
CHAPTER till

THE CLASS' (F) OF OPERATORS’

A new class of operators, called the class (N),
1)was introduced by Vasily Istrateseu in a recent paper. 

DEFINITION; An operator T is said to be of class (N) if

2 ofiTxIl < f|T xj| for all unit vectors x 6 1.

It is not difficult t© see that a hyponormal 

operator is of class (N). For, if T is hyponormal, then 

|T*x|| <; ||Tx|| for all x 6 H. Hence if Uxjj « 1, then 

j|Tx|I2 = (Tx , Tx) = (T*Tx , x) < fjT*Tx|| < f|T2xl| which shows 

that T is of class (I). As consequence of a theorem to be 

proved presently, it will be seen that an operator may 

belong to the class (N) without being hyponormal.

The present chapter is devoted to the study 

of some properties of the operators of class (N). We begin 

by proving the following theorem;

THEOREM '8.1. If T is of class (l), then Tn+^ ig. also 

Of class (N) for n = 1, 2, .... .

To prove this theorem, we need the following result 

which we prove in the form of a lemma;

1) Vasily Istrateseu [llj
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I»1MA &JL« S* 1 £l SB. operator of class (N), than for 

a tinlt vector x 6 H,

IU,2n+1¥ll > IH2nx|l.||Txl| , n = 1,2, .... .

Both the theorem and. the lemma will he proved 

hy induction.

PBOQF OF hSMMA JjUlX let x be a unit vector of 1. Then 

we have
1|T3x[| a HT2Tx[| = [jTxII.IfT2 Tx j|

WW~
£ llTsrll.flT Tx ||2

irar ■

* tell»l?2*il2
IS?

= 2

liTxfl
> 1|t2x||.!!tx||

Thus the lemma is true for n = 1. Let us suppose that the

lemma is true for n = k i.e. we have

»T2k+1z|l > DT^xt.lUxB . . . . . . . . (8.1)
How ||l2<k+1)+1x|| = ||T2k+3x|| = ||T2 TZk+1x|1 >■ ||l2k*2x||g'

||T2^||
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Again ***** =
||tj.2kx|j

Hence «T2(k+l)+lx|| > IIt^^II.Bt^II2
Hj2ktl3.il JtSI^ii

it2k+2. I.Bi2k+l.

llAll

2 l|T2fc"2x||.IM
by (8.1) i*e. the inequality is true for n = k+1. 

Hence the lemma follows from induction.

PROOF OF THEOREM 8.1: For a unit vector x 6 H we have

3 2||T4x|| a i|T2T2x|| > fL?l

Again,

Thus

||T3x|] = |T2TxH >

liTxtl
I|t2x||2

liTxl!
II^xll > ||T2xfj4'

HT2x|.i!Txf
I|t2x113 
llTxIl2.

> JlT^xll

i.e. the theorem is true for n = 1. Equivalently, T*6 is 

also of class (l).

Let us suppose that the theorem is true for 
n = k - 1 i.e. we suppose that T^ is of class (N). Hence

V 9||T xll > {If xjl for every unit vector x 0 H.
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MOV, ||T2^k+1>j;|| = ||T2.T®kx|| > [l1^ ^ll2

Also fe»*r| . IIt^xI 2 .
BTxll

Hence |^>x| *
J|T2kx||.||Tx||

«Tax|l.||Tx||

With the help of lemma 8.1, this reduces to

iiT2tk+1)*n > n^xf.
c+1Thus the theorem is true for n = k i.e. T^ is 

also of class (H) and this completes the proof of the theorem.

l)Remark? P. R. lalmos showed by means of an example that 
if T is hyponormal,then T is not necessarily hyponormal. Thus, 
the class of hyponormal operators is narrower than the class 
of operators of class (N).

Next, we prove a theorem concerning the ascent 
of an operator, of class (H).

THEOREM 8.2. If T is of class (W), then the ascent of T is 
either 0 or 1.

1) P. R. Halmos [lOj
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PROOF t We know that N(T^) is a closed subspace of H 
and N(T) S H(T^). Hence to prove the theorem, it remains 

only to show the above inclusion relation in the opposite
pway. Let he the orthonormal basis of N(T ). Then

iTXjjl)2 < W^xjl = 0 implies that Txn = 0 i.e. 6 I(T) or

N(T2) ^H(T). This is what we wanted to prove.

An interesting result concerning hyponormal 
operators, which was proved in chapter III, corollary 3.1, 
can be extended to the operators of class (H) as follows:

THEOREM 8.3. If T is an operator of class (I), then

^flxll 2 tlTxl < TLBxfl for all x 6 H.

We need the following result of Y. Istrateseu,
T. Saito and T. Yoshino^ to prove our theorem.

THEOREM 8.A. If T ig an operator q£ Glass (H), then

(i) T is normal©id and
(ii) T”'*' is also of class (M) provided that T 

is invertible.

PROOF OF THEOREM 8,3: Since T is normaloid by (i) of
theorem 8.A, s(T) contains, a complex number < such that |]T||ss|<<|.

l) Y. Istrateseu, T. Saito and T. Yoshino ^12^
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Also, "by definition, T^ = |<J. Hence ||Txi| < TjJixji

for every x 0 H. If T is non-invertible, then 0 6 s(T) and 
5^-0 i.e* T-jJJxIl '< ||Txf| for all x G H. If T is invertible, 
then T""1 is normaloid by (ii) of theorem 8.A and again, 
as proved above, f|T~*hx:|| < T.£^llx|| for all x 6 H i.e.

-1equivalently, jjxj| < [|Tx|j for all x, 6 H. Since a complex

number < G s(T) if and only if °C"*^ 6 sCt"1), we have T71 « -i- **1
Thus T-jJjxlj < |jTx{| for aj.1 x 6 H. This completes the proof 

of theorem.

The following corollary can he derived from
theorem 8.3:

COROLLARY 8.1. If T is of class (l) and s(T) lies on the' 

unit circle, then T is unitary.

PROOF: Here we have -q = = ■3-* Hence ll^U 3 W ,f°r ^

x 0 H. Since, in addition, T is Invertible, T is unitary.

It should be mentioned that 7. Istratescu,
1)T. Saito and T. Yoshino have also proved the result given 

in eorollary 8*1. .

It has been brought to the notice of the author 
in a personal communication that 7. Istratescu has further

l) 7. Istratescu, T. Saito and T, Yoshino [l2

V
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generalised the notion of operators of class (if) by 
introducing the following definitions

Dig-ffllTIOl; An operator T is of class CD and order k if 

||Tx|J '< |jT xJJ for all unit vectors x 6 1.

The class of operators of class (D and order k
is denoted by <g(H.k). Bms <iS(lf,2) is identical with the 
class (D of operators.

T. Istratescu proved the following interesting 
result regarding operators of class (D and order k.

THEOREM—^ ® *tp(H,k), then T is normaloid.

We give below a simple proof of this theorem,

tlOOT: Sinee Ht|1 = sup fell,.. , there exists a sequence
30*9 [jx[j

unit vectors such that JlTx^j - I|T|] * l (say).

How, by definition, we have

< iwk-1[|T^i < nTXaj

Taking the limits,
1 < lim IfT^ll < 1

i.e. lim |lTkxnfl ** 1 or {fTk[l = 1.
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Also, for k > 2,

rt = ||T2.Tk“2H < l!T2jl.||Tk_2jl 

1-e* 1 < 1112It.||Tk"'21| < I|Tf|2.|jT||k*'2 < 1

or [|T2|| a ! = ||T|j2 .

Now it is proved that an operator T is normaloid provided 

that ||T || = [jT§ , Thus T is normaloid and the proof is 

complete*


