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"ANN IMPLEMENTATION OF
ZONAL CONTROLLER FOR

" PARABOLIC SEMILINEAR
"DYNAMICAL SYSTEM

6.1 Introduction

In this Chapter, we illustrate the use of ANN as zonal controllers applied to semilinear
parabolic systems. In general, the parabolic systems give rise to infinite dimensional
~ state space and hence for the simulation of controller by Neural Network in this setup
- ig difficult. So, we convert the infinite dimensional state space into finite dimension
state space by the projection method. In our system we assume that the control is
-applied only on certain zones (areas), instead of applying control on the whole domain.
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Figure 6.1: Conductive bar coated with more conductive material on the lateral sides

6.2 Mathematical Modeling - Linear Parabolic Sys-
tem

Consider a one dimensional conducting bar of length L with cross sectional area Ac,
as shown in Figure 6.1. Let the initial temperature distribution of the bar be uniform.
The bar is heated at p-zones. Then the problem is to find the control (heat) to be
applied at zone-l,...,zone-p such that the initial temperature distribution is steered
to the desired temperature distribution zd(x) in finite time T.

For the mathematical model, let us denote the temperature distribution of the bar by
y(x,t) for any time t and any space point x G [0, L\. Assume, that the bar is placed
at the origin in the positive ~-direction. Let w(x.t) be the amount of the thermal
energy / unit volume (called thermal energy density).

Figure 6.2: The slice of thickness Ax
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Then the total thermal ienergy, in the slice of thickness Az, as shown in Figure 6.2,
is given by

Thermal energy density x Volume.

That is,
e(z,t) X Ae X Az (6.2.1)

Let ¢(z, t) be the amount of thermal energy per unit time per unit surface area, flowing
towards the right direction, known as heat flux. Let S(z,t) be the heat energy per
unit volume generated per unit time due to the actuators excited at p-zones. Also,
the rate of change of heat energy is given by

gﬁ le(z,t) A Az

By law of conservation of Heat Energy,

Rate of change of heat energy per unit time = Heat energy generated inside / unit
time -+ heat energy flowing across the boundary / unit time

That is,
g—t— le(z, t) A Az] = ¢(z,t)Ac — ¢(z + Az, t) A + S(z, t) A Az

Dividing by A.Az and letting Az — 0 we get

(]5(:17, t)Ac - d)(’JC -+ Amyt)Ac
0 Az +

2e(x, t) = limag

o S(a,1)

= ‘%%Q +8(z,t) (6:22)

Using, the relation for thermal energy density in terms of temperature y(z,t) we have

e(z,t) = c(z)p(z)y(z, 1) : (6.2.3)

where, ¢(z) is the specific heat (heat energy appliedbto unit mass to raise its temper-
ature by 1° C)and p(z) is mass density.

Also, by the Fourier’s law we have the heat flux given as

K&b(:z, t)

= (6.2.4)

¢(£L’,t) =
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where, K is the thermal conductivity. Substituting, (6.2.3) and (6.2.4) in (6.2.2) we
ot . : :

C(m)p(x)%% _ “2% (Kgy) +S(a,1)

For special case, when ¢, p and K are constants we get

o 8% ‘
5 = O3 + Q@ (625)
where, & = —% and Q(z,t) = ﬂc%’tl.

Without loss of generality, let us assume that initial temperature distribution is zero.

That is,

Let O = [z; —0.1,2;+0.1] € € = (0,1),7 = 1,...p be disjoint p zones on the
surface of the conducting bar, on Wh}Ch we apply the controls. Let u;(%) be the con-
trol functions applied on the #** zone Q.

Let g;, be the distribution of the control over Q; defined by

(iIJ) N 1, z€ Q,;;
9\TI =10, otherwise.

Hence, the source term Q(z,t) becomes
P
Q(z,t) =3 _ gi(z)ui(t)
=1

Thus, we have the controlled model for the conducting bar as:
» Ay(z,t 3 z,t
y(& ) “;;(tQ )+ 3 izt (6:2.6)

f=1

with the initial and boundary conditions as
y(z,0) =0, z € [0, L]
y(0,t) =y(L,t) =0,t >0
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The equation (6.2.6) is one-dimensional linear parabolic system excited by p zonal
controls (€2, g;).

" These p zonal controls are called actuators WhiC_il excite the system. Usually, ac-
tuators can be found in one of the forms: fixed point, mobile point, zone and filament:

A zonal actuator is the couple (£, g;) where, €); is the support of the actuator and
g; defines the spatial distribution of the actuator. The controllability properties of
a system are affected by both the positioning of the controls and the distribution
functions on their supports.

In this work, our aim is to implement the zonal actuators using Artificial Neural -
Networks, which allows us to steer the initial temperature distribution to the desired
final temperature distribution.

Abstract Formulation :

Let '
u = (U1, Uz, ..., Up) € LZ(Q,T;Rp),

" Define the operator

- 0%z '
Az= =2z € D(4) = HYQ) N H¥(®)

where,

ﬁ ™) is a Sébolev space of order m and

HMQ) = {f € HM(Q) : 8f/6v|sq = O;d <k<m}

Here, the oﬁé;ator A is linear and unbounded and let B : (g, ug, .y up) — 351 gitt;.

Then the system (6.2.6) can be represented in the abstract differential equation form:
z=Az+DBu, 0 <t <T, (6.2.7)

2(0) = 2z

where, z = y(-,t) € L*(0,T;). The linear operator A generates a strongly contin-
uous semigroup (S(¢))i>o on Hilbert space L*(2), (refer Pazy [58]). B is a bounded
linear operator from L*(0,T’; RP) — L?*(0,T; R?).

§
1
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The solution of system (6.2.7) can be expressed using the semigroup S(t) as shown
in the following result

THEOREM 6.2.1 Let zp € D(A) and S(t) be the strongly continuous semigroup
generated by A then,
(i) the unique solution of the homogeneous system

2= Az, 0 <t <T, (6.2.8)
2(0) = 2o
s given by
z(t) = S(t)z. (6.2.9)

(i) the unique solution of the non-homogeneous system (6.2.7) is given by using the
variation of parameter method as

A0) = S0+ [ " S(t - r)Bu()dr.

Proof: (i) Differentiating (6.2.9) w.r.t. ¢t and using the property of semigroup, we

have . i
‘(Tt*Z(t) = E‘t';S(t)ZQ == AS(t)zo
= Az

and
2(0) = S(0)zp = [z9 = 2.

(ii) Let z be a solution of the non-homogeneous system (6.2.7) then,

L(S(t—s)z(s)) =—AS(t —s)z(s) + S(t — s)%

)
= —AS(t — s)z(s) + S(t — s)(Az(s) + Bu(s))
= —AS(t — s)z(s) + AS(t — s)z(s) + S(t — s)Bu(s)
= S(t — s)Bu(s)
Now, integrating over (0,t) we get
() = St + [ S(t—7)Bu(r)dr

Hence, the proof.

We investigate the approximate controllability for system (6.2.7) on [0,7]. That
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is, for all 25 € L*() we want to prove the existence of u € L?(0,T; RP) such the
corresponding solution z of (6.2.7) satisfies

| 2(T) —za ||< & e>0.

It has been proved in the literature that the exact controllability space for the
parabolic system is H(Q) but not L*(2).

Define an operators H : L?(0,T; RP) — L?(f)) given by
Hu= [ S(T—r)Bu(r)d
u= /0 (T' — 7)Bu(r)dr

and r
M=HH" = fG S(T — t)BB*S*(T — t)dt

-where, H* : L*(Q) — L?(0,T; RP) is the adjoint operator of H and is given by

H*2(-) = B*S*(T - )z

Characterization for Approximate Controllability :

For the distributed parameter system (6.2.7) the concept of approximately control-
lability can be established using any of the followmg equivalent statements (refer
Pritchard [60]):

o The system (6.2.7) is approximately controllable.
e Range(H) is dense in L*(Q)

o ker(H*) = ker(H*H) = {0}

o B*S*(s)v = 0 implies v = 0 for's € [0,7).

We now give result for the construction of the optimal steering control for the system
(6.2.7).
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THEOREM 6.2.2 If z; is in the range of M, then the unigue control u which solves
the optimal control problem :

J(u) = min || w |[Z20,7;0)

is given by
u* = Htz,

where, H' is the pseudo-inverse of H.
Proof: If z; is in the range of M then the equation
Hy= Zd

has a minimum norm solution given by

u* = H*Zd
= H*(HH*)—IZd
= B*8*(T — t) (JT ST~ )BB*S*(T — t)dt) 2

Thus, the system (6.2.7) has approximate controllability on a subspace Z; = H}(Q2) C
L*(Q). ' ‘

For our system (6.2.6), the semigroup S(t) generated by

0%z
Az = 5.2 2 € D(A) = Hy(Q) N H*(Q)
is given by
Tn
Stz =M <z, ¢nj > Puj

T g=1

where,
¢n(z) = V2sin(rnz) are the eigen functions

and

An = —am®n? are the eigen values of A.

Because of the infinite dimensional nature of the broblem we project the parabolic
problem into finite dimensional subspace by using the orthonormal basis generated
by the eigen functions to get the form :

Zp = Anzn + Bru
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2n(0) = zno. (6.2.10)
where,
A, = diag{\i, Ay .y An}-
And
B, € BL{RP,R"), B,=(B;;) 1<i<n,1<j<p
where,

Bij =< g5, % >12q;) -

The semigroup S(t) projected to S, is defined by
| S €L(R"),Sp=(Sy) 1<i,j<n

and

pys . F
3(2) "’{ e Hlsi=jsen (6.2.11)

0 ifl<i#j<n

i

Because of the controllability to the subspace, the controllability Grammian is defined
by the matrix :

M, = / (T — 7)B,BLS:(T — 7)dr . (6.2.12)
Hence,
e()\,+/\,)T -1
| y% g;&kﬂ Y i,j=1,2,. (6.2.13)
and thus M, is invertible.
Let
Vo=M;'e RM" (6.2.14)

The minimum norm- controller for the finite dimensional system (6.2.10) can be ob-
tained using the following result

THEOREM 6.2.3 The control

ut = BESHT — t)Vazan



Chapter 6 » : 105

1s the unique control of minimum norm which realizes the minimum of
| 2an — 22(T) || r»,
where, 2q4, is the n-dimensional projection of the desired final distribution z by using

the orthonormal eigen basis.

The control in the component-wise form is given by
‘ n n
Uni(8) = 3~ Biye* T3~ Viemam) (6.2.15)
k=1 me=1

where, 24, is the m* component of the n dimensional projection of the desired tem-
perature distribution 2. -

The controller (6.2.15), steers the approximated initial temperature to the approxi-
mated desired temperature profile.

Numerical Computation :

Recall the one dimensional parabolic system

WD) _ (VDD | 5wt (62.16)

i=1

with the initial and boqnda,ry conditions as
y(z,0) =0z € (0,L)

y(0,8) = y(L,t) =0t >0
The operator A defined by

o .
z “

has a complete set of eigen functions

Az

¢n(z) = V2sin(rnz)

with eigen values
Ay = —am’n?
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We choose the number of zones p = 2 and T = 1. For this choice of control we have
2% im\ .
B;; = S sin (1—0) sin(émz;)
Let the desired final temperature distribution be given by
zg=z(1 — 2%)

a=10>b

and let the system be projected on the 5 dimensional space.

That is,
n=2>5.
Then
—4.9348 0 0 0 0
0 —19.7392 0 0 0
As = 0 0 —44.4132 0 0
0 0 - 0 —T78.9568 0
0 0 ) 0 0 —123.3701

0.2612  0.2069
| oari2 —0.2631
By=| —0.1196 0.1421
1 —0.2112  0.0454
~0.0337 —0.1564

Controllability Grammian is

0.0112 -—0.0004 -0.0000 -0.0005 —0.0003
—0.0004 0.0025 —0.0009 -0.0005 0.0002
Ws =] —0.0000 -0.0009 0.0004 0.0003 —0.0001
—0.0005 -0.0005 0.0003 0.0003 - 0.0000
—-0.0003 0.0002 -—0.0001 0.0000 0.0001

The Figure 6.3 shows the desired temperature distribution and the temperature dis-
tribution after projecting it on the 5-dimensional space by using control (6.2.15).

With this setup we proceed to implement the Neural Network steering control
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Temperature profile computed using function and projection technique

Figure 6.3: The temperature distribution by formula and using the projection tech-
nigue with n = 5.

ANN Zonal Controller - Linear System

For the implementation of the zonal controller using ANN we obtain the discrete form
of the system projected on 5 dimensional space using sampling rate ST — 0.1:

${k + 1) = F5z5(K) + G$U2(K)

where,
0.6105 0 0 0 0
0 0.1389 0 0 0
F5 = 0 0 0.0118 0 0
0 0 0 0.0004 0
0 0 0 0 0.0000
and

0.0206  0.0163
0.0075 -0.0115
Cs -0.0027 0.0032
-0.0027 0.0006
-0.0003 -0.0013
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In the numerical experiment, we take projection on the 5-dimensional space hence,
the complete temperatire profile is to be constructed using the 5-dimensional co-
ordinate vector which are actually fourier coefficients in the expansion of the function
representing the temperature proﬁle

- In our example, for the ﬁnél temperature distriﬁution
za = z(1 — z%)
we gét these fourier coefficients, that is the coordinate vector as
[ 0.3870 —0.0484 0.0143 —0.0060 0.0031 ]

For implementing 2-zone controller for the 5-dimensional system which is controlled
~ in 7-time steps, we use multilayered Feed-forward neural network with architecture

N, si30’,14~
The I/O patterns used for training the NN are as follows:

Input : Randomly generated 5-dimensional vector normalized in [-1,1]. It repre-
sents the coordinate vector for the initial temperature profile.

Output : The 2-zone steering signal generated using definition (6.2.15) which is 7,
2-dimensional vectors. That is, 14-dimensional vector to the neural network.

The ANN training as 2-zone steering control converged in 18 epochs. For details
refer program NNZONAL.m in Appendix-A.

This trained ANN acts as zonal controller and steers the mltlal temperature pro-
file to the desired z4.

For example for the input [ 13 5 .79 ]

The ANN signal is
1.0¢ 4 003 * 0.1338 0.2233 0.3961 0.8647 2.7809 —1.0957 0.0020 |
e 0.1042 0.1643 0.2225 0.0319 —2.1166 -0.0967 -0.0029

This control signal steers the temperature to the desired temperature in 7 time steps
each of .1 seconds.

The final temperature and the desired temperature distribution are shown in the
Figure 6.4.
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The final temperature distribution obtained using NN controller matches that
obtained by the formula

Figure 6.4: The final temperature distribution steered due to the control signal pro-
duced by ANN Zonal Controller and the desired temperature distribution.

The temperature distribution at different time steps

Figure 6.5: The evolution of the temperature distribution at different time-step due
to the ANN zonal controller.
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The evolution of the temperature distribution due to the steering of the ANN control
is as shown in the Figure 6.5 forn =5 and p = 2.

6.3 Zonal Controller - Semilinear Parabolic Sys-
tem '

Suppose that the model (6.2.6) is nonlinear, which can happen via various situations
like a nonuniform conductive material coated on the surface of the bar. In that
case, we assume that the effect is added in the model by adding a nonlinear function
f(y(z,t)) in the above equation (6.2.5) to get

WL TYED |5 goput) + S y(a1) (63.17)

g==1

with the initial and boundary conditions as
y(z,0) =0,z € (0, L)
-y(0,t) =y(L,t) =0,t >0

Our aim is to implement ANN controller for the system (6.3.17).

The system 'suoh as
oy(z,t) _ Oy(z,1)
ot T o
is studied fot approximate controllability using the finite dimensional projection tech-
nique (refer Anil [3]).

+ B(t)u(t) + f(y(z,1)) (6.3.18)

In his results he has proved the fact that the controller for the projected semilinear
system does approximate the steering control for the infinite dimensional systems,
provided the corresponding linearized system is controllable and the nonlinear func-
tion in the system (6.3.18) satisfies the Lipschitz condition.

Thus, the zonal control of the (6.3.17) can be established under the assumption that

the nonlinear functions involved in the system (6.3.17) satisfies Lipschitz condition,

along with the corresponding linear part being approximately controllable as shown
i
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in the earlier section.

As in the linear case, the system (6.3.17) can be put in the abstract form:
2=Az+Bu+F,(2),0<t<T, 2(0)=2 . (6.3.19)

with F, being a nonlinear operator defined on L%(2) defined via f.

Finite Dimensional Approximatidn - Semilinear Parabolic Sys-
tem : '

Let the finite dimensional projection system (6.3.17) be given by

Un = Anyn + Bhu + Fn(yn) (6320)

4,(0) = 0.
where, F,, is the finite dimensional projection of f. .
For the infinite dimensional system (6.3.17), suppose that (¢,,) are eigenfunctions of A
with corresponding eigenvalues (A,;,) of multiplicity one. Let A, = diag{ 1, Az, ..., A}

Then for all z > 0, the projected semigroup S, is givén by
Sn(z) € L(R™), Su(z) = (Sy) 1< 4,5 < n

and , \ ; .
f[eM if1<i=j<n
Sij——{ 0 ifl<ifi<n (6.3.21)
Also, :
B, e L(RI}, Rn), B, = (Bij) 1<4,3<n
and }
Bi; =< g5, ¢ >120;)
Set '
T
M, = / ST — 7)BuBLSH(T — 7)dr (6.3.22)
0
Then M, € R**" and has elements
v e()‘i+)‘j)T o, 1 3
- Y > SR 3.2
My= [ BuBy—— y (6.3.23)
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The controllability hypothesis implies the existence of

Vo= M;' € R - (6.3.24)

The minimum norm controller for the approximated system is given by ‘
k17

Upi(t) = Z By AT~ t>(z VimYam — 3 e*TDE(y,)) - (6.3.25)
m=1 r=1

where, Yam is the m* component of the n-dimensional projection of the desired tem-
perature distribution Z4.

Now by using Banach Contraction Principle we obtain the followmg theorem. The
proof follows easily as show in Chapter 4.

THEOREM 6.3.1 Suppose that the nonlinear function f is Lipschitz continuous
with Lipschitz constant suﬁ‘iczently small. Then the projected system (6.3.20) is con-
trollable.

In the next section, we implement the ANN controller for parameter values as stated
in the simulation for the linear version along with the nonlinear function f(y(z, t)) =
sin(y(z,t))/6. This function satisfies the conditions of the above theorem.

" ANN Zonal Controller for Semilinear System :

To demonstrate the ANN zonal controller for the semilinear system we continue
with all the values as in the discrete linear case along with the nonlinear function
fn = sin(y)/6 in the system (6.3.20).

The multilayered feedforward neural network with the architecture NNZ,,,, was
trained to act as 4-step zonal controller. It is 4-step steering control as the coupled
equations given below for generating the I/O pairs converged in 4 iterations.

The I/O pairs for the training are derived by using the definitions for the state and
controller for the discrete semilinear form.

w4+ 1) = Ut |2 — Flao - ) F*7 f(a%,u?) (6.3.26)

F=1

and . .
gk +1) = F'zo+ Y F*IGu(k) + Y F" 7 f(a*,u’) = (6.3.27)

=1 j=1
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10 Performance is 9.79934e-011, Goal is 1e-010 for the discrete semuinear controller

102 -

Training-Blue Goal-Black

20
43 Epochs

Figure 6.6: The convergence of the training for four step ANN zonal controller.

whnere.
F—e x

and o7
G- f eATBd,T.
Jo
with the sampling rate ST = 0.2 seconds.

The training for the 4-step controller converged in 43 epoches as shown in the Figure
6.6.

The signal of the 4-step ANN zonal controller for the initial state [[1 .2 .3 4 5]
is 40-dimensional control vector. This signal takes the initial state to the dasired

state
[ 0.3870 -0.0484 0.0143 -0.0060 0.0031 ]

the fourier coefficients of the temperature profile Zd = x(I — x2) similar to as in the

linear case. The final temperature profile achieved due to ANN zonal controller, is
shown in the Figure 6.7. The temperature profile after fourth step matches the de-
sired temperature distribution, as shown in the Figure 6.8.

For details see the MATLAB program NNgDZONALmI.m in Appendix-A.



Chapter 6 114

Convergence of temperature distribution at each time step

temperature profile at step 3
6000

time step k 10 space variable x

Figure 6.7: The evolution of the temperature profile due to Lhe 4-step ANN zonal
controller.

Temperature distribution comparision

Figure 6.8: The temperature steered by the 4-step ANN zonal controller to the final
temperature profile matches the desired temperature distribution.
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6.4 Summary

In this chapter we developed the Artificial Neural Networks zonal controller for the
linear and semilinear systems. The p-zone controller for the parabolic systems is
derived and implemented neural networks. To implement ANN based controller, we -
first approximate the infinite-dimensional system into finite dimensional projection
by using the orthonormal basis of the linear operator involved in the system.



