CHAPTER _TIT

’

NUMERICAL RANGE OF HYPONORMAL OPERATORS

7 The relation I(T) = C1(W(T)) is true for every
operator T defined on a Hiibert gpace Hy It was M, H. Stonel)
who first proved that the reverse inclusion (and hence
Z(T) = C1L(W(T)) ) holds in the above relation in case T is
a normél operator (bounded or unbounded). Because of this
property, % normal operator enjoys many other interesting
properties; While giving a new proof of the result that
for a bounded normal operator T, £(T) = C1(W(T)),

B¢ Ko Bergerianz) conjectured in the year 1954 that the
equality Z(T) = CL(W(T)) holds good ir case of hypenormal
operators also., This conjeeture of Berberian has been
proved te be true by J. G. Stampflig); ¢, R. Putnamé),

To Yoshimo and T. Saito® . We shall give a new proof of
this result. We may mention here that the result can also
be derived as a corollary of a general theorem established

in chapter IV of the present thesis.
\ -
Berberian's conjécture is formulated as:

‘-

THEOREM 8,1. If T is hyponormal, them Z(T) = G1(W(T)),

1) M. H. Stone (29} 2) S. K. Berberian [4] 3) 7J.G.Stamprii [27]

4) Co R, Putnam [21] 5) T. Yoshino and [23]
Ts Saito
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The proof of this theorem will essentially
hinge on the following result due to G. He Orlandl):

THEOREM 3,A, If T ;é an 'gerator satisfying
IR & al«y 2(T)) ™ ’g_q_g 211 « £ =(T), then £(T) = CL(W(T)).

For proving theorem 3.1, we shall need two
more results which are being given below in the form of

two lemmas.

If T is an arbitrarﬁ'monrzero operater, then
s(T) is a non-empty compact set in the complex plane. Hence
the set Sy defined by the relation
S —.-.f\[oc[ 5 X € s(T)}
is also a compact set on the real line and therefore it
attains its bounds. Let T; = inf Sp and Ty, = sup.ST. Then

both Tl and TL are in ST’ Now we can state our first lemma.

LEMMA 3,1. If T is & positive semi-definite self-adjoint

o————

operator, then

T iyl & oyl € Tyliyl for ali v € H

PROOF: The first inequality follows from the facts that
T, =  min (ty 5 y) and (Ty 5, v) £ l7yl.lyll for all y € H,
llyll=1
The second inequality follows frém the definition
of [IT]] and the fact that s(T) contains a positive real number
« guch that [T} = |«].

1) @, H. Orland [18]
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This lemma yields the following corollaries:

COROLLARY 3,1. If T is hyponormal, then

T vl < Hfﬂl < Ty, H&H for a1l y € H.

PROOF: The first inequality 1s obvious for a non~invertible
T, If T is invertible, let T = UR be its polardecomposition.
Then
B flyll € eyl € Bylivil

for all y € H by lemma 3.1, Since Tyl = Byl for a1l y € H,
it will be sufficient to prove that Rl = Tl and RL = Ty

But Ty = [Z]| = IRl = Ry, by Lemma 2.3 of chapter II. Also,
by corollary 2.1 of chapter II, ™1l is hyponormal. Hence

A= B = e Irlyl = ) Ir~Luyl
ol fr=tx|
= 1,
T

again by lemma 2.3 of chapter II. Thus Ty = Rl. This completes
the proof of the corellary.

COROLLARY 3.2, If T is hyponormal and s(T) lies on the unit

e

eircle, then T is unitary.
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PROOF: Since 0 £ s(T), T is invertible. Moreover, as
Ty, = Ti = 1, we have Tyl = llyll for a1l y e H by
corollary 3.1 i.e. T is an isometry as well as an

invertible operator. Hemece T is unitary.

It may be remarked here that this result can
also be derived as a corollary of the following theorem

of J. G. Stampfli®’:

THEOREM 2.B. If T is hyponormal and s{T) lies on an are,

then T is normal.
We also need another lemmas

LEMMA 3,2, If T is hyponormal, then
IRl ¢ {at 3 =@M for a11 « £ 2(2),

PROOF: Since « £ Z(T); Bx exists. Also, by definition;

IRl = iz IRl
Ingl

max fxll
x £0 (T - <Dx]|

PRt B¢

|

max 1
lxll=1 (T - <1)x]

min (T - <I)x||
fIxil=1

1) J. G. Stampfli (27)
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But T - «I is an invertible hyponermal operator
and s(T - «I) = {g -~ « ; B € s(T)} . Honce
(7 - «Dxfl & min (| - «| 5 § € s(T)] for 211 x € B with

norm 1 by corollary 3.1 . Henee

Rl = e ==
fxli=1
1 S
aingy 1P

= fat« ; s}t

Moreover, the relation s(T) © Z(T) implies that
al< 5 s(T)) > al« 5 =(T)) for every < £ s(T). Hence

IR < fat y s@N)™ & fat § 2(m)t for
£ £ 2(T) as required.

“ The following corollary follows immediately from
the proof of lemma 3.2

COROLLARY 3.3. If T iz hyponormal, then T satisfies thi

gondition Gq

We can now easily prove theorem 3.1 .
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PROOF OF THEOREM 3,3t It follows from lemms 3.2 +that

HR%H < [d(q y z(T))] "1 for all « £ Z(T). To complete

the proof we have only to appeal to G, H, Orland's theorem
referred to above which immediately gives Z(T) = CL(W(T)).



