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2.1: Introduction fmﬁ SUIMMA T2 - e
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I T
In this cbapte‘, we shall derive-the dilst: *ib 1tlcns
connecied with the s%atisﬁics,obtained 1n cheouer iy [b.calll}]y

- the tests for m17tic0111qcar1ty o* meﬂns of uhe

_-.«_,

first kind, e shall define these statht%yﬁ\ﬁsrj*ﬁ
_ iy
2 ' 1) = imumm root of (1. L. al+
(2.1.1) (1) Ap = maximum root of (M, 4 Siie I3
I |
(11) generalised U= 41 “1»38102 ~py and
. -1 -1 .

iid eneralised ) = tp 1. 3 + e

(i11) (generalised ) te U, 7, 5.0 F D
where W, =0, =i ’z” & 8 =3 ...S -1 gt -
g 1.277 11 12 ‘29 12 le2 "11 712285712 9

811 2\ P2 . X o
8= = 1s tone S.2.M, due %tq. error based on
851 g« ' T
12 ugz q ' N ‘\‘L ’: P
) : , 0 >
b 4 ] S
g wr o
e “l W 2 L
m degrees of freedom (d.f), mplpt Lf% 1
. B 7
' k Wi 22 q

=

is the $,P.M. due %o null nypothesis, based(gn T dgﬁo + The .

statistic due to likelihood eriterion has been consiﬁercd b
N

bi
\ l«

T

Eartlett (10,11), Hsu(3s3), Lwﬂy (47) and rLO\Go), ‘I’e*me

its ccnsideration is omitted hexn e, But fo“tthégr ll hynonheq;s
the mutual independence of certain statisti ésiin thc sense given

-

- L.
By the author (40) and K.S.Ra0 (72) are here= stablished,; and

i

i
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5:Lemma 1im

que of 'the computation of

I'!)

In osder to include the

(1.5.14) and (1.5, 15), we asswne

ality, in view of
Y\»p
Zlq
T
a\x )
- w711
= and S=
ey E‘l
A 12
“\‘:‘,“!" p

- - that they are

;0 note that w=S+

("A,r'”,

J Adisty ioutiop of . il

\l'ocl} and

Pede

[ £2]

e’

is Vishart (m.n*c sX:S) and

D

lependently distributed.

We shAll t prove a number of lemmas:

Given the of (2.2.1), the joint

(e q=1)/2

Trrg l;ﬁ.tr -’! (Iw
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« o (pro)(rim)/2 (e Y/2 (1‘)+q) (n“c" 2r- 1)/4
where ;¢ =2 S b B m
cL 2 fmei ]
oo I P(TE7) 1r prosm.
. S =1 :
£ 'ﬁ:‘ )
Proof: The joint distribution of Y,X and S is
.‘. ,"'J T , " ‘> =
L {(M-p-g-13/2 - pas T '
(21293}’—‘_ ’C‘S‘ GXP r I l ﬂ =
PP . X-YJ\Z-VJ .
;"—1 . :
i‘_» ' {‘whe;e ¢ is defmed in (2.2.2) &

e Y
€272.4) "1f i7=5 L) & D= T [cee (4.1.22)],

R oY /3 1/%

Y > e o~ -1

‘k‘i":( ~ & &nd ]'\ :“E' ( ’ t}.«.en Z;‘Té ‘L’

L3 3NTg Tof 4 Z S \X o .
[

Bla Sgal d
- q
¥-1 :
e-1 1 °)? . (4
L= &= 1 ool ol 7 using (A 1.19b) .
\"t3 ety ts/ G
P : q

o : =1 -1
Henee,, I R21 221X (SggXKt) K=(TyK'Sgg X)" [See( +1.18D),

Moo

) =D' D (say) |See(s olcéc,\] v -1
Slinila.ely Ip-2'2-242; = {Ir'i"(Y‘ X1)8 l(x)} .
(:2’:2.5) L. Also |9f = [w..(:';) (xr x|

[ NN -1(Y -
"’f‘ = lw‘ "II _:15! : ( ) (Yl X:)’nf_x l:,‘
oo . : P X o

L LY
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w‘ R iR A

’ ”4 ‘L l . ‘Il,—Z‘Z V'Zl us:.nsf(A 1.14) .

T . Let us transform £,Y and X to W,Zy and r
. (xr x%),-z=rix F=T1° lCY LI SN

?S \\-L;-‘ ‘;x}“ L X' {”Z—as < and. 2 3 4*)' .8

By usmg ( 1.2,12) and (4, 2.,3_), the ,}acob:z.en of Lhe transform-
3:atmn 3.<3~ “ .

* /2
(o) otz 250 20 Rl [ BT 1912 < r 2z
and lug l“] llr,z z] [I m”'El by (2.2.5) & (2.2.4)
By usi ng. (20a¢6} in (2. 2.3), the 303.11 distribution of

H
Lemmg 2:~ Under ’m.'!l hypothesis w- z"lv)
emy = Sr W JP S 12409 9
. -1 A v ,
F=U T(YLTATL XD B and =S+ ) (¥* X') are independently
e 3 " X o

- di.JL;i’ua.uea and their distributions are given respectively as
Lol ; (m~p-q—l)/2
(2::2::7)*—‘ EP lJ.. -4} ‘J.‘ ' . T’beIC

T,

‘,:: L\,. ._1-_”_ yl/c., X’ e, :;5 K i+l - (= Q-L-_,_..,'ri' an
vy e =T T 2

[o)

" . =1
, . S (m+r=p~g-1)/2 o (m~g-1)/2 trZ; .
\2+2.8) 4 3C2 ‘hl . . l & 22‘”;\:’{‘ , e 22 ax”,
o DU . _ B ‘
B B ‘ X:q/3% .

Hve R, - . ~1 w Vwher c“l . - e
o ; o - ej;p T CY r Ve whele 2 = l .
il T N . ) ";“ é

- L | o
2™ . N ~ B X o 1 p
Broog:- ter=%'T [See(r.1.4a)] and B= M ,

o ' L By Balg
é *: - b q
i}:;‘ - 3
§' N ~ .._: e
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v, [ . ™~ -
. ' ) w1 [ 51 0
then by-using (1.1.19h), B N =l @l and using
[ ; - R -

2
3

-1
* null hypothesis (M= Lo 522 V),we have

: 1 M ® . ~
(22.9) gt ) WE o T=egpvet, |

(2.2.10) £5G1,2) ,£,(F) where
- £4{F) is the same as defined in (2.2,7) and
.‘J l" e 0 4

N
-
It
Q

J
———
Lan
H
iy
o
9

' (2e 2@ j‘.\.'}::) "fg(:gs

N r-
LLoan -1 -1
o " exp(-ttr & etr 222”2:%3) .
N i . ‘ ) .
Henee (2.2.10) -mesans, ¥ and ¥ are independently

L o - . -1
. -, (1) )\ =maxi.root.of {Irm(lr-F*F}'l}OL‘{Ip-(Ip—FF‘) } s

*,,?: ,_} ~..r“'\ - . -A-! -
L3 - P M ey .-y -
Fa 11 (41) generalised U=trFF! (I.O«FF‘ ) =R F(I-T'F)
i fol : ’ &
S5 _ N P R

< and (11i) (generalised R) “=r-trFif! = r-ti'F ,



X <
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foae LU |
Proof: e have by the use of (2.2.4) 7 P
MR s
a1 b oot - b,
Fsl?_-:gr AN . - D
11 L e

“enoe by(ﬁ,l,lno;, roots of F'F argz%ﬁe rocots of

(9‘5} Zi~zl except for some zero roots.{;?ﬁi%eo

(2.1.12) roots of T'F are the roots of

Fiu

| I-{I %"S-J.X) [i v {¥! X’)S~1 ! ] }GKCGDt
Ky i 28 I - < - &

~I Verc Lf@ roots of 1= ot %I' )(8,,4- V‘“l I k
rjere the MRS AR EARETAEP S PSS ERER 2 2, 7P
except for some zerc roots, mhergfore i L o
' iy
(2.2.13) roots of{f:[ ) L1} ave the “,001," of

t
{(}fl «"612 20 ““19)(811"512“2n1§'2);“m'z }exceﬁ+ é’ror

4 )
some zero »oots . ' -

By the results (2.2.13) and (2.2.14) ,:we 4% once

carrive at the proof of the results (1) and {(54) ofilerma 2,

, - S
4lso from (4,1.22b), roots of ,Q W ':ﬁ

-1 . S . "_ R :,,i =
{;z.ﬁ;kxisgg x) [Ix0¢0 x0)8 (e x )*] L Jere tho roots of
o T (Sy,=8 8. ST excoRt tos
2 il (513-81 ?2 ig)- P }exggg% for some zero

;j"

i
- e

roots. ience applying this to (2,1.12), we caf” at once prove

the result (iii) of the sbove lemma .
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hypothesis (’u,;: 2;'*9 22 3), the dist ibuiid of G=F'F is

vgaar - b g

= 3
o £
c; \; !-\ -
Y (o f

Pt XL 36

‘ 3
RPN

5

w“ith the notations as above, widgr the null

fr

: (pnr~¢)/° ‘\m~qr ~1)/2
(2,2.15) cgy o] *r-e} PTTUAL poyr
) JRTEN zpr~ zr{r-1)
where CB"CJ..E {p E_.;-..l)} , while the

distripution of H=FF! :pEp is

(2.2.18)

where

»

Zroof:

(r-p-1)/2 (mmgep-21)72°%
oyl e G T
i 2
zpr-zp{p-1 .
reifd .
Cl.n— ' l—-»l ( )} T

oy
E t

Under null nypothes.ls (= 23_2 Zr)o 1’), the

)
3]

distribution of Fipxr is given in (2,,_074. .,T"len c.rply n

the result (£.3.1) in each separate case, ,we esta b11
lemma 4, Yow we .can obtain the di 1‘.31‘.7:10110 of~m11e stat
stics given in (2.1.1) under null hypothesiss~ -~
(1) Let 9, be the maximum root of G or UThen
e b
& It i tLri £- i
@p )\D/( Ap) and the distri ibuticns of: Py is
given by various percons and tl"elr ta Llcs are

" distribution of G or H ig giv

.

glven for various values of L_acxg p & r, The

.

3 e

.-.

and we can am*l,,r the results of oy (73,74,79),

a
Pillai (61,63) and Wanda (52). For the tables

egui (7,8), Pillei
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e ;i'i} & (443 By using the result (4£.3.6)
[N * . .

G 4 ) )
Ty (2,2,15) and {2.2,18), ve have the epp

in

PR (DI’“‘Q}/E . {I’(m-.g-gvr}.‘z
Sy N (

(2.2.270: 07! o (g /x) (1~ 2./T) o
f’“3é--)ﬁ;‘3(<°32/“ s T , for 0% zg
- - rb{ﬁpr,yr\mup«qfr)} .

- A The arproximation given in (2,2.16) is valid

ey b

m 2 §¢-phq vhen r=2 and whern r incrfeses by one unit,

[ WS

(m-p5-g) must increase by 18, The approximation given in

roxinzte

ty-(m=q) must increase by 21.
fﬂ X
Case (p)il If pgr,.
‘e e
e e b
1’{ - E%f“:: (pr-25/2 “{Q(Hﬁ‘r’—'p-‘qulj‘i‘g /2

}

(22,1877 8,(g )= X Mre
Sl pBy I pr,Ep(u-pegmL)71 §




. (pre2)/2 {otm- P-2}/2

s -3
(2.2.19) 4,(g, )= (,;2/?) (1-55/2) coin o
Yo ~ o : PAT . y K
4 :_0 3{;131‘,”}{1)(1{1"5{)& . i\:x ,"j ch"lio é ggé .po

S =t

The approximotion given in (2.2.18) ist valid
if m259+g vhen p=2 and vhen p increases By one unif,(m-g)
must increase by 1. The approximation givelr in (2.2.19)
is valid if m=z 66vrtg when p=2 and if p 'z}éiieése by omne

St P
LR . Y < t ;
unit, (m-r-g) must increase by 22. R
c":'." ""\ ,}.— -
i §‘< _*;,7. g-f ‘}
(2.2.20) In short, vwe obtain the folloving “Hest hocedures:-
5,_ \'_'"“'“ 2
SRR ”
(i) 8 —-kﬁ/(l An) is distributel as- -
, v R

foster (20,21,22) if pzr, while it ig distributed as
b - 1 * o~
8 {¥(o-p~1),k{mmg-p-1)} - if paT.

~~
e
ke
~
9

_L{r(m-p~q~l) 2}/pr is dist zg‘ip_uted as

For o lme - l)J‘ - 1f pzr while g { ,(;3..».« l) sz/p T

is distribubed F . ir -pgr. o
s distribut as pr,p(m-qu;Ml}““Z e
yTT .
1 thed,
(iii) {(r.generalised I~1){(m~p-qg u*/A Jis distrivuted
e [ ".
g 7 if r, while (m—- T cfeneﬁ"alised BT
& Lpr,r(m‘“p‘qﬁ-r) PZ ) QJ( m&; - =
ril~{z<p) qenez.all sed «
3 A i. et B 1,1_er . '-"l” R - - < ‘;
is distributed as fl,pﬁm“q} 8. Pé &, R .
'»l jf",‘
; ‘\ :): Tl ;”
i O
e L
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, -1 (pra)( 1)/4
and gl DT P‘“‘i (m.%uj (p*q)(m‘*'l)/z

‘v\£

Then performing the following 1ntegratlons one by
one, we shall get the required result. | '

Y
Iy
- F

(1) Integrate over £ such that uf-.f'_f éurf-du,
(11) integrate over the values of Gl and>" Gz y

e A

(111) integrate over g such that vcz ze wrdv

and (iv) integrate over G3 . J«,

¥
‘I

e

-1 : ¥
Kote that 1-u-(1+x'322 :&)/ {1*(3*‘\ x')S ( )} and
4

v=1-(1+x* 522 2% The integrations utilised are (4, 3.2)
and (A.3.4) or (A.3,5). ‘
The Joint distribu’cion of u and v is .

N ‘.au‘.

8 8 2)
(2.3.2) exp[—{&é £2+(1-v)€‘ X } / ]Zi:n 2 2/ .
j  Eqrie-l %(m-qr-l)*-a-l
| (_8_3 Ez/z) ¥ (J=x) \

T el

e
-

""“"“.l - /‘f

-1 1)-;1
uwn (1~u) L / B{%F*‘i&(m—q—p“l)}

Integrat:mg over v, we get the power distribution

of u and if §° ﬁl =increased distance=0,. wé get the same

distribution & o.s (2.2. 17) after putting rzl.

—
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2.4. WW&.S@W

';_:.1‘ S ,- . Sll 312 Yi\p ' 1 B )
Lemnmg 53~ If 8= = s are indepéndently
q q

t Y =y .{8!?
s e Sz Xy
{ I T : q 2 i
f = ; o i § C ’

di:stributed as Wishart (m,p+q, $; 8) and

. [543 p ]
(}Li) ,).': 11 g 212 sy 1=1,2,35¢004kK, then.

Vi ' :lé 22/ 4
"ﬁ’ri p -
K /Y ‘"' el (Y S S
Sk=S+ 12=:1 Xi) (Yj: X! ) ~and F;] 1.5 3~T2.j 3.9 ;])DJ

S N S . p ' N
vhere Sj-S+ ‘é‘( ) (Y;L Xi): 1l "12.9 .-='SE'3 T,

i b \s,y Baag )0 a0
T ‘ff.*ff!f | : L q
e (2 ; )P and D;D-I x; 223 xy tor
T \'2eg T8 4 ‘
j wa; ‘q

;1-—1,2,...,1: are all 1ndependently distributed under the
-1

null hypcthesis (My= 240 I ”13 1-1,2,...,}:) and their

'distributlons are respectively given by

" “
/ 7 “‘k P
Loy : H i
et -t}
A s s d
o
'a;‘\.
o ["“1“
ER
. |A\
Yyl
~F B
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(2.4.1) j (mr*nymp=ge1)/2 . =1
T co{Sk\~ XA - exp(-%tr.f Sk) .
. e -1
k t (wrn_ - -0/2 bt 2o UX}
| K e S
X yxts ‘ ' i

..1,2, :k
= C Y,
' mFn, _-p-g~1)/2
(2.4.2) 3!1 F3| -1 . fOTr J=152jee04k
'1-1 -pr./2 p ) \ S
Where °;} ..—n-' J —[I‘ F(nﬁ'n -q-tt-l) /[‘ nri‘nj_luqnt+1\
) ' t=1 ] . 2 ) . :~ 2 v j
b L -1t
’f?? jﬂ'l’z,...k; nt sg;' I'.s ’ no“'l and c k{,.l Ottck’

-1 (p"q)(p+q‘i'2nk-1)/4 (mnk)lz 3 s
T 25 = L r(wg )~

{?i;eof follows on the lines similar as in lemma 2.

N !
)

_gz_,lm_g; Ifr S.pxp, b j:pxr; are independently distributed
as W(m,p, ¥ 35) and m(O ) 1~1,2,...,k then sk.s+ ZY,}Z}L
and FJ;Tsﬁle ‘where Sj-s-l- é 1 Y_j_Y:}( =‘f§ 3 ajre a}.l indepen=-
dently distributed and their distributions are respectively
‘given by

(2.4.3) Wishart (m'f'nk, p,Z, 8,) and

A (nrt-n o p-1)/2

| (2.4.4)’ feqy \I-FJF“ S where



where ) r §™Dyy n-l and : I
s=l k*. 5 Ll,xﬁ'

"_j‘ - ‘1, '
-pr./2 p nri'n mrn -1t
cljz'.'n" J ti‘m F( ( - fer J-‘l’ooo,ko
=1

Lemma €:- If the distributions of 8 and( i

1"1,2,000 ,k
Xi)
are the same as stated in lemma 5, then the distributions

of nonzero charactv.eristic roots of

-1 ‘ -] Yj -1
Pj"[ 3-(1 j+X3322 j j) {I 3+(Y3 X;})Sj_ ( j)} ]

™

P -1 - i1
- - - N t
or Q.‘l“’f’p (511.5812, 522, $Biz.g? (Bpy e r S’12 3-1 Y24 Sz j-x)i
for 3~1,2,...,k and Sy are all 1ndependent1y distributed and
the distributions of nonzero characteristic i'oots of Pj (or
‘i ;;'.
Q;]) are the same as those of the characteristic roots of

st it r;2p (or FIF j i£ r <p) , and the distribution

of Sy 1s the same as given in (2.4.2), The distributions of
3 J if ;3D are glven by S I )}“-}
(z-p-1)/2 (m+n, .1;.';3_;p-15?§
- J-1~:-
(2. 4.8) ¢} 11‘«*33‘3] | ijF‘s}\ ‘ \

* ——

..%’p(p-l)“‘%prj p (3-ﬁ1 )}"Al

re ecl=¢
where j jTr

and those of F&Fj if pzr.

3 are given by -



' (p-r -1/2 ny —q-p;l)/2
(2.4.6) ] !F'Fj‘ . 113 JFJl 3\1 R

-+ r 3(1'3-1)"‘5'31'5 ﬁ&

where c§=c j T

This follows immediately from lemma 5 by using
(A.S.l) and a similar result to the maxinﬁm ~root of

FYFj or FyFY Com be estolblioed.
Q.lela.nx..é

*y

If in lemma €, all rj=1 for §=1y25e00,k

then Pj-l-”ﬂj where Ry has the same def:mition as given 1n

L

-1 LEL (Y
(68,40) or Ry= (1+x3 22, §- 1% )/ ® (Yg 33)53 ‘1(};_) b

P

< s

{-.‘ -

3=1,25444,k are all independently distributed under the

null hypothesis and their distributions are gj.ven by
p-1 (nrf'j-q-p-2)/2 B
(2.4.7) constant Pj (1=Py) B =

w
4 A
P >

Qgﬁgl]_am_ﬁ;_ If the distz;ibutions of S: pxp‘and ‘j_Y_,é: DJI;’j

J=1424e44 9k are the same as stated in corollary 3, then

the distribuﬁions of the characteristic roots of~

1 «

-1
Qj«-(YjY )s if ry>p or PJ-YBSJ ¥ :I‘.f _p>rjﬁand

Sy =S+ 12'_‘ Yigi are independently distributed and the
. =1

distributions of Qj 9Py and Sy are respecti&x}él»y given by
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 (repD/2, (wn, =p1)7e
(»2.4.8”) c:}.jIQ.‘ll J : lI—le - 31\}} ‘ if Ty3D
(p~r;=1)/2 (mtn, -p:sz)/z L
- w] F}i
(2.4.9) e, |py) " T o N R X "

et ,“é

P

. and Sy is Wishart (nri-nk,p,z, Sk) - where

,o
T

e eeDp o ~ﬁ'1
c;‘l;j:cli T 9 ki —1{ p(iﬂ:.zo_.l)'}:”? and —

“ip(p-Dtbpry p, oreteny gLl A

ci3=clj‘7r . . ;l;::&" ( 3 )} R

.
R
gl

Lot

=,

lelam.ﬁ. If in corollary 5, all rj"l for 3 1 129000, K

then the distribution of PJ-y;"S 3 35 T? / (1+T§ ) where

-1
f.r:j "Z; -1 3y {Hotelling's 2? (28)]1‘07_- 3=1,3,,”,k are

all independently distriauted and thei; distribations are

given by
$p-1 (nrt-;-p-a)/z
(2.4.10) constant P j (1-Py). . er
) ) ip-1 (m+ 1)'/“2
constant (T2 j) p- - (178 3) ! e

On a da.f‘ferent line, K.c.Rao (72) has. established
only the corollary 6. The results given in corollary 3y
corollary 4, corollary 5 and corollary 6 were esbablished
by the author earlier and publz.shed (40). More general

results are estahlished here, ’ﬁ;~f.5"

. [
H
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“"g I ] ] I .]] ’ Ilﬁ ! ' l I
ni;snmnntahian (37): ‘ '

The following 1s an example of the Egyptian

skulls ‘taken from Barnard (9), Bartlett (11), Rao (68),

,_Kendall (35,36) and Anderson (5). Barnard has four series
_of skulls, 91 from late Predynastic, 162 from the Sixth-
”‘to-Twelfth, 70 from the Twelfth-and-Thirteenth, and 75

from Ptolemaic dynasties. On each four measurcments were

taken,_;lémaximum breadth, x,=basial-veolar leng-th,

Xg=nasal height, and x,=basibregmatic height. The relevant

data aré' ‘summarised in Tables 1 and 2 which give the means

for the four series and the analysis of disperéion.

Character

X

.
f T .

W o

Table 1 : Means for the four series

I . II III Iv
N=91  Ng=162  Hg=70 Ng=75

. 133,582418  134.265432 134,371429  135.306667

50.835165  51.,148148  50.100000  52.093333
133.000000  134,882716  133.642857 131.466667

 Izble 2.: Analvsis of i P.M
.. Qsbetween,3 d.£. S.within(error), Wsfotal,
. oL } 394 d.f. 397 d.fg
123, 180628 0661,997470  9785.178098
486,345863 9073.115027 . 9559,460890



X2 .150,411505
) K
xl?? ~231.3?5635
x1x3 87.305343
xlx‘; -128 763994
x2x3 -107.505618
x2x4 12§.3133}§‘

3938, 320351 =

~_.‘.¢,

8741.508829 W

B

445.573301

1130623900
2148.584210.
1239,221990
zzss.s:nmazg a

1271.054662

'\

A “”"i

«aw,»»

VL an

s
»
_,,)

| 4088.731856

9382, 242720 '

214.197666

1217.929248

2019.820216
1131,716372 -
2381, 126040

.. 1133.473898

“"’l.

Do the characters Xq and x4 show significant variaticn

in the four series independently of the‘variation ‘due to

\~ o
%

the characters x and Xy ? ‘:;“:

P
Y >
i

A:; Computational procedﬁre ' S :i; A
We shall adopt the abreviated Doorﬁittle Technique (17]

-]
to obtain 'sz"léwlfglz and 322 -8t 8- 1612 mat?ices from

.611.798120

ERAN
i
N

( ‘,,—vw:‘
* '5

W and S, - R o Afftx {{;

S " On matriz W
9785.178098 = 214,197666 1217.929é48 '(125;9:82921?

1 ' - ,021890012 .124466743, . 206416296
9554.772101 - 1105.055886‘_ 2336.912151

1 | ' . 115654867 .244580627

-1 3809.335078 ~ 611,798190

fence Wezriyp Wiy 2 "o ' 8393,755473



| . S
Similarly on matrix S / f‘% ‘\:
.- v i 2
9661,997470  445.573301  1130.623900 '_:1215148.“'584210
1 _-046116065 117017615 . ..222374744

9052.567120 1187.082065 - 2156,728473

1 .121132092 238244958
I . [ ses0.352888 736.816146) |
ence ~ = e onrnae
227712711 712 T\ g, 816146 - 7749.888281

1 1
Hence (822-832 11S12? and ‘(S 812811812) (Wgz-wm 11 12)

are : C S

-4( 2,79306163 =0.26554872 1 1.04?7245416 0.052016097
10 - -] an ‘

-0.26554872 1. 31558807 -0.0206689654 1.088026234

AR ‘ x'/« - ~“
. A

Hence the determinantal equation beI‘
-1 -1
{(Szz -5 8 8 ) (Wz W W 12?-1 }d g - o

12°11 “12 212 11 -
A =0.1357507753 ) + 0.0031258927 =0 .
1.6, =0.10636143 and 2y =0.020380345 4+, (%)
T s

H :
4 v\ﬁ S \C

Thereﬂore gl—generalised U=0,1357507753, )\max—o.10636143 and

B A S .
generalised ® = 1. 10636143 1.029389,345;;

‘ HE
A = 2,875313487 B A
l.e. generalised R = 0,347788165 .
From the results given in (Q.z.zo) i) taking m=394,

+ 3-2
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p=4=2, and r=3, F-test for generalised“U’is Fe 780-8.8238,
F=test for generalised R is F 784-8.68781and e -test
1

for \pax is @ (0,194.5)=O.96136. ?7?'7'-3‘2

}i Mc.

pC— .l

All are highly significant, soﬁthat x3 and X,
may be eonsidered as discriminating the‘sggiesiindependently'

of x, and X.. h S \;:: ;
(11): One of the toplcs discussed by“Barnard (9) was

the use of these measurements in discriminating between the
four periods and possibility of the variates having a linear
regression on time, The intervals between”the four series were
taken in the proportion 2:1:2 and may conveniently take the

values of t as =5, =1, 1, 5.

Q.1Ifa): Can the wvariation of the four characters be
acééﬁnﬁed for by the linear regressions of individual chars-
cters on time? -

(v): If (a) is not true, can the variation of the

’ 5

characters xl and %, removing the variations due to x4 and

;4 be accounted for by the linear regressions on time?

“'»4;

A: The calculation of 1ndividua1 regressions involves
the qnantities't-0.432160804, é}t—t) ”4307.668342
E:x(t-t) 718.7475357, -l407.2712179,410.1003118,~733.4420851 .
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} i;é gzjéssion
oadg.

x 1‘3,_9.9252072
2 4597411229
x2  39.0425289
X2 124.8789947

XX, ~234.8074736
XXy 68.426%816
X%, 132.3770377
xgﬁ’z.. -133. 9755802
XgX, 239.6080325
xgx,! -60.8254378
(1.~ o

4| 0.04157560
-0,25381300

"% f1,11808532

- \~0.s24863127

Digpersion due to

Q: Deviation

S:Within

from regression {Error)

2 d.f. .
3.2554204
26.6047401
111.3689761
515.8548963
3.4318386
18,8788664
-6.3869563
264699622
-114.2947145
~67.7553262

1.21076884

-0.30299437.

-0.27861027

[
M

394 d.f.
9@%1. 997470
9073. 115027
3938,320351
8741.508829

445,573301

'1130. 623900

2148,584210

1239,221990
| 2255,812722

1271.,054662

Hence, we have S -

0.04157560 . =0.25381309

-0.30299437
2.79306163

-0.26554872 -

Table 3 : Analysis of Dispersion(S.P, M.)

W=5+Q
396 d.f.
géés. 2528204
9099,7199471
4649. é$93271
9257.3637253
4&9.0051396‘
1149, 5027664

 2142,1972587

1265.6919522
2141.5180075
1203.2993358

~0.24863127
-0.23851027
-0.26554872

1. 31558807

. This ‘item was wrongly computed in (11) and so its

error*was carried to. in a number of books (68) (36)

}sl~
and"(35).
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Now to obtain the mc:ximm root of 632 wﬁich is

a 4x4 non-symmetric matrix. Here Q 1s based E: 4 drf.Lan&h ).E

1 ‘zb b '
so we shall write Q=BD B! where B':2x4 = 2]“ 31_ 41“ ‘

¢ s

™

4
§ 4

e 0 ‘ _ -
and Dd{gg;gu =< 1 ). Then nonzero roots of Q5 are the
ST S 0 q2 ’ ‘

;—n/ . e
-

nonzero. roots of DqB'S B. ‘The matrix B and Dq are obtained

by Dom&ittle method as follows

" .—,{ .-

]
R S e,

&—,4

I

On matrix Q

‘3.-?%-{5,54204; 3.4318386  18.8783664  -6.3869563
17 1.05419214 5.79920996 ~1,96194516

L 22e 98692282 6. 56800963 -107.56163537

:;:; fg’f_:- 1 ___.28572809 -4.67925334

iom

- If we still proceed farther, we must have zero

throughout " for rank Q=2, but we do not find it so. This
happens be’cause the matrix Q is obtained by rounding the

.

last digits. Hence omitting the latter part we write

s [ 2 | 1.05419214 .  5.79920996 -1.96194516
- \o 1 - 28572809 -4.67925334 |
3,25542040 ~ 0.00000000 °
and . _D Q'-'- . .

;3 | 0.00000000  22.98692282

ey 0.010307049847 0.002654196333
Hence B'S“”'J'B = ST
DA 0.002654196333 ©  0.003338844070



: , . -1 ‘
”Hence the nonzero roots of Q9 are obtained from

the’ detemznantal equation of DqB'S ]B i.,e. they are the

roots of ‘::2
- ;7\1-0.11030353129 )\+ 0.002048070255 = O »

:L.e. ;\ =0.,0866739 and )‘ 0.0236296 .

Note fhat trQS- by this method is 0,11030353129
ST, -1
while that by direct multiplying Q by S , we get 0.11030751.
The difference is at the sixth place vhich is due to rounding

off. ‘ ﬁf’;}"{ 'q"’f
ARL
Hence , .=0.0866739, g,=0.11030353 and -

L
R

2L = L+ L + I*1F2-4=1.897155142
generalisedwﬂ 1.0866739 . 1.02362960 o .

P 3
r( N % u‘ o ;J

\v‘ “Tﬁerefore generalised R = 0.527106 .

- ' From the results given in (Q 2.20), taking m=39%4,

"”A-

p-4 ‘~q—-0, r--z, Fetest for g gives F8 780-5.3775 and that
for g2 gives FS 784" =5,31258 and G -test for Amax is

«, B 7

. ( i } (
9(0.5 148.5)~o 07976 . :
e All are highly sigxdficant. Hence the regressions

cannot be; mconqidered 1inear.
(‘ x:‘;«.. -

(1) %y the Doo~little techmque given above, we have
- ‘h., 1
as in case: (I), 811-312 29 832 and W "“12”22 3_2 respec’cively

as



‘ (3955.536550 -307.516836) "d_(8974.655369'_ -é67.450256) 4
an ’ :

307.’516836 8269, 774508 -267.,450256 8353.933861

.
,_ e,

-1

" and the. "inverse of 811-812 822 812 is

1.1805532  ,0415756
\ 10"4=

«0415756 ' 1,2107688

-1 -1
The maximum root of S1 2 W0 (Sl o S‘.!_3_-.3336322512 R

-]
Hl 2-*3 11-¥112W22 '12) is obtained from the maximum root of
! f’ 4

‘A% =2.0126605181 A+1.0126605677=0
i.e.?\l~1.012656646 and )\2=1.0000038721 .

7
17

Theréfore )\ma =0,012656646 and gl—0.0126605181 and
‘\ ;
i ”} \ =l e

:5’ f’

e
oy e

Lo = L - -4 1 £0=2= 1.98749771 .
generalised R 1.012666646 1.0000038’?21 A

- P

—

~  From the results given in (Q.2.20) , taking
N,
m—-394, p—q—-r-—z, Fatest for g gives F4 780—-1.2344, that for

1

N »gives“ 4 784=1.2329 and 8, . ~test for ) . gives
_e(—o.s, ;48,o)~o.0124985 . ‘

°s,
e
-t S s
~

*:lff* ,:j—w; Hence we find that the results are not signi-

T

RN
»).»‘"‘

ficant and“so the variations of x; and x 59 removing those due

o

to Xg and x4, can be accounted for by the linear regressions
on time, '



