
Appendix , I ;7;7 ■ , *,

CEBTAIN MATRIX THEOREMS

(A,l.l) If the elements of a matrix Xspxn (n^p) have 
density function f (X), then XX* is symmetric Csy.) ,
positive definite (p.d.), ,'7

*.__ i v f

(A. 1.2) If Xspxn is a matrix of rank t (t£p£n), then 
XX* is sy. positive semi-definite (p.s.d.) and if t=p, 
XX* is sy. p.d. [See (l), (IS), (83) I)

(A. 1.3) If A:<nxfl is a non-singular matrix such that its 
leading principal minor of order k=l,2,...,p is nonzero, 
then

| k*»2,  ........ ,n|3>J. , j-lj+l,...n|
So 1^2,.1

A
k**l,... ,i-i,i+1 j >.. ,n 
kt2,...........•.••«n

k=0 k*-2,
k*2,.... ,n A • •»>nk+l, 

k*l,. ,n

A
r*l
r*l /

,___ . \ ■

I r*1,...,n |

1 ^.i,. • *, n I' ,
£See-(l)]for i>r, 3>r and r=0,l,2,.•• ,p j'i tt;

ef •a.(A.i.4)(a) if Aspxp is sy. p.d., then A=T T* wiiere ^£>0
| in,..**........ >£| Aj i,...,pi ri+i,...,|i| V*

& *41*1*1,... ,3~1,4*1,... ,f>l/ 1lAi,... ,h I‘ ri+l,... tp 1 J
wfor i-l,2,.,», i & j=l,2,...,p. Similarly ^A=T*T.where t.^0 

and the values of t-.'s can he established; 77
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(b) if a=/a^ °\(*i
V'lB A22 h «VC2 T3jV<> *S/
P q p- q°

then n «AirTxTl> T^r=Aia Similarly

0 \* / 0 \ r* « ' "y-if ^ ”(.^2 ?3j ^ T T j ’ thSa Tl2l=;A'li“A32A22A^ *

“1 “ 1 * ^ 1 *’ J1 • —T2 %, =A1SA22 & Aa2=%3 • LSee (79’S0)i •
Proofs- Proof of this result is given, in the references,
hut a different proof based on (A. 1.3) is indicated here,
(a) In (A*1.3) , let r=i-l and n«p & . ' 'W
~ - , ' ' , ■- "V'j ■---1

I k^2,.«.........*W.P]U kl'2J»**iPjf
13 ,lt+l = |AMtl,. . . • * Ml j A1s+2,. . *VpI5
and since A is sy. p.d., we have

*4- lr*~ -**ar»*l Nai33! Sv ^or and 30 A=T^* wbere ® Is

a triangular matrix, t^>Q, t^=0 for j^i & ^ 0 for 3 ^i.
(S e*In a similar manner, we can prove A=sT'T 

(h) Under the given conditions, we have- obviously
^l^l'5’!* A12”“ 1^2 A22s~2T2 + ^3T3 * Hence

“1 f*>~ 1 i» M ' “1 './iAi^igSCTg^i ) 'and TgT| * A22*"Ai2AllA12* Siai^rly the other 

part of (A. l.4b) can be proved.
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/Ai A£\r(A, 1,5) If A is sy. p.s.d. of rank r, A=| . , I
\A2 A /p-r 
r p-J?

and rank A^sr, then A=
: ' (Tl) (¥j 
p-r ^Tg/ ?̂ where

N ?1
T2=sA2Ti : [See (80),(59)] .

. This can also he proved from (A»i,3) noting that 
all the: principal minors of order greater than v r are zero

t

and all.the principal minors of order less than or equal to 
r are positive or zero with at least one of them as positive*

(A,l,S)(a). If A:pxp is a sy, matrix of rank r, then there 

exists a; semi-orthogonal matrix As Pkr=(£1, • • * 9£T )p such
: j ^ 1 . 1

that A=£% A*= 5T t As*± <kl £**6^ for any; l» ■ - 1-1 3.““ 1
s positive integer and D^jrxr is a diagonal matrix with 
diagonal elements otj/ s as the nonzero roots of A.

jij; [See(l),(lS),(83)] .

g r s(h) tr A 5 I«( for any s positive integer and 
1*1 '

A to he syt. matrix, s nonzero roots of A,

(c) If A is sy, p.s*d., then nonzero roots of A 
are all1 positive# j*See (l) ,(18) ,(83)] .

(A', i,7) : If ? A: pxp & Bspxp are two sy, matrices of ranks r and
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s respectively and AB=BA=0, then there?exists a semi-
orthogonal matrix A:px(r+s) such that i
,/V 0\ /0 0 \ • '

A=A{ 1A* & B=A/ lA* where Drt:rxr & Dfi; sxsVO 0/ VO DpP - ... -r
. Titf»t%«A© s

are diagonal matrices, oCi*s Are the. roots of A & fa* s
'Vvm^Ao . f, X_^' , . ,,are theAroots of B, i'X.'-i j

Proof:- By (A.l.Sa), we have A=Ai%A^ & B=^2Dp^2

where Appxr & A2:P^s are two s emit orthogonal matrices,
- "' ( * « <and since AB=0, we have A* ^ igDp4!=0 i*e;. A^Ag^O •

' rf
Hence A=CA^ hg) :px(r+-s) is semi-orthogonal,*’and so 
we can write A & B as given in (A. 1.7).

(A.1,8) If A:pxn is a matrix of rank r and £?,i=l,2,,.
•w - -) '“A

• ,r are.the nonzero roots, of AA*, then there exist#
two semi-orthogonal matrices A:pxr and £:nxr such that
A= AD^ X * where % is a diagonal matrix.
Proof:- By (A, 1.2), AA* is sy.p.s.d. of rank r and so by
(A, 1,8c) there exists a semi-orthogonal matrix A*pxr such
that AA* = AD^A* and (A]/A) (Aj_ A) *=0 where Ax:pxCp-r)tomktk*)

is semi-orthogonal and A^A-O i.e.
-1 -1 - -1Also (% A‘A)(D^ A *A)’=1 j. i.e, A’A=£* (say)

: rxn is semi-orthogonal and so A'i-^ifX*
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* f

Hence (A A3) * A=(I^ 0)*2"* and so A= ’ .

(A,1.9) If Asnxn & Bsnxn are sy* matrices and Lspxn
and Mspxn are any two matrices such that AB=0, LB=MA=0
and LM*=0, then there exists a semi-orthogonal matrix hi

p O'1 ~ **nx (t+u) such that k-N
A0 0

,A*. B
□.-oronogoi
M° °)

\0 E/ A* , L«(T 0) A*
and M=(o IDA1 where Cstxt and Isuxu are two sy.aatrices,
m - - . !Li:
xspxt and Uspxa are two matrices, t=rank (A L’) and 
u= rank (B M*). , , rr
Proofs- Since A and B are sy. matrices of ranks r and s 
respectively and AB=0, then by (A. 1.7),’ there 'are semi-

iorthogonal matrices Q^snxr and Qgsnxs: such that,
(A. 1.9,1) QjQ^O, AaQ^Q^ and where

D^srxr and Dpjsxs are ^diagonal matrices, and
(A. 1.9.2) rank (A L’ )*= rank (Q, L1) ( P*Ql; r \

1 V 9 'I-
^Qi

rank (Q^ L’)=t,
for rank l " A I « (r+p) j^Cntp)]. j^See (79)^|.

P ■ t
n P ■

(A.1,9,3) Also rank (B M1) = rank CQ2 M’) = u.
Hence the given conditions are written as
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(A. 1# 9,4) (?) (Q2 M‘) = 0.

low applying (A,i,8), we write 
(Ail.9.5) , j.Qx D^CPji P12) and (Q2 M«)=

;'&29$*0>2i Pgg) where

A.:nxt, CP1’1 Pjg)* jAgtnxn, (P21 P22)u are all 
A . r p s p

semi-orthogonal matrices and D^stxt and D^-suxu are non-
singular diagonal matrices.

Hence hy using the conditions (A. 1*9,4), we have
(A.1.9,6) AI&2 ~ 0 or A2' a 0*

'' f ^

: life. nCA^ is a semi-orthogonal matrix and
'> ■ - -J t u .

substituting the values of Q-^, Qg in (A. 1.9.1), we can , 
write A, B, L and M as stated in (A.1,9).
(A;i. io) ; If Xsnxrn, Ysnxp are two matrices such that 
XX’ssYY', then there exists an orthogonal matrix Ci)
A* smxm suci that XA=(I 0)n if m^p or (ii) Aspxp such

p fflp-p
that YA=(X o)n if p^a.

' -h, IB- p—IB

Proofs- ; We';'shall prove (A.i.10) for only one case, namely 
m^p. The pther case can similarly he proved.

By using (A. 1.8), we can write
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/** 0\ C=Q (

\0 Oj
P and Y=Q H wherec

Q:nxn, P:mxm and R:pxp are orthogonal"matrices and 
D^srxr is a diagonal matrix, r=rank XX* ;and s are 
the nonzero roots of (XX*=*XY*)* d

Let a^p. Then V.
r/Dj, 0
a \0 0(

r m-r

Q*XP«=Q‘(Y 0) %0
P ;%-P' BHp;

, and so

if P* then X^s (I 0) *

(A.1,11) _If X:pxn is a matrix of rank r such that r./Tl\ (a 
XX‘* I ] (T£P-rv Tj

Cg), then there exists a semi-orthogonal

matrix A:nxr such that [see (79),(80^.

This follows from (A.i.io) .
(A, 1,12) If Asnxn is sy. and idempotent of rank r, then 
A= & A' where As*ixf is a semi-orthogonal,matrix.
Proof:- Since A is idempotent, then noi^erq roots of A 
are all unity and using (A. 1,6), A= AD^A* where A:nxr is 
a semi-orthogonal matrix and t*' s are (the .nonzero roots of

Li ^ ~ >A, for A is sy,. Hence it follows that'A= AA* y -by using the
-,!

property of idempotent matrix#
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(A, 1.13) Let A ,Ag, . A^ 

matrices,:rank of A-jsqj^ 1=1,

be a collection of nxn sy.
m2,..., m and rank (A= 51 Ai)

i-1
=q. .Then from1 the four conditionss

e^s each A^_ is an idenpotent matrix} 

Og^AjA^aQ for all 3j6 3}

CgS~A; is idempotent and c4s q=

(a) if any two of the conditions c^t^gjOg are satisfied, 

then remaining conditions are satisfied and (b) if c3 and 

c4 conditions are satisfied, then c^ and c2 are also satis
fied, [See (25)].

Proofs- ke .shall give here different proof.

(a) (i) , X»et ^ and c2 be given. Then by (A.1.12),

V Ai f\^ where ^snxq^ is semi-orthogonal and 
for i^ j(due to condition Cg). Hence 

| I m
A =(A1,V.., Am) *• nxZ^ % is semi-orthogonal and A= AA*.

Hence eg and c4 follow immediately.
(ii) Let c^'and cg be given. Then by (A.1.12),

(r3i=Ai Aj[ and A=A A* where Asnxq and A^snxqf 1=1,2,... ,m 
' are semi-orthogonal. Let Z-CA-^,..., Am) and so 

AsXPs AA*. Also raids: A=q4 £qj_ . Therefore by (A.i.10), 

Z Q=(A 0)n where Qs £rq.jx rq.. is an orthogonal matrix.

' ;q 1%-q * y* *
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(b)

Let Q*s r^x Zq^ » Zq^\.and

*1 %l .. r*i : : - ■
;' <■_ -Qis%x?%=^li ^2i* % • Thsn XlQ**C^ Olives

q %-q lv-i; f)

A|s AQ^S(A 0)Q|^ foi* i=l,2,. • . ,m. *
* i / 5 ,

Hence I = A^ A^*5 Qn QW * Also since -
qi - 4i i

Q is an orthogonal matrix, Qj_ is semi-orthogonal and
so Q*Qj[ * ^li^li + Q2iQ2i= Iqi’ M ^li^iif 1q±* 
Hence ^2i^2i~^ i*®« Qg-^”0 for i—1,2,. ..,31. This is

impossible, unless q-Cq^* Hence c4 is proved and

c2 is proved from AQ | or A* =0 for i^J.
f ' , -'4

(iii) Let Cg and c3 be given. Iheh1. by1 (A.1.7),

Aj= £yjD^ A^ where A^Al***® »Am) is semi-orthogonal
1 diagonal

and is a non-singularZmatrix. Also AsJfA^ =

ADA* where D*diagonal (D ), but A is
P'1 i,

, jH n"
ideapotent, hence D2=D i.e. D=I for I) is non-singular.

Hence c-^ and c4 are satisfied. - -- ; i-

Let c3 and c4 be given. Since Aj_ is symmetric and
i r : i ■ ' •>-. —

A is sy.ideapotent, then by (A. 1.12) and (A;l.6), we 

have A^ A^ Ai* where A^snx^ 1=1,2^...’,in'is semi-
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orthogonal a-nd D Is non-singular and A=A&'

where A:nxq is semi-orthogonal. Letting X-CA-^,... ^m)
and:D=diag.(D. ), Then by definition of A,

vV-,. <*i
A=£D£‘; and also A= A A1 • Now. by c^, we have rank£ = 
rank £D£* sqplq^ i.e. £ is a non-singular matrix*

Now £D£' = AA' i.e.
V-Hv*.-) Z’A\ \a'»" I'A }' is positive definite 
by (A. 1.2). Hence let D=D^ and so using (A.i.io), 

£!>•$=A where Q: qxq is an orthogonal matrix, or 
£E>i= AQl =a semi-orthogonal matrix, i.e. is

semi-orthogonal where D^diagCD-^ ,...,D, ),
cCl <km

D,*i=I<li for D.^= . i.e. D^=I and so£is semi-

orthogonal. Hence c^ and c2 must hold good.

(A. 1.14) m A B I 1 “1 1
r - , = A . D-CA B if A is non-singular

n C D 1 1 •
m n 1 —It

, » , ' —
-PI . 1 A-BD C j if D is non-singular

... ' fBee (79)7 .
(A. 1.15) |A+el| I

= 2: 91 tr A where A;pxp is a matrix
i==1 P-2.

and tr .A= the sm of principal minors of order 3 in A,©

and by above D, ^4 D =1^ i.e.
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is any value, n (*See (2) j(l8) , (83)J*
g l i jj p(A. 1.16) If A:mxn (n^m)^ B;nxm are two matrices, then

. , ::ji
* /•

(a) trA AB=trf-3BA -ifor i=l,2,..e,m and
(,( \\
\ -tr BA=0 for i=mt 1,..., nj
f<^\ C a
s ' ! ’ j J '*“-v ?

Cb) the root's-of AB-.are the roots of BA ex-cep t for
some zero roots."

1 { \ i ^g£ffQ,S?,- For any nonzero $, im © -A
,• B, n

f ' A, i n

[See (79),(S3)].

= N+«Im\

by using (A.1.14) j -ahd then using (A. 1.15) and 
'equating the coefficients of rl s for i£i, we have the
result as stated in (a).;-Then (b) follows from (a) by using

• 1 |M i(A. 1.15).
(A, 1.17) If B:mxm is any matrix, then

, . . -p 00 oo. i 1(a), t I-eSl = XL b^^expCp jT-9Jtrfr/3) if q ±s00
i=0 3=1

such that expansion is valid and b =1,/i » ■» D »A M
i Lt":i:3-l

b^= XI (p3+i-j)(-l); b. .tr^R/i for i^it 3=1 ^f-D * ’
k. \

(b) t^Bs^ (1-l)t,*1(trRt)(tri-tE)/i & tr R=1 $

(c) if in (b) ^trR^for t=l,2,...,m, then
j

f i
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trjB=p(p-D...(p!-i+,l)/i! for 1=1,2,...,m.

£SS9£a“‘ bet b+. be the coefficient of 0^ in the expansion\ !j j ’
00 , -pof (l- X a^1)
1=1 1 Then,

'brt r RpH) % uf/ V i), Rp) for t & VI, 
1—1 77 s -3”1 *H" '■

where X. denotes the summation %.over 7r, /77,j... such If* s 1 <500 00
^bat X ^4=1 and X i Now it is easy to verify that3*1 d 3=1 *
blspal» V* ( P4"^ ait>li*Pa2»V* (P^2) baa^i (2pt 1) agb-j* pa3

and so on. In general’ ire can write
t ^

(Ael. 17.1) b^=X Cpi+t-Da^b^^t for t>-l& b0=l,
J»"* «Li=l

'O 'V

Now by (A .;1*"15), we have
00

I ,■i
Jl-«R| - - * ' -1-11- XrA*« where a^=(-l) tr.R. i=l 1 1 i

Hence by 'using (A. 1.17.1), we have the expansion
of |l-«Ej"p as statedCin (a) for its first pirt. Also

lo g |l-OH| P =-p ->x, yl-o^S) where s are the 
A nJnonzero roots of R. Using = trR% we have-• 1=1* i

. ,-p 00 , 1
log |l-9Rj p =p;:X«3 tr RVj*

: ‘V / f
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Hence the part (a) is completely proved.
(b) Me have ' ;

JX-eB/-*- r (-l^CtrjIOe^exp.C- J 93trR3/J), 
i=l -- j=i -

for some value of « .
.r t i !i

Using the result similar to (5.4.17) and equating
the coefficients of we have the result as stated in (b).

The result (c) follows immediately from (b).
(A. 1.18) (a) If Bsmxm is any matrix such that E* is

” i=0
convergent, taking R°=I, then (I-H)”1 = ^E1 .

i=0
(b) If Aspxp is a non-singular matrix, and B: pxp, 

Ispxn and X:pxn are any matrices, then
• I } ;

I1 (A*JCBY'
QQ. ± '

EjSSSiXlr (a) If <L B -P(say) is convergent, then it is easy

to verify that P(I-B)=(I-B)P=I.
Hence (a) is proved.

(b) We have Y* (A+XBY* )"1X=Y,A“1(I+XBI*A<"1)"1X
1 -1 00 ■ i 4 *=Y'A ^(iXBY’A-^ixUl)1 by using (a)

=Y‘A“2t;. ^CiBYU"^)1^!)1 .
- ; i=o .. ...

Hence Y'fe.+XBY1 )~1X=Y‘A~iX(I+BY,A“;lX)"’1.
Similarly the other part can be proved.
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(A. 1.19) (a) If As/ 13^ Als\P

A21 A22 / q 
p q;

is a non-singular

matrix, then A 11 11 12*2.1 21 ii 1112 2.1

d'-rlU,2.1^?1AU
A2.1,

A
'1_ / A1o2 \

if A^ is non-singular and
1 . ' *ri- -1

\ " 1.2 12^22

,A22A21A1. 2 ’ A22*A22A21A1. 2A 3#22 J:m • • - t - *

if A22 is non”

;* 1 (frf*1
•<■1singular where A*

J, % f fSee (80),(1) ] .

; • -Tp f a;r o \
(h) If 1= I _ J is non-singular, then 

q . C /
P q

-A^'ln-l ' A-;
I *
■O-^A-l C-l

[see (83^(80)].

(c) If L:nxn is a non-singular matrix, and Iirxn, 

Msnxr are matrices^ then
(l+mO-^L-^L'Vl+HI.-^)'1 KL'1 . [see (80)1 .

- - < j \ - L
• , * i

(d) If D:nxn. is a diagonal matrix, ssnxl & y:nxl
- . *•

are two column vectors &. a islany nonzero constant, then
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(D-t-asy* r^D" 1(D-b^,i)D“1 where b=a/( l+y * D“ ^a)

t ' ' !\v y>'
[See (81,80)] . 

E.££Q.£l- (a) This can be proved by verifying M“3*A""^A=I#

(b) This follows from (a) by putting

(c) (L-i-M)'"1=(I+L"1M)":iL";L= (-l)i(L"1cfiOiL“:L
-* i=0

SH ■
by using (A, l. 18a), . f4hdj so

{L+Mjf X* Lr^CNL'^f)iNL"1(-1)i
. 1=0 .<>

’ ; • ■ I ' ‘

= l" x-l" 2m(;i+niT 3m>" 1 mT1 .
- . c' ..; fH.

(d) This can be proved from (c) by putting L=D,

(A. 1.20) If S=

!az, H=y' 0

*11
; • ^2 V is a

S21 ! ”s-;22 J 9P • • <1;, - t

\‘S" J

(Y*
Vx

j il , ■**} then
'"'■L

'-Jin-S^S* > 
1 21" 22

vs‘i"2

is a non-singular matrix and

if Sg2 is non-

singular and VttHisi!VSi!l(VS21sU *i>

if Su is non-Singular and S2>i=S22-

S21S11 °12 * ■ -•

r
!
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l£S}Qlt- By (A. 1.19a), we-write if s» is non-singular,22
1 — 11.2 ^ “S12S22

Hence Y’S ^Y-Y's Y Y =(Y,-v*s"’'^ « \ q“-®* (y 1 y \2 22 2 Ul*-2b22 S21> S1.2 CY1S12S22 V

Similarly the other part can be.proved.

& W
S12^ P f^T1 Wn0\h(A.1.21) If S= I 11 r & Va I -‘11 ^12

521 S22/^?f iW21 ^22 UP q y ^ j, y

/

are non

singular matrices, Q=j/-S=...<P-
rSlr„

'l\ ,rr* /Qll ^12^ P
VY2,

i ' • tX
<*} Y*)1 2 lQU Q12 Q22 7 q »

q
¥i8r,€irWi3W31,,f0l and Si.i=:3irsijsjj Sji for 1^3, i,3=1,2-

th8n s^)

for i^3, i,j-1,2, and'.^0ij/j are non-singular •
££2Q£L“ We shall prove (A. 1.21) only for i=i & 3=2. Now,

P=(YrS12S2fe) C^2S22 Y2}

=(I “S12S22^Y
Lr-A t \ *...0 0

i+y*7 .it i0 S22

^ 2 22 21

By using (A.i.iSb), we have
P=(I -S _S“1)/Ip Q12S22

P Y2 22; q j .1
\ V - ~ q l^22S22

•-1
(W-S)

/

ki* '
■J). \

,S"^S 1
22 21

we have
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...... -i . J !

Now using (4.1* 19b) , 
-i*12^22P=(Ip -SjgSgg)./1!1 'Q12W22 WirW12S22S21-S1.2'

_ -1 .. -1
S2#22 Vf21-lf/22S22S21 

-1
i»e. P=(I -8^ ■>"1 / W_ jy.S., +S V if „S s s!•?:. 1*2 12'*22 21 I2b22 21

‘ S22W22 ¥2l“S21
; v*.

Similarly .the other part can be proved.
(4.1.22) In the same,1 notation as (A.1.21), we have

(a) the roots of )" 1(x*s" T-Y«S~*Y ) or the roots

0f (Ir','Yp33Y3) (Yi"Yi®33 ^i^i.3CVSi3Sjj x3> are the roots

of (W. .,3-1i«3Si.3 --p) except#.forsomezero roots if are

non-singular, i/J, i,3=1,2, and
1 -1(b) the roots of (I+Y«S Y) (Y*S Y-Y’S^ Y4) are the roots«1 — l

rtq‘3 33 3
-1 -of except for some zero roots if S^,W^ are

non-singular and 1^3, i,3=1 j'2.V [See (37) ] .
£ig.Q,a(a) This follows immediately by considering (4.1.21), 
(4,1.20) and (4,1.16b), . t
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(b) We shall prove this by. falsing i=l & 3=2.
By applying (A.1.20) ana (A.i.i6b), we have the

“1
2S22Y2‘) are tiie roots of

roots of P=CI+Y*S'’1Y)”;?*(Y«3";S:-Y ~1

H-(Yrsi2s22 Y2)(M«S Y) CY|-Y«S22 S21)S1#2 and applying

(A* 1,18b), we have

,Jl2'j22j
A=(I ~^i2®22^ ^ (v/=S) (I —S^S^g )* ,

=^S1,2 W
/"¥11“W12S22 S2r"l,2'

VW21"^22S22S21

5(S1./^ JL i
-1• 1' * /w -W.0s„_ S01~S, o -s- jc vw -v%r ) 11 12 22 21 i*2

1.2*1.2 12 22 J{ ^
- w s21 22 22 21

= ai.2«-\.2SLZ> *

Similarly, the other.part for i-2 & j=l can be proved. 
Hencej we have trie result (A.1,22).

(A.1.23) If A:pxp is sy.p.d. and Bspxp is sy.and at least 
p.s.d., then for all non-null ^:pxl, (i) i'B^’A^ is non-

f ' ' ' Mnegative, (ii) the stationary values of d*B^/d’A^ (under 
variation of <|} are the, roofs of"the determinantal equation in 
I B-A@J=o and (iii) in p>-articular, the largest and the smallest 
(nonzero) values of ji'B<|/45A<J are respective the largest and
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the- smallest (nonzero) root of the determinant al equation.

(See (79)] .
(A,1,24) If Aspxp is sy.p.d. and Bspxp is sy.and at.least 
P.s.d., the statement, “g^ a*B£/cS«A<| cg2 for all non-null
£:pxl" is exactly equivalent to *5g1491 *9 gg?» where 9, and

r-v.' 1 P ^ 1
9p stand for aii the smallest and the largest roots of the 
equation in 9s (all positive) lB~A@j=o« jsee (79) J ,

(A, 1,25) Let B=s 2* tespxl) arid Aspxp is sy.p.d., then the 
statement “(it’d)24 gg (d'A£) for. all non-mill 4:pxl" is
exactly equivalent to ,^»9

This follows!-;from , (1.1-.24) ,

(A.1,26) If Aspxp is >syjp.-s,t,‘and Bspxp is sy.p.s.d., then
(i) 9mlnB, V*8]* semax,i 9naxB and

(ii) W W^W^fW W. W W]
where and 9fflinM stid respectively for the largest and

the smallest roots of M {See (79)] .

l£Safs- Since Bspxp & Aspxp are sy,p.s.d, of rank r (say), 
and s (say) respectively, then by (A.i.Sc), we can write B=YY* 
where Yspxr is of rank j>-|pd it is obvious from (A. 1.23) that 

S'A2S9maxA Jj’apj jfff q
i '}
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Wow for any nonzero.'^: rxl,

5,Yi AXfi / ■S’S4Vx A S'^s/s's 9maxY’Y
* « i 5 t '

Wow applying. (A. 1.24) and (A.i.iSb), we have
(A. 1.26.1) all ©(AB) <‘Q A © g

, 'max max*
Wow if Cspxp is any sy.p.d., then C=ZZ» where

Z:pxp is non-singular and using (A.i.i6b), we have
all ©(AB)=all ©(zT^iz* 1Z«BZ)^© Z^AZ*"1.© z«BZ

1--* ~ max max
u -. **“1(Ael.26,2) i*e» all .©(AB) £ © AC © CB.

max max "•
(a) If A & B arejsyjp.s.d., then the result is 

proved from (A.1.26.1).
(b) If A is sy.p.d. & B is. sy.p.s.d., then from 

(A. 1.26.1) & (A. 1.26.2) , we have

** ® A © B and © 34© A © ABmax max. max mair ^ *max • maxr“ *
Vl • V- 'Hence the result (A.1.26) is proved.

Similarly if A is sy.p.s.d. said B is sy*p®d., then 
result (A.1.26) can be proved.

(c) If A & B .are both p*d« , the first part follows 
from (b) and taking.the; inyprsesj the second part can be 
proved. Hence

\s' ” ’
(A.1.26) is.. completely proved®

,.'•**»* '


