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STABILITY,
CONTROLLABILITY AND
OBSERVABILITY OF HOPFIELD
TYPE NEURAL NETWORKS

3.1 Introduction

Hopfield Neural Networks were designed by J. J. Hopfield in the beginning of the
1980s (refer Hopfield[ [32]]). He used these networks for pattern completion and to
solve optimization problems. The Hopfield Neural Network (HNN) is a single layered
network, the connections in it are of recurrent type, that is, feed-forward as well as
feedback. In this network each neuron is connected to the other but not back to itself.
It is most widely known as auto-associative networks in the literature. This single
layered network of interconnected neurons can store multiple stable states. Since net-
work have a set of stable states, given an input pattern the network can converge to
the stable state nearest to that pattern. This implies that, we can use the network
for auto-association in which a noisy or partial pattern can stablize to a nearby state’
corresponding to one of the originally stored pattern.

The mathematical model is derived in Section 3.2. In Section 3.3, we deal with
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the existence and uniqueness of solution of Hopfield model. Stability properties are
studied in Section 3.4. The controllability result is proved in Section 3.5 and we
conclude the chapter giving observability result in Section 3.6

3.2 Mathematical modeling for Hopfield networks -

HOPFILED NEURAL NETWORK

Figure 3.1: Hopfield Neural Networks with n neurons

'To setup a mathematical model for the Hopfield Neural Network, consider a network
having n neurons, as depicted in Figure 3.1.

Each neuron in the network is connected to the other neuron but not back to it-
self. Let W;; be the strength of the connection (called weight) from j** neuron to it*
neuron. Let z;(t), ¢ = 1,2,...,n be the information stored in the i** neuron at time
t, which will be interchangeably called as state, potential or impulse as in case of
biological neuron. ’
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Let 2;(0), be the initial information or input provided to the i** neuron at time ¢ = 0.
Because of the recurrent nature of the network the initial potential z;(0) passes to
all other neurons and the i** neuron receives back the corresponding outputs from
other neurons. This process continues for all neurons and there is a stage where the
potentials of neurons are unchanged as ¢ increases. This is called the convergence of
the network. We denote the converged state of the i** neuron z;(co). For the faster
convergence process we supply some external input to the i** neuron which is denoted
by I;(t). Transmission or non-transmission (firing or non-firing) of information from
one neuron to other neuron is characterized by a function called transfer function
(e.g. sigmoidal). At time ¢ the i** neuron receives a potential Wi, fi(z;(t)) due to
connecting strength W;; and transfer function f; corresponding to the j™ neuron.
Thus, the contribution to the i** neuron over time, is given by '

[ Wasi@sonar B21)

The potential that arrived eéﬂy may decay. This forces to include a decay function
in the above contribution of potential. Let us choose decay function given by

-2

The constant u; is the positive time constant for the i neuron. A large p; means
. that only the most recent contributions to the neurons potential are effective. The
function h(t—7) is small for large negative 7, indicating that contributions from early
arrived impulses are less. Assuming I;(t) to be the external input applied to the it*
neuron at time ¢, which also fades with time, it’s potential contribution to the neuron
is given by

i

] (3.2.2)

/ bt - T (r))dr | (3.2.3)

Thus, the potential of the ¢** neuron after receiving contributions from all n neurons
except itself is given by . .

zi(t) = i /(: Wi (i) e%lfj(ﬂij(ﬂ)d'r + fot (i—z) e:%;—ﬂli('r}d?' (3.2.4)

j=13#

The above equation (3.2.4) represents the state of the i neuron at time ¢. For
the sake of convenience we transform the above integral equation into the differential
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equation by faking the time derivative, on both the sides

@gﬁxa‘%{ifotw (:)e = fj(:EJ(T})dT—f-/( )e = I(T)d'r}.

J=1j5¢
~ - (3.2.5)
Using the generalized Leibnitz rule, we get

o {Z Wi f3(z5(0)) + L-(t)}
. d$i (t)

= —a;zi(t) + a; {Z Wmfg(a:g(t)) + Ii()

=1

where, a; = 1/,u,i.v

The above equation represents the state for the i** neuron, which can be written
down for all n neurons, so that we obtain a system of differential equations as

d&’:i( ) .
Hi at

t>+Z%fg(xJ(t)>+I()

j=1

fori=1,2,..,n u; > 0.
This is the fundamental _system of differential equations that governs the dynam-
ics of Hopfield networks. In fact, many other neural networks also have similar state

equation.

The above equations can be written in the state space representation as follows:

‘fif — Az + Bu+ HF(z) \' (3.2.6)

z(0) = zo
where, T = [T1,Za, ..., Tn)T; w(t) = [[1(2), L2(t), ..., L,(D)]F

A and B are diagonal matrix of order n given by

A = diag(—a1,~ag, ..., —a,) and B = diag(ay, as, ..., an)
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where, g; = .- fori =1,2,..,n.

0 aiWi ... aiWy, fa(zy)

W- 0 Wan
Also, H = .Clzz 21 .‘ Qa2 . F(z) = fz(:faz_)
aﬁWnl aanZ 0. ‘ fn(mn)

The equation (3.2.6) is a time invariant continuous semilinear model for the Hop-
field Network. We study the existence and uniqueness in the following section.

3.3 Existence and Uniqueness of Solution

. By using the variation of parameter technique, the solution of equation (3.2.6) can
be written as - : .

2(t) = B(t,0)z0 + [ " ®(t,7) Bu(r)dr + / " ®(t, T HF (a(r))dr (3.3.7)

where, ®(t,7) is the state transition matrix for the homogeneous-linear part of (3.2.6)
(refer Chapter 2, Section 2.2.1, Equation (2.2.8)), and is given by

e~alt-7) 0 L 0
&(t, ) = GAG—T) O e*az.(t“fT) 0
0 0 emant=7)

- Thus (3.3.7) takes the form
" ¢ ¢
z(t) = etay + /0 A7) Bu(r)dr + /0 A HF(z(r))dr (3.3.8)

We prove the following result regarding the existence and uniqueness of solution of
the Hopfield networks by using Generalized Banach Contraction Principle.

THEOREM 3.3.1 If the transfer functions f;’s are Lipschitz continuous then there
exist a unique solution for any initial condition z;(0) = z;p fori=1,2,...,n and for
any external control function v € L2([0,T]; R™).

Proof : Under the assumptions given in the hypothesis equation (3.2.6) and (3.3.8)
are equivalent. Hence, for the proving existence of solution of (3.2.6) we prove the

]
1

?
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solvability for (3.3.8). That is, we i)rove that for any initial condition z(0) = zo € R®
-and for control u € L*([0, T]; R™) there exists unique solution for (3.3.7) provided F
is Lipschitz continuous. If f;’s are Lipschitz continuous with constant ;’s then F is -
Lipschitz continuous with constant a = maz(w;):
We employ the tools from operator theory to establish the proof.
Define an operator K : C([0,T7; an) — C([0,T]; R™) given by: = .
' ¢ t ’ ‘
(K2)(t) = e*ao + [ At Bu(r)dr + [ AP (a(r)dr (3.3.9)

Now,

1 (K2)®) — (Bo)®) e = || K eACDHFE(R)) - Fy())dr |m
< JE1| ACDH || (B(2(r)) — Fy(r))) |an dr

<pafy |t (z(r) = y(7)) Iz dr

where, p = mazepr) | eAlt-t0) B I

That is, ' :
| (Kz)(¢) — (Ky)(®) [lr=< pet | 2 =y lloqomyrm) (3.3.10)
Hence,
N Kz~ Ky |loqomsrmy = subepr || (K)(8) — (Ky) () ||
<paT ||z -y lleqm;rm
Similarly, .
| (K?z - K?y)(t) || = || K(Kz)(t) - K(Ky)(t) ||z

< pa f || (Kz)(r) — (Ky)(r) || dr by using (3.3.10)

<p*e? f§ 7|l 2~y lleqomsr 4T

2
<pPP% || 2 — v lleqortam

| (K%~ K30 | < 20D || &~ legorpm
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In general,

Tpo)™
| (K™%~ K™y)(#) llcqorirm < (Tpa)™ p ) | z—vlecpmry - (3311) .

~ As m tends to infinity the quantity (T'pa)™ /mf tends to zero. That is, there exists
some m such that the Lipschitz constant (T'pa)™/m! of K™ is less than 1 and hence
K™ is a contraction mapping for some m > 1. . : :

Therefore, by the generalized Banach Contraction Principle there exists a unique
fixed point for the operator K which is solution to the system (3.3.7). Moreover, the
solution can be computed by using the following successive approximation algorithm.

% i ;
gL () = ety + /0 et~ Bu(r)dr + /0 A F (5™ (1)) dr (3.3.12)

29(t) - arbitrary.

3.4 Stability Analysis of Hopfield networks

In this section, we deal with the stability of the Hopfield network (3.2.6), which is -
equivalent to (3.3.7). We will show that slightly perturbed initial condition or external
inputs do not lead to a drastic change in the solution. That is, the system is able to
tolerate the noisy initial conditions and converge to the stable state. We prove that
the Hopfield system is Bounded Input Bounded Output (BIBO) stable and also prove
its asymptotic stability.

THEOREM 3.4.1 The system (3.2. 6). is BIBO stable on [0,T].

Proof : We again use operator theory to show this. Define the solution operator
S: R*x C([0,T]; R*) — C([0,T]; R™)
by
- S(zo,u) =2(.)

where, z(.) is the unique solution of (3.3.7) corresponding to the initial state zo and
external input u. Let (zo,u) be the pair of initial condition and external input to the
system and (Z, &) be slightly changed initial condition and external input. -
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Let S(zo,u) = z and S{Zp, %) =% .
Therefore,

S(zo,u) — S(o, %) = e(xo — 3:"0) + /Ot et Blu(r) — ﬂ(T))dT

+ [ * A1) (R (a(r)) — F(3(r)))dr

Hence,

| S(an,u) = SCo, ) 1<l e | 20 = o | + [ 1 4¢7 [ B utr) — ar) |
+ [ I Fa(r) = FG@() L dr

I 2(t) — 2(t) I< a1 || 2o — %o || + Jg asb || u(r) — @(r) || dr

+ [ pacll atr) = 3(r) | dr
where, a; = sup || et ||,b= | B
By using Gronwal’s inequality we get
fa@)—2@®) | <[aTb[lu—all+ | 20— 5o |)je™”
Thatis, | 2 — £ || < e T[a(Th || u—a| + || 20 — o [)]
This implies that the solution operator S is Lipschitz continuous with respect to the
" initial state and the external stimulus u(.). Therefore, bounded inputs results in

bounded outputs and hence the theorem.

The next result shows that the Hopfield Neural Networks are aéymptotically stable.

THEOREM 3.4.2 The state of the Hopfield network is bounded as t — oo for
bounded input zo and control u(.).

Proof : We know that

1 ]
o(t) = Mzo+ [ A Bu(r)dr + [ A HF(a(r))dr. (34.13)
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Hénce, ’ v
I 566) sl oo I+ [ A4 1 Bl a(e) | drs [ 460 ) B | Pl dr

Since A is the diagonal matrix given by A = diag(—ay, —asz, ..., —ay,)-

We have, .
eTwt 0 ... 0
0 et 0
oAt
0 0 e~ont

| 4t ||2= zn:e—zm
Thus, there exisﬁs an> .O, such that -
I e ll< et (3.4.14)
Using (3.4.14) in (3.4.13) and using Gronwal’s inequality we get,
I 9(6) 1 {20 e+ a0 [ e har+ [ | ur) | ar} ehee™
where, h =|| H |[; a0 =| F(0) || .
Taking limit as ¢t — ob, we get || 2(t) ||[< co for t — oo, if || zo || and || u || are

finite. Thus, || () || is bounded as ¢ — oo for bounded input and control. Hence the
system is asymptotically stable. » ‘

3.5 Controllabilit.y'of Hopfield network

In this section, we investigate the controllability property of the Hopfield network
{3.2.6). The controllability aspect of Hopfield and recurrent networks are studied by
Anke Meyer Base [51] and Levin, A. U. [57].

We give sufficient conditions for the controllability of (3.2.6). Here we do not as-

sume that the transfer functions f]s are of sigmoidal type. However, sigmoidal type
functions are also included in the class of our functions.

THEOREM 3.5.1 Suppose that the transfer functions fls satisfy:
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1. |fi(z) = fily)] < ailz — y|Vz,y € R for some constant o >0

2. |fi(z)] £ MiVz € R for some positive constant M;
Then, the Hopfield network (8.2.6) is controllable on any finite interval [0,T].

Proof : We will first show that the linear part of (3.2.6) i.e.
& = Az + Bu(t)

2(0) = o (3.5.15)

is controllable , and subsequently using fixed-point argument we prove that the non-
linear system is also controllable.

Since B matrix is the identity matrix in R?, the rank of the Kalman’s controlla-
bility matrix

Q = [B|AB|A?B|...|A"B]
is n. Hence the linear system is controllable by the condition given in chapter 2,

(refer Gopal [30]) Also, the controllability Grammian W(0,T') for the system (3.2.6)
is given by

W(0,T) = fj eAT-"BB*eA T-"dr

[ — 2] 0 0
~ 0 B[] - gl 0
0 0 -]

This controllability Grammian is invertible, hence the control

u(t) = B TIW0,T) (25 — e*Tao) (3.5.16)
ay(T—7) _
2%:“:—:1—7’)(%1 — e T gy)
~ag(T—T1
- X ar(zp — e o)
—an{T—7) . —
e (gn — €7 xg,)
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Zo1 Tf
: To2 Ls2 .
steers the linear system (3.5.15) from zo = | . | tozp=| . | during [0,T].
- Zon Tfn

- Now we define a control for the nonlinear system
& = Az + Bu(t) + HF ()

z(0) = Ty (3.5.17)

’ T
u(t) = B* AT IOW0,T) |25 — eMTag — | AT HF((s))ds (3.5.18)
f .

and show that the above control (3.5.18) steers the nonlinear system (3.5.17) from zo
to xy. : ‘

We know that the state of (3.5.17) satisfies
_ At t A7) b Ag-)
z(t) = exo + e Bu(7)dr + e HF(z(r))dr (3.5.19)
With the control given in (3.5.18) the state (3.5.19) becomes
: t . T
z(t) = ezt f At BB A" T 10, T) [a:f — ety — /0 AT HF(x(s))ds| dr
i} .
¢
+ [ eACDHP(a(r)dr
0
At, t =0 we get :c(O) == x5 which is obvious and putting ¢ = T we get
T . T
2(T) = e*Tao+ _/0 AT BB A T=IW 0, T) (x5 ~e T zo— /0 AT HEF (z(s))ds)dr
. :
+ / AT F R ((r))dr
0
T
=e gy + WW™! {a:f — ez — /0 A= g F(m(s))ds} dr

+ [ AT DR dr

:ﬂ:f
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Thus' the control defined by (3.5.18) is a steering control provided (3.5.19) possess
a solution. For proving the existence of solution for (3.5.19) we define an opera,tor
S : C([0,T}; Ry — C([0,T]; R™) given as

: ¢ : , T o
(Sz)(t) = eMag+ /0 @A(t'f)BB*eA*(T"T)W”l(O,T) [.’bf =~ eATpg — /0 AT HF(x(s))ds| dr

+ [ A HE(a(r))dr

If there exists a fixed point for the operator S then the fixed point will be the solution
of the nonlinear equation (3.5.19). We use Schauder’s fixed-point theorem for this .
purpose. First we show that S maps a closed bounded ball Sy, into itself, i.e.5(S) C Sy

We know tha?c,
Il Sz llo=sup || (Sz)(t) ||rn

<supll e o |+ [ X0 I B B Il T | W 0,7) |

(hop I+ 1T @l + [ AT || Mas)ar + [ A= HMar
where, M = maz{M;} fori=1,2,...,n
By ass{zmption, there exists Mo such that
| Sz llo< Mo
Choose S, = {z(.) € C([0,T]; R™) :|| =z ||< Mo}, which would imply S maps S; into

itself. Since F is Lipschitz continuous it follows that S is also continuous. Similarly,
it can be shown that S is compact operator from S to Sy (refer Joshi & George [36]).

Therefore, by using Schauder’s fixed point theorem S has fixed point z. | Hence,
the system is controllable.

The iterative formula for computing the steering control which steers the initial state
Zp to the desired final state z; is given by

T
(1) = B TIOW0, T) (x5 — ez — /0 eI HF(x(s))ds) -~ (3.5.20)

where, v
t 4 )

" (t) = eAtzg + / et Bu(r)dr + /0 A HF(2™(7))dr
0
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network reach stable state is
y(x) = Cz(t) (3.6.21)

Definition : The Neural Networks represented by (3.2.6) is said to be completely ob-
servable if from the knowledge of observations y(t) on the interval [0, T} it is possible
to find initial state x;.

We prove the observability of the neural network represented by (3.2.6) with Lip-
schitz continuous nonlinearity f.

THEOREM 3.6.1 Suppose that

1. rank[C|CA|CA?|..|CA™ Y] =n

2. fi is Lipschitz continuous, and that there exist constant o > 0 such that | f;(x)—
Syl € aifz —y| for allz,y € R

3. a=maz(a;) << 1

Then the Hopfield network (3.2.6) is completely observable. Moreover, the initial state
zo can be computed from the following iterative scheme:

T - K] s

it = M“l/ eATs T {y(s)-/ C'eA(s"T)Bu(T)des—/ Ce S HF((Szk)(1))dr}ds
0 () 0

starting from any x3, where,

T -
M = / AT CT CeM
1}

Proof : We have seen that system of equations

dt S —-(li;Ci(t) + a; Z ‘V”f](lj(’r)) -+ Ii(T) , 1= 1,2, N (3622)

j=1

-~
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and ' ' : '
] 4 .
z(t) = etzy + /0 e Bu(r)dr + fo AT HF(z(r))dr (3.6.23)

are equivalent.
Using (3.5.19) we have
t - Tt .
y(t) = Cx(t) = Cetxy +/0 CeAlt=") Bu(r)dr +/O CeAtHF (x())dr (3.6.24)

From theorem (3.3.1), we have for each zp in R", there exists a unique solution
(Szo)(.) = =(.) in C([0, T}, R*). Hence (3.6.24) becomes

ot ¢ ‘ ‘ \
y(t) = Cetzo + f Ce=) Bu(r)dr + fo Ce A HF(Sxo)(7)dr (3.6.25)
0 _ o -
Multiplying both sides of (3.67.25)» by eA"tCT, we get
AT CTy(t) = At CT Cettay + L AT CT Ce ) Bu(r)dr
. t . ’ _ .
+ fo AT CeA=T) HF(Szo)dr (3.6.26)
Integrating from 0 to T' we get v o :
T T T ps '
ATy ~T _ ATt AT At ATs ~T ~  A{s—T)
/0 e® 'Chy(t)dt /0 e* 0 Cexy +/0 /0 é C*Ce Bu(r)drds
T rs o o
+/ / e CT Cers H F(Sxo)drds 7 (3.6.27)
o Jo
We know that the first integral on the right is given by
- .
M(@0,T) = /0 ATCTOAGE (3.6.28)
is the obsemébility Grammian. From ‘hypothesis (1) it is clear that M{0,T) is in-
vertible, refer Brockett [14]. This has been shown by Anke Mayer Base [51] by using

Kalman’s rank condition, with C = I,. Pre-multiplying (3.6.26) by the inverse of
observability Grammian we get

T T rs i
11 ATt ~T — -1 ATs AT 1, Als—7)
M /0 et 'O y(t)dt =z + M /0 /0 e* *C" Ce Bu{r)drds

A T ps
FM / / AT T CeA-DHF (Szo)drds (3.6.29)
¢} 0 . :
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Define an operator N : R* — R" by

T T s .
Nzo = M_I/O A"t CTy(t)dt — .M”lf0 eATsCT/O CeA=) Bu(r)drds

T 5 . )
_aq-1 AT s ~T A(s—T1) ’
M /0 e °C /0 Ce HF(Sxo)drds (3.6.30)
Using the above definitions (3.6.29) becomes
ZTo = Nxg " (3631)
For zy and %y in m, we have
T rs '
Nzy— Nio=M™" /0 fo AT CT e~ H(F(SZo) — F(Sxo))drds

Therefore, -
| Nazo — No ||< B | 20 — Zo ||

where, 8 = m1a®bae®®T L with, my =|| M~ |.

Since for sufficiently small o; the value of 8 is strictly less than 1 and hence N
is contraction.

Therefore, by Generalized Banach Contraction principle, (3.6.31) has unique solu-
tion zg and the solution can be computed from the iterates

aft = Nzf : (3.6.32)

starting from arbitrary zJ.

This proves the observability of the Hopfield Neural Networks and hence the initial
state can be computed from ‘ '

T 3 s -
it = M“1/0 eATsCT{y(S)-—/O C’eA(S"T)Bu('r)des——-/o CQA(S"T)HF((S:I:’g)(T))dT}ds
starting from any xzg. ' '

The observability of Neural Network can also be established without the condition 3.-
in the above theorem if f is uniformly bounded.

THEOREM 3.6.2 Suppose that

1. rank|C|CA|CAY..|CA™ Y] = n



Chapter 3 » 54

2. the transfer functions f; is continuous.

8. f; is uniformly bounded, that is there exists a constant ki > 0 such that |fi(z) <
k; forallz € R.

Then the H—opﬁeid network is completely observable.

Proof : We have shown in the previous theorem that the observability of the Hopfield
system (3.2.6) with (3.6.21) is equivalent to the solvability of the operator equation
(3.6.31). We now show that N defined by (3.6.30) has the fixed point by using
Schauder’s fixed point theorem.

We have
I Voo sl M7 [ e CTy(eyan |+ M ) [ e c7 |
LI e ) B | F(Sw0)(r)) I drds

Let - ‘
my =|| M1 [§ A CTy(t)dt ||
my =|| M~
c =[Ci
k. =maz {k}

Therefo;:e,

2

| Nzo ||grs ma+ fn"ala,zczbkzfZ

5 T~ M8

Let B, be the compact ball in RV defined by
B, ={z € RV ;|| z ||< ms}

Since the solution operator S and F' are continuous, N is also continuous. Moreover,
N is a finite rank operator. Hence N is compact.

Therefore by the Schauder’s fixed point theorem there exists a fixed point for this’
operator. Hence the system is completely observable.

3.7 Summary

In this chapter, we have defined a class of nonlinear functions, which on applying as -
transfer function to the Hopfield networks we obtain controllability and stability of
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the network. Also, such networks are observable. The study of controllability and
stability of Neural Networks are important for understanding the behavior of net-
work see Haykin [31] and Levin and Narendra [57]. Observe that the Hopfield Neural
Network is represented by a semilinear dynamical system in which the nonlinearity
depends only on the state variable. The controllability and observability have been
obtained by using fixed point theorems and stability propertles has been stuided us-

ing the spectral properties of the linear part. ’



