Chapter 2

Some Mathematical Aspects of
Spectral Averaging Theory

2.1 Preview

4

In spectral averaging theory, as briefly described in Chapter 1, one derives and
applies smoothed forms for state, expectation value and strength densities. In
Sect. 2.2 some important properties of univariate (that characterize for exam-
ple state and expectation value densities) and bivariate (that characterize for
example strength densities) distributions, well known to statisticians [Ke-69],
are given. The definitions, in terms of a given hamiltonian H and m-particle
spectroscopic spaces, of state, expectation value and strength densities, their
moments and the corresponding CLT results are given in Sect. 2.3. Spheri-
cal and unitary configurations partitioning of m-particle scalar spaces and the
corresponding decompositions of various densities into partial densities, which
play a special role in SAT-LSS are introduced in Sect. 2.4. An importani
ingredient of spectral theory which plays a vital role in the result presented

in Chapters 3 - 6 and also which is essential for deriving trace propagation
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formulas that enable one to calculate moments is the unitary group (tensorial)
decomposition of operators and this is briefly described with examples in Sect.
2.5. Finally the basic elements of trace propagation and some ‘importa,nt trace
propagation formulas are given in Sect. 2.6. The results given in Sects. 2.3
- 2.6 are limited to those that are essential for following Chapters 3 - 6 and
it should be mentioned that all the results in this chapter are borrowed from

available literature.

2.2 Statistical distributions
2.2.1 Univariate distributions

Given a univariate probability density function (or simply density) p(z), at

the outset it is assumed that, it is positive definite and normalized to unity,

[ ez =1,

plz) >0; —0o <z < 4oo (2.1)

The characteristic function ¢(2) which is the Fourier transform of p(z), define

the moments M, of p(z),

40 = [ eolitz)o(ere =3 W,

r!

M, = [:30 p(z)z" dz. (2.2)

The centroid € that defines the location is given by ¢ = M;. Then the central

moments M, are given by

M, = /;”(x~e)fp(x)dx

r

=X ( » ) (-1 "M, (2.3)

p=0
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The second equality in the above equation gives the relationship between cen-
tral and non-central moments. The width o, of p(z), that defines the scale
is given by ¢ = Mé/ ? and the variance 02 = M,. Just as M,’s derive from
#(t), the cumulants K, derive from fn ¢(t) and they are related to the central
moments M,; fn ¢(t) = D (it2 i K,.. Similarly, the reduced central moments

r>0 r
M,

o—!‘

Br =

H]

p= ' (m - E)r pla)dz (2:4)

—o0 o
define the reduced cumulants k, = K,/o”. Il is useful to point out that the
cumulants K, add under convolution. Before giving the relationship between
K,’s and M,’s and other details, let us define the Gaussian density pg(z) and

the standard Gaussian ng(Z) which involves standardized variable Z,

o = {5},

~ 1 z?
Tlg(m) = “\/—5—;%2’{*—2“}
g = (c—M)/(My— M})? = (z - €)/o,

po(z)de = 1g(2)dZ. (2.5)

One very important property is that all the cumulants K, (r > 2) are zero
for a Gaussian. This follows from the results that g, = 0 for r odd and
pr = (r—1)!! for r even for a Gaussian density. Therefore K, (r > 2) are called
shape parameters and in particular, k3 = 7, is called skewness and k4 = v, is
the excess. The relationships between the cumulants (K, k,) and the reduced

central moments p, are (for r < 6),
Ki=¢ Ki=0% ky=pa, ka=ps—3

ks = pus—10ps, ks = pg— 15p4 —10p3 + 30 (2.6)
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In general, one can seek an expansion of a given distribution p in terms of the

cumulants k., by starting with the Gaussian density pg,

p(z)dz = n(Z)dz,

n@)=ew{z‘jyu%}w@) e7)

r>3

The Edgeworth (Ed) expansion which is asymptotically convergent assumes
that the cumulants k. oc 1/p"2 for r > 3 where p is a parameter of the
system under consideration. Collecting terms upto order 1/p in (2.7) (thus
incorporating 71, 2 corrections) gives the Edgeworth corrected Gaussian which

is denoted by 7g4,
18u(@) = 10(8) {1 + {2 1ea®)] + | 2 t1es®) + Ltea)] }

Heo(Z) =1, Hey(Z) =, Hey(z) =7% 1,

Hey(3) = 3% — 32, Hey() = 5% — 682+ 3,

Heg(%) = 7° — 1073 + 157,

Heg(z) = 26 — 153 + 453° — 15 (2.8)
In (2.8) He,(Z) are Hermite polynomials. In applying (2.7) and (2.8) it should
be kept in mind that the centroid and the width of p(z) and pg(z) should
be kept identical. Finally, it is useful to mention that corresponding to a
given p(z), one can define a set of orthonormal polynomials P,(z) such that
[-;m P,(z)P,(z)p(x)dz = §,,. Explicit form of the polynomials P,(z) in terms

of the moments of p(z) is

1 My - — — M,
M, My — — — My
Py(@)=[DuDpal™? |5
Mu-—l MI‘ - - - M2u-1
1 z z2 - — g
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1 M - - — M,
M1 Mg .- Mﬂ+1

Dy=| - - - - - - (2.9)
Mu Mn+l - - - M2n

For example Py(z) and P,(z) for a given density p(z) are Pi(z) = Z, Pa(z) =

(#32~7112~1)/(12+2—~%)/2. The Hermite polynomials He, (&) = (~1)*n; (%)
L

-(%—;ng(i) are in fact orthogonal polynomials with respect to the standard

Gaussian 7¢(Z).

2.2.2 Bivariate distributions

Many of the properties of bivariate distributions are similar to that of univari-
ate distributions and therefore much of the discussion in this subsection is in
the same lines as in the previous subsection. Given a bivariate joint probabil-
ity density (or simply a bivariate density) p(z1, z2), at the outset it is assumed

that it is positive definite and normalized to unity,
+o00
// p(z1, 22)dzydz; = 1,
—00

pzy,22) 205 —00 < 2y € 00, —00 < 25 < +00. (2.10)

The Fourier transform of p(z,,x;) gives the bivariate characteristic function
¢(t1,t2) whose expansion in powers of ¢; and £, defines the bivariate moments

M., and a simple expression for M,, is,

+00
M,, = // ziz5p(21, T2)dzid,. (2.11)

—00
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The eigenvalue density p;(z) of z; is p1(z1) = /+oo p(zy,22)dz, and in con-
nection with p(z1, z,), it is referred to as the margi—x:cl density (similarly pa(z;)
is defined). The centroids €(¢z) of the marginal densities py(p,) are related
to the moments M., by the relations ¢ = Myp and € = My;. The bivariate

central moments M., are given by,

+00
M= | f (#1 — M) (22 — Mo1)*p(a1,32)deyde,  (212)

—00
and it is easy to write M, in terms of the non-central moments M,;. The
oy = MI? and o, = MY{? are the widths of the marginal densities p;(z;) and
p2(z2) respectively. The central moments M,, define the bivariate cumulants
K,s; K, derive from €n ¢(t1,%2) just as M,, derive from ¢(21,t2). Similarly

H M —_ T 8
the bivariate reduced central moments g, = M, /o]0o3,

+o0
e ml—MlO T 332"“M01 8
firs = /] ( o1 ) ( . ) p(zy, z2)dz dzsy, (2.13)
)

define the reduced cumulants k,, = K,,/o705. The ky; cumulant defines the

bivariate correlation coefficient ¢,

+00
C = kll = p1 = // (&71 — EI) (3:2 — 62) p(ml,mg)drcldxz . (214)
—00

23] 07

Before going further let us first introduce the bivariate Gaussian density pgrv_g

which is defined in terms of the five variables (¢, €, o1, 02, (),
(zy,29) = ! X
PBIV-g\T1, 22} = 27r0_102\/r;—c.3

[m 2_2C T1— €6\ [Tz — € Ty — €3\ 2
lesremes e |,
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One very important property is that k., for r + s > 3 are all zero for a
bivariate Gaussian. In Chapters 3 - 6 the suffix BIV is dropped whenever
there is no confusion. The standard bivariate Gaussian 7g(Z,,%,) and the
relationship between g and pg, involving the standardized variables (Z;, Z,);
ﬁl = (371 — 61)/0'1, fl?g — (:Bg — 62)/0’2, are
po(z1,T2)dzidy = ng(%1,%2)dT,dT,,
R 1 T —2(T%, + T3

ng(%1,%2) = w———emp{— (2.16)
’ 2my/(1 - (?) 2(1-¢%)

Following (2.16), p(zy, ;) is expressible in terms of 7(Z, ;) where,

(21, 32)d%1dZ, = p(z1, 72)dz 1 d; (2.17)

For a general bivariate density p(z1,z2) the higher order cumulants (shape
parameters) ky, for r + s > 3 are non-zero and it is easy to write down k,,
in terms of p,s (or M,,). The relationships for r + s < 4 are (see [Ke-69] for

more details),

Kio = My = &, Ko = Mo = e,
Ky = My =01 Koz = Moy = 03
ki =pu=¢
k3o = pa0, ka1 = pa1, ki = pa2, kos = pos
k10 = pao — 3, ka = par — 3¢, Koy = prap — 1 = 2¢°

ki3 = p1z — 3¢, Kos = pros — 3 (2.18)
Once again it should be pointed out that the bivariate cumulants I(,, add
under bivariate convolution. Starting from a bivariate Gaussian density pg,
one can seek an expansion of a general distribution p in terms of the cumulants

k.s using (2.18) and

(1, %) = e:z:p{ z

rt+s>3

(~1y+

rlsl

kraD’;‘l D%Q} q9(£17£2) (219)
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The bivariate Ed expansion, which is asymptotically convergent, starts with
the assumption that the cumulants k., o< 1/p"+*~2 for r + s > 3 where p is
a parameter of the system described by p(z,,z,), i.e. the existence of p is

assumed. Expanding the exponential in (2.19) and collecting terms to orders

p~12 p=1 p~32 p=2 etc. give the Ed expansion in powers of p~'/2. Using the

bivariate Hermite polynomials Hep,m,(Z1, Z2),
Hepno s (31, E2)0g (21,32 = (—1ymma 00 o 5 2.20
emyma (81, 2)10(21, 22) = (—1) W@;w(ivnxz), (2.20)

the Ed expansion to order 1/p (here one needs k;s with r +s < 4) is explicitly

given by (hereafter denoted as ngrv-g4 or pBIv-g4),

o k - k o~
B1v-gd(%1,%2) = {1 + (%Heao(xz,wz) + ‘;“I“Hﬁn(wl,xz)

k12

k
+ H€12($1, Zy) + %

Heos(ﬁb'u xz))

k kay
+ ({ 40H640($1,~’82)+—é“Heai(l’l,xz)

24
k22 le k
+ —Z-Hen(:gl, 11:2) + MHCH('M, '82) + “2‘“4“H304($1;$2)
k2, kaok a Ay
+ { = O HegoZ1, 33) + 3;221 Hesy (24, 2,)
[k ksok ~" A
+ __82—1+j§2—12J H642($1,$2)
| koo kiok ~ A
+ - 3§603+ 124 21} Heaa(ﬁl,mz)
[ 2 koy k A kyok ~ o~
+ _812 + -—-2;203} Hez(71,32) + 1;2031?{615(‘31,5”2)
k2,
+ ﬁHem(wl,wz)})}ﬂg(fhf?Z) (2.21)

The expression (2.21) together with (2.16, 2.17) is referred to in the text

as Edgeworth corrected bivatiate Gaussian §grv_g4 or pprv_g4- Finally the
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Hermite polynomials He, m,(Z1,T,) are calculated easily using the following

relations,

(1 - C2)H6m1+1,m2(51,552) = (531 - Cffz)Hemhmg(fEl, E52)

"“mlHeml—l,mg(éEls ffz) + my(Henm, ,m2—1(51, 552) H

Heog(ai,ig) = 1
He1o(§1,§2) == 3:; :522
H€01(§1 52) = W§2_‘C£1
3 1 _ Cz
~” A Ty —(F (2 — (%
Hen(Z,22) (& ((1 i)(f'f)z (2) + 150

(2.22)

The probability densities pia(21]z2) and pa1{z2|z1) that are referred to as the

conditional densities are given by,

priz(zilzs) = p(z1,22)/pa(22)

le(ﬁlexl) = P(ﬂfi,mz)/m(ml)- (2-23)

The conditional moments M,(z3) of py2 (and similarly M,(z,) of py;) are

+o00 »
My(z2) = [_ 2y pra(z |w2)dzy

+oo +oo
= / zh (1, z2)dzy /[ p(z1, x2)dzy. (2.24)

00

It is important to note that given ngrv_g, the corresponding conditional den-

sities will be Gaussians,

13 :___“_l_w_._ex ”M}
M2ig(Z1172) or(l = C7) P{ =) | (2.25)
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Therefore, for a bivariate Gaussian, conditional centroids are lincar in the
fixed variable with the slope given by correlation cocfficient. Similarly the
conditional width is a constant and it is a simple function of the bivariate

correlation coefficient.

2.3 State, expectation value and strength den-
sities: CLT results

2.3.1 State densities

Given a hamiltonian H acting in a m-particle space, the state density I™(E)
and the corresponding normalized density p™(FE) are defined by

I™E) = > .9.8(E - E,) = ((§(H - E))™
> (malé(H — E)lma) = d(m)(§(H ~ E))™

atm

= d(m)p™(E) (2.26)

In the above equation g, is the degeneracy of r** eigenvalue E,, d(m) is m-
particle space dimensionality, {{ })™ denotes m-particle trace and { }™ is m-
particle average. Using the definition of p™(F) in (2.26), the moments M,
(2.2) and the corresponding central moments M, (2.3) for p™(E) are

M;(m) = (H")™; M.(m) = ((H — (H)™))" (2.27)

As stated in Chapter 1, due to CLT action in strongly interacting m-particle
spaces, p™(E) takes a Gaussian form defined by the centroid eg(m) = ¢(m) =

(H)™ and variance o (m) = o*(m) = ((H — ¢(m))*)™,

CLT 2
() — p;"(E)=7§_;;exp{-—%§;(§-n’%D——} (228)
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By using Edgeworth corrected Gaussian given by (2.8), the departures from
CLT result as represented by non-zero skewness v; and excess v, values can
be taken into account. From now onwards the suffix m appearing in (2.26 -

2.28) is dropped when there is no confusion.

2.3.2 Expectation values and expectation value densi-
ties

Formally the expectation value (K)® of an operator K is defined by
(K)E = {Z(Ea}[&’}Ea)J/I(E) = Ix(E)/I(E) (2.29)
atE

where the expectation value denstity Ix(F) is,
Ie(E) = (K)PI(E) = ((K&(H — E)))™ (2.30)

Definition of (K)F as given by (2.29) takes into account properly the degen-
eracies in the spectrum and because of this one is led to consider expectation
value densities. Observables like spherical-orbit occupancies, spin-cutoff fac-
tors, static moments etc. are expressible as ex‘pectation values. Using the
property 6(H — E) = p(E)Y, P,(H)P,(E), of the orthogonal polynomials
P,(E) defined by (2.9) with respect to p(E), an expansion of (K)¥ in terms

of traces can be written down
o CLT . ~
(K2 =Y (KP,(H)"P,(E) — ex(m)+{(KH)"ox(m)E (2.31)
‘ =0 p=0,1

In (2.31) K and H are standard operators and following (2.5), K = (K —
ex(m))/ox(m) and H = (H—ey(m))/op(m). Similarly E = (E—ep(m))/on(m).
Note that (I? I?) is nothing but the correlation coefficient (- _y;. The CLT re-
sult which shows linear behavior of {K}¥ with respect to E (see Fig. 1.3a
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for an example) follows immediately by considering the deformation H —
H+aK = p — p, and assuming that CLT applies for p as well as p, densi-
ties. An alternative to the polynomial expansion method (2.31) which is more
appropriate for the operators of the form ot is to directly construct the
expectation value densities Ix(E) defined in (2.30) in terms of its moments.
With K = oto being positive definite operator, Ix(E) can be treated as a
probability distribution function and this gives the following important result,

CLT
(K)? = Ix(E)/I(E) — Ikg(E)/Ig(E) (2.32)

The origin of the CLT result given in (2.32) lies in the bivariate Gaussian form
for strength densities given by (2.39) ahead. The normalized density px(F)
and the corresponding moments M, (K) are defined by

rx(E) = Ik(E)/{(K))

M.(K) = (KH")

M,(K) = M,(K)/My(K)=(KH")/(K) (2.33)

The moments M, (I), defined in (2.33), of Iy (E) can be derived by parametric
differentiation of the moments M,(a) of p, produced by Hy, = H + oK,

FL0) = (4 1) iy o (M) (2:34)

For an operator of the type K = T? with the commutator [T, H] = 0, one can
write (CH™) = (T?H") traces, by double parametric differentiation, in terms

of the moments of p, produced by H — H + T,
2
(T°H') = [(r + D(r + 2] lim 5%[(1{ + o)™ (2.35)

Results given by (2.26) - (2.35) are used in Chapter 3.
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2.3.3 Strength densities

The strength Ro(E, E’) for a transition operator O, is the square of the ma-
trix element connecting the eigenstates with energies F and E’ (assuming no

degeneracies for the eigenvalues £ and E’)
Ro(E,E') = |{E'W|O|Em)|? (2.36)

The corresponding strength density Io(E, E'), which properly takes care of

degeneracies, is defined by,
I5™™ (E,E) = I™(E)|(E'm|0|Em)[* I"(E)
= ((0l6(H - B)OS(H - B)™ ;
oo = (ols(H - BYOS(H — B)"/(0TO)"  (2.37)

In (2.37) p is normalized bivariate strength density (for non-zero ((9\L 0)). As
Io(E, E') is positive definite, it can be represented by a bivariate probability
distribution function and therefore the results of Sect. 2.2.2 will apply. The
trace expressions for the centroids and variances of the marginal densities /;(£)
and I,(E'), the bivariate correlation coefficient { and for the reduced central

moments p,, are given below:
a = (ofommjotoym
e, = (otgoyjotoy"
st = (olonyyj(oloy - &

o2 = (otmoyjotoy - &
¢ = <(’)T (H;ez)o(ﬂ; el)>’"/(of0>m

oy = <0*(H:2)q0(H;“)py/(ofow (2.38)
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The CLT result (smoothed form) for Io(E, £') under some plausible arguments

is that p(L, E') takes a bivariate Gaussian form

CLT
p(E,E) — ppiv-g(E, E) (2.39)

Explicit form of ppv_g(E, F’) is given by (2.15). It has very important con-
sequences for non-energy weighted sum rule or sum strength (NEWSR), for
the strength centroid, strength width etc. The strength moments Mp(E) orig-
inating from energy E are defined by (assuming that the states |E) and |E')

are non- degenerate)
Mp(E) =3 (B [{E'OIE) (2.40)
EI
In continuous version (2.40) becomes

Mp(E) = [I(B)™ [To(B, E')(E") dE’

Nl /l’m;O(ElIE) (E")"dE' (2.41)

1(E)

In (2.41), I(E) is state density, I1o(E) = ((OTO§(H~E))) = ((010))p1,0(E)
is one of the marginal densities (similarly Ir,o(E’) is defined) corresponding
to Io(E, E') and ps1.0(E'|E) is one of the conditional densities correspond-
ing to po,prv(E, E'); Sect. 2.2.2 gives definitions and properties for marginal
and conditional densities. With (e, , o.), (&1 , ¢3) and (e2 , 03), the cen-
troid and width of I(F), I;o(F) and Ipo(E') the bivariate Gaussian form of
Io(E, E') and the Gaussian form of I(E) give simple expressions for NEWSR
which equals to My(E), the strength centroid e(£) = Mi(E)/Mo(E) and
strength width o(E) = {My(E)/Mo(E) — [My(E)/Mo(E)*}/? (follow eas-
ily from (2.15, 2.25, 2.5)),
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01 (51 s
CLT o
{E) — a+(Z(E-aq)
41
CLT
o(E) —  oy(l =MV (2.42)

Results given by (2.42) are well verified in Fig. 1.4 and they are used in
Chapter 6.

2.4 Partitioning : spherical and unitary con-
figurations

As stated in Chapter 1, in order to extend the applicability of CLT results given
in Sect. 2.3 to large spaces, to improve the accuracy of the predictions based
on CLT results (including Edgeworth corrections) and to bring in more infor-
mation it is essential to partition the m-particle spaces to subspaces. Simple
partitioning of m-particle spaces is according to spherical and unitary config-
urations and in order to define them, we begin with m-particles distributed
over spherical shell model j-orbits (single particle s.p. orbits) denoted by «,
B etc. (jo being the angular momentum and N, = 2j, + 1 is the degeneracy
of the orbit a). The m-particle spectroscopic space can be decomposed into
spherical configurations m = (m,, mg...) where m,, is the number of particles
in the orbit @« and m = ¥, my;m = Zm. Note that the dimensionality
d(m) of the configuration m is d(m) = [] ( 771:’“ ) For example, for identi-

o

cal particles, denoting 1ds/3, 2s1/; and 1ds/; orbits as #1, #2 and #3 orbits,
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(ds)* spherical configurations are m = (my,my,m3) = (4,0,0) & (3,1,0) &
(3,0,1) ® (2,2,0) ® (2,1,1) @ (20,2) ® (1,21) @ (1,1,2) & (1,0,3) @ (0,2,2)
& (0,1,3) ® (0,0,4). A unitary orbit « is defined as a set of spherical orbits.
With this, decomposition of m-particle space into unitary configurations [m] is
possible; m — Y [m]. As above, a unitary configuration [m] = (ma, m B )
m = ), mq. Using the convention that the spherical orbits a belong to unitary
orbit a and similarly the orbits 3 belong to B etc., the number of s.p. states in
a unitary orbit o is Na = }_,cqx Vo The dimensionality of the configuration
[m] is d([m]) = ]_(;I ( sza . For example in the above ds-shell case one can
choose (1ds/q, 25172) and (1ds/2) to be two unitary orbits (#1, #2 orbits) and
then (ds)* — [m] = (my, my) = (4,0) ® (3,1) & (2,2) ® (1,3) & (04). It
is important to recognize that [m] — 3> m and the set of spherical configu-
rations m that belong to a given unitary configuration is easy to enumerate.
For example in the above case, (4,0) — (4,0,0) @ (3,1,0) & (2,2,0); (3,1) —
(3,0,1) & (2,1,1) & (1,2,1) etc. With spherical or unitary configurations, the

decomposition of m-particle space is,

m— Y [m]; [m] - ) m. (2.43)
It is worth remarking that the decomposition given by (2.43) automatically
produces fixed-parity subspaces by choosing the unitary orbits « to be set of
spherical orbits with all of them having same parity. One remarkable result is
that under the above partitioning of the shell model space the state density
I™(E) decomposes exactly into sum of partial I™(E) and I™(E) densities,

17(B) = ¥ 1)) =Z{ )3 I”vm(E)} ;

[m] [m] \mefm]

IHI=)(E) = ((§(H — E))),
1™ (B) = (8(H — B)))™ (2.44)
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It is important to recognize that corresponding to m, m and [m] there are
group structures associated with them as given in Sect. 2.5 ahead. The mo-

ments M,(m) of I""™(E) and M,([m]) of I ™I(E) are easily defined as traces

of H? over the corresponding subspaces,
My(m) = (H")™

My((m]) = (O™ =[d(m)]™ 30 (H7)™

me[m]
d(m)
= ——= M, (m (2.45)
T
It should be recognized that unlike the scalar moments, M,(m) defined in
(2.27), the fixed-m (similarly [m}) moments involve intermediate configura-
tions as the hamiltonian does not preserve these symmetries. For example the

second moment M,(m) decomposes into partial moments Mz(m — m’),
My(m) = [d(m)]7((H*))™

= [dm)]"'Y. Y |(mo]H|m'g)]

' aem
Bem

= 3 M )
m.’

My(m—m') = [dm)]™ 3 [(malH|m's)] (2.46)

a€m

pem’
With the centroids denoted by ¢(m) and the variances denoted by o*(m), the
decomposition of ¢*(m) into partial variances ¢?(m — m’) (¢*(m — m) is
called internal variance and ¢*(m — m’); m # m' is called external variance)

is given by,
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d*(m) = ) o*(m-m'),

o*(m—m) = M;(m— m)-— (e(m))?,
o*(m —-m') = My(m— m') (2.47)

Just as the state densities decompose into partial densities, the expectation
value densities also decompose into partial densities exactly in the same way.
On the other hand decomposition of strength densities into partial densities
still remains an unsolved problem. However there are ways to circumvent this

problem; see Chapter 6.

Partitioning of the shell model space can be carried out in many different
ways and the partitioning defined by irreducible representations (irreps) of
groups that can be realized in shell model spaces (for example Wigner SU(4),
Elliot SU(3), pairing Sp(n) etc.) are in fact the most significant ones. The
significance derives from the fact (as will be seen in Sects. 2.5 - 2.6) that
the moments defined over the irreps in fact propagate from the few particle
spaces to the many particle spaces and this is elaborated in Sect. 2.6. As
mentioned earlier there are group structures associated with spherical and
unitary configurations and before turning to this, it is useful to introduce the

following éymbols.

With m particles in NV s.p. states, the number of holes m* = N — m.
Similarly for m, particles in N, states, mX = N, — m, (note that n¥ =
Ny — ng4) and for mg particles in Ny states, m§ = No — mq (note that
ng = Na — nar); spherical orbits and unitary orbits, spherical configurations

and unitary configurations are already defined. Finally, the symbols [X],,
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Xap.s Xaﬂ ..... , Xap and Xaﬁ are defined as
XL = XX -1)(X-2)e( X =7+ 1);
Xopry. = Xal(Xp—85a)(Xy = by = 6yg)eucnnns
Xafy. = Xa(Xg - b8 ) (Xy — bya — Sy g)eesees

Xop = XolXp = bap)/(1 4 8ap)

Xap = XalXg~ag)l(l+6ap)
X=m, N,m*, n,n* - (2.48)

2.5 Unitary decomposition of operators
2.5.1 U(N) group

With m identical fermions distributed over N single particle states, one can
recognize the appearence of U(N) group which is generated by the N? oper-
ators ajamaajﬂmﬁ; a, f=1,2,..,N. Then the an antisymmetric states
form an irrep of the group U(N), usually denoted by Young shape {1™}. With
this the single particle creation operators a;[ama belong to {1} and the destruc-
tion operators a;,m, belong to {1N “’}. The only scalar operator in m-particle
space is number operator n as it remains invariant under the transformation
produced by the generators of U(NN) group. One can in general seek a decom-
position of a given operator into tensor operators (belonging to a definite irrep
of U(N)) with respect to U(N) group similar to what one does with respect to

O(3) in angular momentum algebra. The tensor decomposition is illustrated

below with examples that are relevant for the resulls given in Chapters 3 - 6.

Let us begin with a NIP hamiltonian A = Y €,n,; €, are single particle
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energies (SPE) and as stated before n, is number operator for the spherical
a. From the above discussions it should be clear that the scalar part 2° of &
with respect to U(N) should be a first order polynomial in number operator
n. Then one-body nature of k gives h° = ag + ayn. Now taking trace on both
sides over 0 and 1-particle spaces immediately gives the result that A = (h)n.
The remaining piece h! = h — A° is the unitary one-body part of h and it has
a definite group theoretical meaning in trems of the U(N) group. Thus the

unitary decompositon of h is,

h= Zeana =h 4+ Al
W =) En,=¢en ‘,] E= N“IZeaNa, n=>3 n,
Rt=h—-h%= chamZeana;e =€ =€, — € (2.49)
Note that in the remainder of the thesis €, and €. are used interchangeably
when there is no confusion; some time ¢! (1) is used to emphasize that the SPE
are derived from a one-body hamiltonian. Unitary decomposition of a two-

body interaction V defined by the two-body matrix elements (TBME) ‘aﬂvé

is easy to work out in terms of the average two-particle matrix elements V4,

Voo = (g} { S0} = (W) { S0 4200} - 250
In (2.50), [J] = (2J + 1). Recognizing that the scalar part V? of V with
respect to U(N) group should be a second order polynomial in n gives the
result VO = ag + ayn + azn®. Once again taking the traces over 0, 1 and
2-particle spaces on both sides of the above equation leads to the following
simple formula for V°,

Ve = ( 5 ) (V)2 = ( 5 ) = [n)s[N];! [Z Naﬁ"aﬁ}

a>fi

i

(2.51)

[n]2[N] [ Z NogVap

a8
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Just as & has h! part, V should have a one-body part with respect to U(N)
group. This part which is denoted as V!, should vanish in 0 and 1-particle
spaces. Therefore the form of V1is V! = (n—1)F? = (n—1) ¥ €, (2)n4. Then,
V — V% = V! 4+ V2 it should be obvious that the V? part cannot be reduced
to a piece that behaves as neither V° nor V!. The explicit forms of F! and

V? are derived by using the particle-hole (p-h) symmetries of these operators,
p—h p—h
F' — — F'and V? — V?Z This gives the results

Form

vt = (n—1) 252(2)”«1 N ZC;(W)V% s

particles «

V: = v-V'-_Vv,
Ga(m) = (m—1)e(2)

62(2) = (N- 2)_1 Z(N‘Y — ory) (Vay — (V)z) (2.52)

“

Egs. (2.49) - (2.52) give the unitary decomposition of V.= Y V¥ of V with
respect to U(N) group. It is obvious that V° is scalar witui:(;;:pect to U(N)
(hence denoted as v = 0 part) , V! is effective one-body operator with respect
to U(INV) as n behaves as a constant when acted on a U(N) irrep {1™} (hence
denoted as v = 1 part) and the remaining piece must be an irreducible two-
body part (hence denoted as v = 2 part); for details regarding Young columnar
shapes associated with each v, see [Ch-71]. Combining the decompositions

given by (2.49) - (2.52) one has the following pictorial representation for U(N)
decomposition of a one plus two-body hamiltonian I = h(1) + V(2),
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H = k1) + V(@
/\ N
h0+h1 VO+V1+V2

H + H' + H? (2.53)

In m-particle space, H® = me+ ( ?; ) V while H! is defined by m - dependent

s.p. energies £{(m),

H' = Y {el(1) + G(m)na = Y & (m)na;

&alm) = (1) +(m—1)e(2) (2.54)

In (2.54), €!(2) are the (defined by (2.52)) induced (by V) s.p. energies and

£1(m) are the renormalized (by V) s.p. energies.

2.5.2 Spherical configuration group U(N,)®U(Ng)®.....

The unitary group U(N,) acting in each spherical orbit o generates m, of
spherical configurations m; i.e. m behaves as {1™=} @ {1™#} ® ..... with re-
spect to the direct sum group U(N,) @ U(Np) @ ...... Thus in the spherical
configurations space, the scalar operators are n,’s. Therefore it should be
obvious that the NIP hamiltonian A is a scalar with respect to the spherical

configuration group,

h=Y" eanq = A (2.55)

In (2.55) A9 = Al denotes that it is a scalar with respect to each spherical
orbit. In order to extract out V¥ the scalar part of V with respect to spher-

ical configurations, it should be recognized that V% must be a second order
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polynomial in ny’s. Thercfore VI = ag + 3, bang + Lap Copliap and then
taking traces on both sides in 0, 1 and 2-particle spaces, one has the result
VI = 3" Vopiap = %Z Vagnag (2.56)
azp af
As a one-body hamiltonian will be a scalar with respect to spherical configura-
tion group (see [Ch-71] for exceptions), there cannot be an effective one-body
part of V with respect to spherical configuration group. Thus V = V — V1
should be like the v = 2 part V¥=? introduced in the U(N) case. Just as
V19 js scalar with respect to each of the U(N,) groups (therefore the notation
[06] =[0,0,...]), V behaves as [2] = (vy,vp,...); 1 va = 2. The exact defini-
tions of v,’s and the methods for enumerating and constructing the various
yawse-): 5y, = 2, are given by Chang et al [Ch-71]. It suffices for the results
presented in Chapters 3 - 6 to mention that V behaves as [2];

Vv=yvBl=-y_yl (2.57)

It is important to point out that the tensorial nature of V with respect to

U(N) is exactly v = 2, i.e. V = V¥=2 apd V*=0 = ( and V*=! = 0.

2.5.3 Unitary configuration group U(N,) @ U (Ng) & ...

The unitary group U(Ng) acting in each unitary orbit a generates mq of
a unitary configuration [m]; i.e. [m] behaves as {1™} ® {lmﬂ} ® ..... with
respect to the direct sum group U(Ng) @ U(Nﬂ) D ..o Thus in the unitary
configurations space, the scalar operators are mg’s. One can carry oul decom-
position of H = h(1) + V(2) with respect to the group U(Na) ® U(Nﬂ) D ..
However the only decomposition is of relevance for present thesis is the decom-

position of Al 4+ V1%, They will have [0] @ [1] @ [2] tensor parts with respect
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to the above direct sum group and these various tensor parts are obtained as

follows.

Given a general one plus two-body operator A = B(1) 4+ C(2) ! defined
by the SPE £, and TBME CY,;, B = ¥ £4n, and the two-body operator
C relevant for the present discussion is described by the average two-particle
matrix elements Cop, C & Cop = N [Z J[J}C;'ﬁaﬂ} . It should be noted that
B = B 4 gl ¢ = CcW0 4 cll 4 02 and A = A0 4+ Al 4 Al2 Al —
B 4 ol A = g1 4 C0) and APl = C2l. The explicit expressions for
B, CIV1 and AM are derived using the results [Fr-89a]: (i) v = [va, vg, ...,
Y. vex = v and v are integers; (ii) the part that behaves as, (0] = [0,0,...]
should be a polynomial in mq (first order for BI% and second order for CUO);
(iif) subtraction of B! from B gives B!} (iv) the CI! part of Cyp term with
a and £ belonging to the same «, follows directly from (2.52) and in the case
where ¢ and 3 belong to different unitary orbits, one has to change the (m—1)
factor in (2.52) to mq and mg appropriately. The final results are,

B =3 [Ea(Ana ; Ea(A) = (Z 5aNa) Ng!
a aEQ

BY = SEM(A)n, ; EM(A) =&, — [EalA)]

CO & Copg(M) = | X NoCos| [Nag] ™

weax,pef

!General notations are used here for one plus two-body operator. This is because, the
unitary decomposition results of this section are used in Chapter 5 ahead where the one
plus two-body operator does not come from a hamiltonian but 1t derives for example from
a transition operator. Unitary decomposition being a group decomposition, it applies for
any one plus two-body operator. In terms of these general notations different parts of the
hamiltonian H are H = A, k(1) = B(1) and V(2) = C(2).
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Ccll & 1P (4)

|

Z (Nﬁ - 5crﬂ)0a

— (Nﬂ — éaﬂ)(]al;} X {Nﬁ — 26&,6}“‘1

pef
CPl &5 CEY(A) = Cup ~ [Cop(A)) — { [EP ()] + [P ()]}
= Pealinat X Copliap
A= Z{[s?’m)] +2(ng — Sap) [esl;ﬂm)}}na
2 g

foralm s~ 61 (jm] : Ay ;

&(ml:4) = A +(m]: 4),
Wm): ) = Plmg - 60,3)E2P ()
B s B N (2.58)

Just as the case with (2.54), ¢}([m]) are the induced SPE and ¢M([m]) are
the renormalized SPE (for a fixed unitary configuration [m]). In the case of
HO = plo 4 v decomposition A = HO, B = hl% and C = VI in (2.58). It
is useful to point out that V given in (2.57) is V% type with respect to the
unitary configurations, i.e. VI% =0, VI = 0 and it should be recognized that

the vy of [2] in VIl need not be integers (they can be half integers) [Ch-71].

2.6 Trace propagation
2.6.1 U(N) group averages

Given a m-particle space generated by distributing the particles in N s.p.

states the U(IV) (or scalar) trace (¥ ,em (mux|O]ma)) of an operator O over the
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entire m-particle space propagates from the corresponding traces in few par-

ticle spaces, i.e. the trace will be a polynomial in particle number m with the

expansion coefficients determined by the basic few particle (or input) traces.

The general principles of U(N) or scalar trace (the word trace and average are

used synonymously) propagation are described below with examples that are

relevant for the thesis.

i) The trace (F/(K))™ of a K-body operator F/(X) over the m-particle space

is nothing but the trace over the space defined by {1™} of U(N). As
traces are invariant under unitary transformations, the trace equivalent
operator in the U(NV) case of interest should be a function of the invariant
operators of U(N). In the scalar case the only invariant operator is the

number operator n and therefore one has the elementary result

)= ( ) oy (259)

which shows that the m-particle average propagates from the defining
K-particle average via the binomial }7:, . A simple application of
(2.59) is writing down the m-particle average of h defined by the SPE
€,'s and V defined by the TBME O,Jﬁ,ys,

(RY™ = mi{h)! = %ZGQNO = mé

o - (7)o (3);

= [m]y[N];? JZﬁ{J] Vobas (2.60)

The € and V in (2.60) are defined by (2.49 - 2.51).

Extending (2.59), it is very easy to recognize that the scalar average of

a0+1+2+...+ K-body operator F(0— K) is a K** degree polynomial
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iii)

in m,

{F(0 - K))™ }_ja,m, (2.61)

r=0

The (K + 1) - inputs ¢,’s can be written in terms of the averages of
F(0 — K) for any (K + 1) values of m. For example let us consider
(B = ((H — (H)™)™ = (b — (k)™ + V — (V)™)?)™. Now r = 4in
(2.61). Solving for a,’s in terms of (H?)™ with m = 0,1,2, N —1, N and

recognizing that the averages for m = 0, NV are zero, gives the result,

(H?)™ = [m]y[N — m]y[N — 2]3*

s (N =3)(m—2)

N1 (m—2)
(N Dm-pt T

(N—1)(N—m—1)

(EZ)N"I
(2.62)
Alternatively (E 2ym can be written in terms of averages over m =0, 1,
2, 3, 4 which then would have involved calculation of the input traces
over 3 and 4-particle spaces. However as (2.62) shows, by exploiting
the properties of the operator under question it is possible to reduce the

input traces to a minimal set of easily calculable traces.

There are further simplifications in the choice of the input traces if op-
erators with definite unitary rank are used (unit;ary decomposition of
operators with respect to U(N) is already discussed in Sect. 2.5.1); the
simplicity arises from the p-h symmetries of these operators. For exam-
ple using the unitary decomposition of h = k% + k! as given by (2.49), it
is easy to see that the trace of k is completely given by A° and for calcu-
lating the trace of (h')? a good choice of inputs is the points at m = 0

and 1. These immediately give the following propagation equations,
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(iv)

’12m_mmx 1y2\1 . 121_2(63)21\%
((R1))™ = i, () AR == (2.63)

Using the p-h symmetry {(h!)%)™ = —((h*)®)¥~™ and choosing the in-
puts to be the values of ((h')%)™ for m = 0, N, 1, N — 1, yield the

following propagation equation for ((h!)3)™,

mm*(m* —~ m)

(= TR

((R1)°) = &%ﬂ (2.64)

Similarly the propagation cquation for ((V*=2)2)™ is derived by using the
p-h symmetry (V¥=2)2)™ = ((V¥=?)?)¥-™. Choosing the input points
for m =0,1,2, N,N — 1 and the property ((V*=2)*)™ =0 for m = 0, 1,
N, N —1, the final result in terms of the TBME V.}; (v = 2) of V¥=2 is

v=2\2\m __ [m}g[mxlg
(V=55 = ““‘T@“‘X

Yo [(Vaps(v = 2))% (2.65)
a2Byy28,J
Using the unitary decomposition of h and V as given by (2.49) - (2.52)
and using the propagation equations of (h')? and (V*=%)? given by (2.63)
and (2.65), an explicit expression (unlike what is given by (2.65)) for
(H?)™ is,

. mm>

T = T

T + (m 1)63(2»2%}

[m]a[m*]2 I o2
+ [(Va azﬁ%&J{J](Vaﬁw( 2))". (2.66)

In general it is possible to combine the principles involved in (i) - (iii) to
derive simple propagation equations in some complicated examples. For

example, in evaluating {(h')F)™ for P = 4 and 5 one needs to extract

49



only the one and two-body parts of (h!)F denoted as Xp(7), i = 1, 2.
The unitary tensor nature of k! and p-h symmetry will allow us to write
((RHP)™ as py(m)Xp(1) + p2(m)Xp(2) and the polynomials p, and p,
are easily determined using (i) and (ii). Then the propagation equation

for ((R})H)™ is

@y = L v 1) - mme] [N D

+3(m — 1)(m* - )N [N“ Z(e},)zNa] } (2.67)

Similarly for ((h')®)™ one needs to extract out Xg(¢), ¢ = 1, 2, 3. An
equally simple case is the propagation equation for (R*(V*=2?)?)™ and
one needs here the input trace over 2-particle space and the final result

is

1iv=n2vm _ [m]g[m*]s(m* —m)
(b (Vo= = FiRm
5 S (Vv = 2P0+ 8.1+ 800). (2.69)

rtuy
The elementary traces of basic one to three-body operators in 1 — 3
- particle spaces are: ((a:‘;a]g))1 = §4B; ((aiai;acap))z = 8pcéap —
6acBD; ((GEGLGLGDGECIF)):’ = 6Fabpcées — Spabppdec — SEAODCOFB
+ 8pabppdrc + 6padecdrp — Spabesbrc, where A, B, C etc. are single
particle state indices. Extracting out the definite body rank parts of an
operator which is a product of several (say v = 2) operators is tedious but
straight forward. To do this, one has to put the operator in normal order
form which follows by applying the anticommutation properties of single
fermion state operators; {a;a};h =0, [aaaply = 0, [aa a};h = §4p.
Applying this together with (i), (ii), (iii) for the (UVW)™ trace (U,

V and W are three different two-body interactions; note that as stated
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below (2.57) U, V and W are automatically v = 2 with
gives (we carried out this exercise although the final result

in [Ay-T4a, Wo-86]) the formula,

(UVW) = [@ﬁr_’]’:ﬂi} A {[m][;{r":"]z N [m][?gz“h} B

A= Y (1A AITYA, L (U)BE(V)Be (W)

1 e
B=x Y Ul VisssWias ;

8 7
afybédy
s r $ J —_—
Fia(X) = (-1 AL) { D }xfm
X = VO +6)(0+8)X], s X=U,VorW (2.69)

2.6.2 Spherical configuration averages

The principles used in deriving scalar trace propagation equations apply equally
well for configuration traces (F)™ of an operator F. This was done in detail
in [Fr-7Tla, Ch-T1, Ay-T4a, He-75, Po-75, Pa-78, Wo-86]. However there is a
simple method to produce fixed configuration traces [Fr-89a, Fr-89b, Fr-94] of
operator products with the operators having fixed unitary rank with respect
to the spherical configuration group. To derive the propagation equation for
the trace {(AM1BP] | Y™ one has to start with the scalar trace propagation
formula for (A" B*2...)™. Then one has to attach appropriate spherical orbit
indices to particle number m and degeneracy N, in the corresponding scalar
propagation formulas and carry out the summation over all the spherical orbit

indices after multiplying the propagator with the input with spherical orbit
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indices. The input matrix elements of A**, B*2,... etc. are to be replaced
by the matrix elements of A B2l . respectively. The right correspon-
dence between the indices of inputs and those of propagators is to be decided
and this can easily be done with a computer program. Simple examples are
(B)™ = T eamqo and (V)™ = ¥, <4 VapTiap and they follow from (2.60) as
(R)™ = (A1y™ and (V)™ = (V)™ Propagation equation for (V)™ is eas-
ily obtained by starting with (2.65), changing [m]z = m(m — 1) by map and
[m*]2 by mJ5 and noting that V = V. Thus for the traces (UV)™ or (V)™
(U, V are of v = [2] type with respect to spherical configuration group) it is
easy to recognize the right combination of the indices in the propagators and

the inputs,

=

(UVYP = 3 masml [Naﬁ'vé]—l{ %:[J]Uiﬂ'yaviﬁ—ys(l“*“saﬂ)(l+6'75)}

o,

7,6
(2.70)

The trace (R1TV?2)™ is zero because hl!l is zero. Using the method described
above, it is possible to write down the formula for (UVW)™ using (2.69).

The explicit formula is given in [Wo-86].
2.6.3 Unitary configuration averages

For unitary configuration traces (F)I™! the same procedure as above can be
adopted (after carrying out tensorial decomposition of the operators involved
with respect to the unitary configuration group). In this case unitary orbit in-
dices are to be attached with m, N etc. of the propagators of the corresponding
scalar trace propagation formulas and the summation is now over all unitary

orbit indices. For the inputs, the indices are spherical orbit indices that belong
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to particular unitary orbits and then the summation over those spherical orbit
indices are to be carried out. Like in the spherical configurations case, the
right combination of indices in the propagators and the inputs can be found
out using a computer program. The formulas for (UV)ml (all(v)2)m] and
(UVW)I™ are given below.

The derivation- of trace propagation formula for (UV) is straight for-
ward as U and V both have unitary rank [2] as stated below (2.58). Using the
scalar result (2.65) (and also (2.70)) the formula for (UV)™! can be written
down,

(uv) = [mesmiy] (Mestn) ™! %

)8 &t "

led

Z {J}Ugstuvrjstu(l + 67'8)(1 + 6t") (2‘71)
J

TEr,s€s

tet,ucn

N

The formula for ((A')V?)[™ (required to calculate spin-cutoff density vari-
ance) is derived using the scalar result (2.68) and then looking for the correct

combination of indices with the help of a computer program [Ha-92, Fr-94],

((h){l](v)2)[m] = Z [Nr_t;{lvrml‘tmflvr - N;\}rrtmu"l‘mt);(r] X
r.tuyv
1
) Z [J]eg]V‘r]muV;fwt(l +60)(1 + 8u)
J (2.72)
rerntet
UuEWVEV

The trace propagation formula for (UVW)I™ where all U, V, W are of
tensorial rank [2] with respect to unitary configuration group, follows from

(2.69) and the expression for (UVW)™ given in [Wo-86]. The final result is
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[Ha-92, Fr-94],

(UVW){m] = Z Hml‘ﬂym’:\lx mylux} Arstux y]

r,s,t,u
Xy

X -1 X !
+ [{[ml‘smtuxy rstuxy + MyytuMys X nyturs} Br,s,t,u,x,y]

Ar,s&,u,x,y = z (__1)r——t-—A[ } 1/2ﬁ tsu (U) zysu(v) :vytr(w)
A
rer,ses
tet,ueu
TEX,YEY

1
Br,s,t,u,x,y = § Z [J]Ugstuvixngyrs(l + 61'8)(1 + 69“)(1 + 53??1)

J
rer,s€s
tet,ueu
TEXYEY

(2.73)

The definition of the multipole coefficient 82,, appearing in (2.73) is given in
(2.69) and it follows from [Fr-66]. The formulas given in (2.71) - (2.73) are
used in Chapters 3, 4 and 6. For example the variance (V)™ of the density
V’[m (z) = (6(V —z))™ follows from (2.71). Similarly the centroids and vari-
ances of the spin-cutoff density p , 7 Viml = (JE8(V — z))m/(J2) ™ follow from
(2.71 - 2.73). The centroid of the J - density derives from the trace (JZ V)™l
= ((J2)AV)m (since (V)™ = 0 and ((J2)1V)IW] = 0) and ((J2)FV)iml
follows from Eq. (2.71). The spin-cutoff density variance derives from the
trace (JZV2) = ((JHOVHE 4 (gHivHm o ((J2)EV2) and the
three averages on R.H.S. follow from (2.71), (2.72) and (2.73) respectively.
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2.7 Summary

Extension and application of the CLT results given in Sect. 2.3 to indefinitely
large shell model spaces is the aim of SAT-LSS. This is achieved by using the
unitary decompositions of operators described in Sect. 2.5 together with the
S - decomposition, introduced ahead in Chapter 3, via spherical and unitary
configuration partitioning (Sect. 2.4) and it is made practical by the trace
propagation formulas given in Sect. 2.6. It is useful to mention that programs
are available [Ko-84b, Ha-92] for carrying out unitary decompositions given
in Sect. 2.5 and for the trace propagation formulas given in Sect. 2.6. In
the next chapter the basic convolution result for state densities in SAT-LSS is
described briefly before turning to a study (and tests) of two important aspects
of SAT-LSS. The trace propagation methods described in Sect. 2.6 are used
extensively in Chapter 5 to derive large number of trace propagation formulas

relevant for the construction of non-interacting particle strength densities.
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