13-a) and (3.13-b) and @,6] is Lipschitz in equations (3.13-a) and

(3.13-b) then numerical solution converges to exact solution if “f = [ f, 7] is differentiable.

Proof: We prove convergence of proposed technique as in Section 3.3 as follows,
Define the error at (n + 1)*" term,

|£n+1| = |X - Kn+1|
Using the value of X, is from equation (3.13-a) and expand X by Taylor’s expansion,

we have,

2 2

h _
lensa] = X +hX + 57 X" + =X +O(h*) — (X5 + W9t Xn, X))

(3.14)

We know that from Section 3.3, the value of @ (tn, X, ,Yn) 1s as follows,

O(tn % %) = 2{F (o B) + £ (600 X'y T )

Using value of @ (tn, X, Yn) in equation (3.14), we get,
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h? ., h* . (3.15)
X"+ 5 X" +0(hY)

|§n+1| = ‘K"‘ hX' + 31

_ (Xn + g{z (tw Xn, Xn) + f (tn+1,§*n+1,7*n+1)})‘

Expanding this term i (tnﬂ,& *n+1,Y*n+1) for (tnﬂ,g *n+1) by Taylor’s theorem, we get,

f(taen X X nar) = £ (60 X°) + hfe + gfi, + PP e + 8w, + (3.16)
2hgfix, + O(h?)
We know that,

X' = £ (oo X)X = [ fio+ foo &7 = foe 4 2f foa + fefion L2 S+ L2,
The above-mentioned partial derivatives are bounded because Q(tn,&,yn) =

%{i (tn,&l,yn) +f (tnﬂ,g*nﬂ,y*nﬂ)} is Lipschitz continuous.

Using above expression and equation (3.16) in equation (3.15), we obtain,
(1 2 2 1 2 4
lenssl = 18 (T3 (e + 2f fos, + 2 fran + 2 i) + 5 Gif + ££7,0) + O

As, h = 0, the error term | gn+1| becomes zero.

Similarly, we can show, the error term |e,,,,| becomes zero.

Thus, the numerical solution converges to the exact solution.
3.4. Application (Spread of Infectious Disease Model)

The mathematical model of the spread of infectious disease model is taken from [74].
Consider the population of people, Py and a certain contagious disease that infects the people.
This population is divided into three parts, x(t) denotes susceptible persons,
y(t) represents those presently infected and may spread the disease, z(t) denotes the number
of persons, already dead due to infection, recovered or cannot spread the disease. So, we will
consider the dynamics for x(t), y(t) only.

The rate of disease transmission from x into y is directly proportional to xy.

ie., x(t) = —kx(t)y(t).

The rate of transfer into y comes from x and the rate of transfer out of y goes to z which is

proportional to y.
ie., y(t) = kx(®)y(t) — cy(t),
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where k and c are positive constants and population Py = x(t) + y(t) + z(t).

These parameters k and ¢ depend on many factors like season, the severity of disease, the

behavior of people etc. So, variation in parameters result following fuzzy model,

CkR*TQR 7y
RIRQJOCRY

Il
&1

X
y
with initial conditions, X,,¥,
where, the values of parameters are given as,
k = (0.003,0.005,0.007), ¢ = (0.6,0.9,1.2)
%y, = (920,950,980), ¥, = (20,50, 80)
The parametric form of above-mentioned parameters, is given as,
“k = “0.005 = (0.003 + 0.002e, 0.007 — 0.002c),
“0.9 = (0.6 + 0.3a,1.2 — 0.30),
“%o = “950 = (920 + 30a, 980 — 30a),
*$, = “50 = (20 + 30a,80 — 30a) and P, = 1000.

“¢

Applying the first numerical technique as given in section 3.2, we have obtained the fuzzy

solution of the above disease model, as given in fig. 3.1 and fig. 3.2.
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Figure 3.1: Number of uninfected people those may be infected
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Fuzrgy number representation
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Figure 3.2: Number of infected people those may spread infection

From fig. 3.1 and fig 3.2, we have observed that solution remains fuzzy under the proposed
scheme and support i.e., the number of susceptible people and presently the number of infected
people increase with time.

Applying the second numerical technique on Section 3.4 as given in Section 3.3, we obtained

the fuzzy solution as in fig 3.3 and fig 3.4.
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Figure 3.3: Number of infected people they may spread infection by the second technique

50



Fuzzy Number Representation
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Figure 3.4: Number of uninfected people who may be infected by the second technique

From the above graphs, we can see solution remains fuzzy under the Improved Euler method
and supports increases with time. In both proposed techniques, fuzzy solution matches with

crisp solution at the core.

3.5. Conclusion

In this chapter, we have proposed numerical techniques to solve fully fuzzy dynamical systems.
We have proved convergence for the proposed schemes based on complete error analysis and
applied it to real-world problem and compared the results with crisp solution. A fuzzy scenario
helps us in estimating the more realistic value of the variable so that we can apply the treatment

accordingly.
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