CHAPTER VIIT

THE CLASS (N) OF OPERATORS

A new class of operators, called the class (N),

was introduced by Vasily Istratescul) in a recent paper.

DEFINITION: An operator T is said to be of elass (N) if
2 . g2 .

frxli” & §7°zfl for 211 unit vectors 'x € H.

It is not difficult te see that a hyponormal
‘operator is of class (N), For, if T is hyponormal, then
i*zll ¢ lTx]l for all x € H. Hence if [xll = 1, then
HTx“z = (Tx 4 Tx) = (T”fo s x) < I7¥Txl < 72x]] which shows
that T is of class (N). As consequence of a theorem to be
proved presently, it will be seen that an operator may
belong to the class (N) without being hyponormal.

The present chapter is devoted to the study
of some properties of the operators of class (N). We begin

by proving the following theorem:

THEOREM 8.7, If T is of glass (W), then TP is also

Bf class (N) _for n = 1, 2, eees

To prove this theorem, we need the following result

which we prove in the form of a lemma:

1) Vagily Istratescu Lll]
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iEMMA 8.7, If T is an eperator of glass (N), then for
2 unit vector x € H, |

122 > e gl ezl ) n = 1,2, ..., .

Both the theorem and the lemma will be proved

by induction.

PROOF OF LEMMA 8.1: Let x be a unit vector of H, Then

we have
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Thus the lemma is true for n = 1., Let us suppose that the

lemma is true for n = k i.es we have
1225 e 3 1%l =] ceeeea(8.1)
| 2(k+1)+1 ok+3 2 2t oo [lr2Et22
Now = [l xll = (72 = | =l > 12l

T 2Ry
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again 7% = ey IR
i 2Exl]

Tz(k+1)+1xn 5 r2k+2x]|, 7212

Hence i
He2Etle ), fr2kx)

22y, jr2ktly)

2]

5 "T2k+2

xfl. lxll
by (8.1) i.e. the inequality is +true for n = k+l,

Hence the lemma follows from induction.

PROOF OF THEOREM 8,1: For a unit vector x € H we have

T R X T
l™=zll = lT°r°xl > ﬁf;ﬁ~f
Againv, HTsxu = "TETXH 2 "T2XHZ '
(kedl
I L R Y
e =2 e

> Jir2z)?

i.e. the theorem is true for n = 1. Eguivalently, T2 is

also of class (N),

Let us suppose that the theorem is true for

n=k~-1 i,e. ve suppose that TX is of class (N)., Hence

HTzkxﬂ > HTkxﬂ2 for every unit vector x € H,
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7 2
Now, uTg(k+l>Xﬂ = fr2. 0% > g:zg;;x"
izl
Hence HTZ(k+1)xu 5 HT2k+1XHB“Tk+1X“2
I T Y
_ e, g2y
I7%x . <]

With the help of lemma 8.1, this reduces to

"T‘Z(k+1)xﬂ s nTkﬂx“z

T
Thus the theorem is true for n = k i.e. is

also of elass (N) and this completes the proof of the theorem.

" Remark: P. R. Ealmosl) showed by means of an example that
if T is hypennrmal;then 72 is not necessarily hyponormal. Thus,
the class of hypenormal operators is narrower than the class

of operators of class (N).

Next; we prove a theorem concerning the ascent

of an operator.of class (N).

THEOREM 8.2. If T is of class (N), then the ascent of T i

either 0 or- 1.

1) P. R. Halmos (10}
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PROOF : We know that N(T2) is a closed subspace of H
and N(T) € N(T?). Hence to prove the theorem, it remains

only to show the above inclusion relatien in the opposite

way. Let {xn\ be the orthonormal basis of N(?z). Then

2 . e . R
Tz, 1® < %% Il = .0 implies that Tx, = 6 i.es x, € N(T) or
N(T?) &=N(T). This is what we wanted to prove.

An interesting result concerning hyponormal
operators, which was proved in chapter III, corollary 3.1,

can be extended to the operators of class (N) as follows:

THEQREM 8.3. If T is an operator of class (N), then

T, Ixll < (7]l < Tlixll for a11 x € H.

We need the following result of V. Igtratescu,

T. Saito and T. Y@shinol) to prove our theorem.

THEOREM 8.A. If T is an operator of e¢lass (N), then

———

() T is normaloid and
(ii) 771 is also of class (N) provided that T

is invertible.

PROOF OF THEOREM 8,3% Since T is normaloid by (i) of

theorem 8.4, s(T) eontains a complex number X such that [Tf={«]|.

— v v — - -

1) V. Istratescu, T. Saito and T. Yoshino {12)
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Alse, by definition, Ty = 1«]. Hence |ITx]| £ TL“X"

for every x € H, If T is non-invertible, then 0 € s(T) and
T, = 0 i.es Tpllxll < ITxll for a1l = € H, If T is invertible,
then T-1 is normaloid by (ii) of theorem 8.A and again,

as proved above, "T“lxﬂ SjTi}an for all x € H i.e.

-1 B
equivalently, x| < T x|l for all x € H. Since a complex

1

number « €& s(T) if and only if «— € s(T~1); we have Til =

Iy
Thus TleH < H7x]] for all x € H. This completes the proof

of theoren.

The following corollary can be derived from

theorem 8.3t

COROLLARY 8,1.

—— e

If T is of class (N) and s(T) lies on the
unit cirele, then T is umitary. ”

PROOF: Here we have T; = Ty = 1. Hence [Tx| = Ixfl for all

x € H. Since, in addition, T is invertible, T is unitary.

- It should be mentioned that V, Istratescu,
T. Saito and T. Yoshinol) have also proved the resull given

in corollary 8.l. .

It has been brought to the notice of the author

in a personal cemmunication that V. Istratescu has further

1) V. Istratescu, T. Saito and T. Yoshino [}2)j~
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generalised the notion of operators of class (N) by

introducing the following definition:
DEFINITION: An operator T is of class (N) and order k if
Tzl € T %)l for all unit vectors x € H,

The class of operators of class (W) and erder k
is denoted by G (W.k). Thus (@(N;Z) is identical with the

class (N) of operators,

V. Istratescu proved the following interesting

result regarding operators of class (N) and order ke
THEORRM 8,B, If T € €(N,k), then T is normaleid.

We give below a simple .proof of this theorem.

PROOF:  Since [|7]| = ;;p ITxll , there exists a sequence
| o =l

{xhXof unit vectors such that HTxnﬂ = 7} = 1 (say).
Now, by definition, we have
Ry Y N N Y e Ry

Taking the limits,
1< um i) g1

teee  Lim [T~ 1 or r¥) = 1.
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Also, for k > 2,

15 = 122572 < g2y g
feee 1< N2 ATERY < TpBmiE? < 1
or 12 = 1 = oy .

Now it is proved that an operator T is normaleid provided

that HTQH = HTH2. Thus T is normaloid and the proof is

complete.



