
Chapter 2 Jf

DISTHIBUTIONS CONCEDING TUB TBST,PROCEDURES FQH/MDLTI--

COLLINEAiilTX OF MEANS f
Jf ,

2.1: Intrninr>.ti nn .Q.nri mTrmYio £SJL
In this chapter, we shall derive - the'distributions 

connected with the statistics,obtained in/cEapter'I |Ju5)(iii)]y 

connected with- the tests for multicollinearity of-keans of the 

j-irst kina, he shall define these statistics'- as:

(2.1.1) (i) Xr) = maximum root of Oh -I )
* ' jl© d dfo d p/ y

(ii) generalised U= tr ~p, and

•Lo u
(iii) (generalised A) = tr i -I BA 1.2 ui.2 r-p

wher- a.s-hr^'za yi2 “ si.2=sirsi20isi2 >
S _ „ c11 "12

'22
)I is the S.P,M, duetto’.'error based on

P
i

\ i
m degrees of freedom (d.f.), m^(p-i-q) and UdsVq = /C-^ "12

12 “‘22/ 1
rd 1

is the S.r.M. due to null hypothesis, based ,on r d.f,.
-.1 The

statistic due to likelihood criterion has been, contid:ererl by 

Eartlett (10,11), Hsu(33), Lawly (47) and JiaoCfes) O’llence 
it^ ccnsidt-xa^ion is omitted here. But for" th©4 null.hypothesis 

the mutual independence of certain statistician thd sense give] 

by the author (40) and K.S.hao (72) are her ^established, and
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1 ,

7~ >a numerical example is worked out'to illustrate the

"technique of the computation of the statistics and the
./ y

- test--procedure (27)
20 SisAi-ltiitlons ....of ...the...stati stoics -defined :

- \J
In order to include the different cases like 

(1.5*14) and (1.5,15), we assume without any loss of gene

rality, in view of (1.6.1) and (-1.6,5), that
fx\p

(2«2;.l')y t ] is
/ : : 5 \X / q

and
/Sll S12\p
VS12 S22/(l 

p- . q.

is Xishart (m,p+q$£;S) and

- . . that they are independently distributed. Xe also 
'note that h=3-i|'|(Y’ X’)'.

Xe shall first.Drove a number of lemmas:
Lemma 1:~ Given the distributions of (2.2.1), the joint

«»-l(Y' X’) 5 Z= TJj ' X: qxr, andC ,'distribution of . X=S+

pxr=l|f i(Y-7^J3“ h) if1 where U^'T, ‘D'D=I-Z,Z and

is given by

(2.2,2) c |X|
(ra*r-p-q~l)/2

i1r' ■ Z'Z
(ra~q-l)/2 (m~

|lr-F'Fj • Jr*
exp{--rtrr^trX-l (j*» >-)‘$'F' Z')Tj

hl)/2



:C (p+q.) (r+-m)/2 (rarr)/2 (p+q) (p^q+2r-l)/4
rhere ,c =2 • l£| ff .

PTrq r
5ir( 2 ;if

Proof; ‘'The joint distribution of Y,X and S is

,. v : Cm~p~q~D/2 f ' _T ;
(2.2-3) cjsj exp 1-4'trF ' ' '

^x-y Ax-yJ

P'uhere c is defined in (2.2®2) „
2?2.4i:;;''if U=B+^J (Y» X*) = I’ -f [see (A.l.4a)J,

p q

<* <*>T^T^Sgg-i-XX’, -taking
S11 S12\ p

'12 S22/ ^
p.- q

and

«-l
,^-lJ il ■ 0 \ p

-i .,-1 ^-l) by using (A.-i*19b) .
■To-uCrj^i To / q■3 X2X1 x3
p . q

Hence, ,1^-2’Z^-X' CSgg+XX’ f‘Wl^X’Sga X)"1 [See(A. 1,18b)],

4 fj fj r ^=D‘ D (say) [Sae(A. 1.4a)J .
Similar 1^ Ir-Z«Z-ZifZ1 = ^Ir+(Y' X'

(-2.2.5) ;'-j- Also |Sj = IW“(~)(Y’ X*)|

Iw|.|ip-T*”1 ^j (Y* X« )TH.
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j’ i.e. ls|s|W|. I 1\ (y*t 7’t >1

J
as"

« \d[ . Jlj.-ZlZj-Z^Z | using(A.i*i4). 

Let' us transform S,Y and X to W.,Z-j. and F
; w=S*(^] (Y* ' X-'),-Z*‘t^“aX and F^J^CY-T^ ^C)°tfS t“ -W'

By'using; (A,2o 12) and (A.2.D, the Jacobian of the transform

ation is"
*/2 o/242'e2.6r;'J(Y,X5S;F,Z,¥) = |T^|r J?^|r |S| P = |wf' ~ |l-Z* z| “ , 

and |S|*-1^ •|VZ’ZI •IVF'F/ hj (2 • 2»5) & (2.2.4) .

By using;(2.2.6) in (2.2.3), the Joint distribution of

T? i i *Z, and'-W can he proved to .he (2*.2*2)

XLemma 2:- Under null'hypothesis 5

‘-U
'^(Y-T^g X) ^ A and VJ=S^~ [ ] (Y* X*) are independently

distributed and their-distributions are given respectively'as 
. :.v!.’ , ' . (ra-p-q-l)/2

(2.2.7)~r;tc111 -F' F ] , where -

Firq-and

T,r -try t
iv nn-AA

. -1(m-q«i)/2;'7 (m+3>p-q~l)/2 *

. ('2;, 2,8) j ! Cg jVI | J..f| ^ 22'
'-.L- X:qjU i ^
jv7' ; ;; .exp^-itrj;1 ‘J}‘’there Cg = c"1 cx .

_ .r*

Proof::-- If r= n’L [pee fu 1.4a)] and 3=/ “ j
,ll'' \B2 3 3/1 ,

..... P 1
l j

5
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,-1

■ pj -> 1 j B -1 0
ythen .by~,.using (-1,1,19b),, B =jM „i .y-ij and using

■B3¥i B3

le4bjj B^3’ ~tj2 I (-J (Vgg > '33B3=4s aad so s"1^')

'•-if'*' -W- 1x2 JTxg »

t* ~ X
30 V

s-, 4!ence under null hypothesis (/^ = Z10 Z^o U)>we have

■(St’F* 2’ )T=trJ^gl> Z1?^2,2,9) trZ . yy- -*• *“* / -, — vj.^ ^ •*-3

TJith the help of (2,2.9), (.2s2*_2)lis:equal to

(2,2,10) ' f2(^,3)*f1(F) where

• ■ ^(F) is the same as defined in (2,-2,7) and

; (m-q-»l)/2 (mAr-p-q-l) /2
f2C-J,2)=c2 |lr-ZZ‘/.. | :{

'1'.

(2,2,11)

exp(-i-tr Z h^tr X22 P Z*^Q)

: ! •Hence' (2,2,10) 'means, F and if are independently 

(distributed. If we integrate over 2, then we can rewrite 

\('2,2»il)* as (2,2.8),

Iremma- 2r~ Fith the same notations as above.

„; , ^ )i =maxi»root .of ^lr-(Ir-F,F)”1Jor ^Ip-dp-FF*)

L>-J -1lh- •, (ii) generalised IT=tr?F! (I^-FF') =trF*F(Ir-F'F)
.-1

P
and (iii) (generalised R) =r~trFF1 = r-trF’F ,
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p£QQ£- '.le have by the use of (2.2.4)

F'F=£'~lZ'zJr1
1 1

Hence by(A,i,iSb), roots of F*F are. the roots of 
(D’S) except for some zero roots.(Lii.fe.

^1^,-X) (y» X‘)S
(2*1.12) roots of F’F are the roots of

t)l i
for some zero roots, using (2,2.4),

except

3ut by (A. i022a) root s ' of |(Ir+X,S2j3foJ^£lr+ (Y» X')S~^

*M"° the roots of |Wir*irfQq«><su-sS^i£ }

except for some zero roots* Therefore 
(2.2.13) roots of { (lr-XtF)”^-I ^

are the; roots d£? \
lq | \ pi"

. ■']
11"'^12"22 lJ 12^S11"S12S22^ 12' } except /for

some zero roots .
3y the results (2*2.13) and (2.2.l4)'y‘;we -at; onco 

arrive at the proof of the results (i) and .fit) oft^emma 3* 
Also from (A,I*22b), roots of /y'V, ’*'*-4

{(Ir+X'S22X> tr+tt' X’JS'Ay' X')']'|3rr}are roots of

.y nf TT>-11 12 22 1112
-1) (S,,-S,J311~*J12,W'22 ^ ig;)- 1-p \ except for some zero 

' ' ' ' ( ^/• »j j ’ .roous, Hence applying this to (2*1,12), *:e gSKT'at once prove 
the result (ill) of the above lemma . ’' .



f S'

LLJS 36
ti the notations as above, unaer the-.null

hypothesis (^*.= E10 > the distribution of G=F’F i<

(2.2,15). Co /Gf

*12 -22
(p-r-l)/2

3

*ere e^c-y^j p (&*p-)\ ‘
IVs!

vm-q-p~;
if p >r

j. iipr-in-Cr-l)
, while the

distribution of H=FF*:pxp is
- “ (r~p-l)/2 (m-q-p-l) /2w,
(2*2,16) g4|H| |I-p—Hj- if r^p

whore

“P
„ _„ Jv*-h(p-l> P , „/f.«V-i;°4-ciV ijifr1)h-.;

■-i:
i-£oo£l Under null hypothesis (^il= ri2 ^22^^ / the 
distribution of F;pxr is given in- (2.2,7) * jThen-applying 
the result (A.3,l) in each separate case, ,;we establish 

lemna 4. How we.can obtain the distributions of-the stati
stics given in (2.1.1) under null hypothesis:- '

(i) Let be the;maximum root of"Cr or Bfr-fhen 
r " />•>.. i.J'; '
/(HX-P and fiie distributions of-6 is

given by various persons and the-ib tables are
given for various values of m-4"5/-P <1 r. Lhe
distribution of G or H' is giy^n'.i'n lemma 4
and we can apply the results of'hoy (73,74,79),
Pillai (6l,63) and 1-Ianda (52), For the tables

of we can refei* to Bantegui (7,8), Pillai
(8,64), Poster (20,21,22), Sen Pentro (82) and
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Vhnturai(84)
111,)..Li.i.'Qi By using the result (A,3.6) 'in
t v (2*2,16) and (2.2.IS), ye have the approximate

;,i distributions of g1? the generalised U, and
-1. g0=r-(generalised S) given for tv;o different

C-j

cases. Also re can use the tables of Pillai
(64365) for generalised U,

Case Ca)V-r* I 1 PSA
' (t)f-2)/2 ~ |r(:a-q-l)+2}/2

(s-2-16) , (i*gl/*)
3x

rB!{i'pr, i-r"(m~ q~ p~ l) -h l }

s2^

or d&g-t&CQ and. ' •
(t>r-2)/2 . {r(m-p~q*-r}->2|/2

' S-p/^(2.2,17“)1 ({| . ' (g0/r) ~ (l-g0/r)
for 0 % g0 4 rrB||-pr ,vr (m-p- q^r)}

J fA- The approximation siven .in (2.2*16) is valid
\tr*“ ~ ■*"

ifhm £ SjT-r-phq alien r=2 and when r increases by one unit3
U,_.-7

(jn-.p-q)ijnust increase by IS., The approximation given in
(2,2,l7)‘/'i"s valid if m^64+q i;heii'r=2 and as r increases by 

on'e. unity--'(nHq) must increase by 21.
C^se (b)i“ If p<.r, •

!( ,p >, *J '
(2-.2.l8>y:^3(g1) =

(pr-2)/2 - {p(!ui-r-’p-q-l)'i'2}/2
(gq/p) - (l-^gq/p)

pB^ypr ,ip(m- p- q~ 1) •- 11 for 0 £ s, $ 00

/s
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and

(2.2,19) /,(gj

(pr-2)/2 tp\phq)-2,}/2
(g2/p) (1-%/p)' T -p
P SUpp.Wi)! ~X3F *cf £ ** *

The approximation given in. (2,2.18) is5 valid 

if n Z 59'*'q nhen p=2 and when p increases liy- one unit, (m-.q) 

must increase by 19, The approximation given in (2.,;2,19) 

is valid if m^>66+r^q when p=2 and if p iiicreases’ by one
. f t; .} i

unit, (m~r~q) must increase by 22* V > ,

■ f f 1(2.2,20) In short, we obtain the following-test procedures:'

_ ^-v\ ~'3
(i) S .=Xv,/(l+Arj) is distributed as 

Q SsKt-r-l) (m- q~p-1)} defined by Pillai (S',64) or
pi

foster (20,21,22) if p?r, while it is distributed as 

© {i-(r~p-i) ,i(m- q- p-1)} - if p £ r.

O(ii) g {r(ni“p-q~l)+2}/priJ is distributed as
l . } i i t

Fnr,r(m~a-p~1)^2’ if vhlle g-L{p(m-p-qrl)d2}/p2r

is distributed as !'pr ,i)(m- n~ if -p'£r, 1
'A

ur , uviii- qx j-“" l) 2

(iii) (r» generalised h-1) (m-p-q+r)/p..is di-stilbuted
l .

‘ r'w r n+rd if p5*r> while (m~°P (^generalised,3^,3^
prjium-p q r; r{l~Tr~p)^generalised

, 1 t it 'IfJ

is distributed as |r p(m«q) 4 f> & *.. ' ~r:'" >

as j?
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2*3*.. Power-Distribution of g-, or or \ for the> * ' ■ . «*• £* * ' Jr*
cage when v-li-

This fu-oblem lias already been considered by Na.raiii(54)

but we', pre'sent here a different approach*

'-Let 2--S'1 E where B
.4‘ \* ' %

$ ' 1
■( *1 o\p

B2 B3/ q 
p a

id lot B’
tHsA

hence we nave
L = »' )S* ^ ~ ^22 ^

increased

distance in ft; joe sense of Bao (68). and ^^22 — *
C- — .i ^

Let us transform T to G.by the relation:

■.;=?!T and.tf^B 1. Then by using (:U2*5) and (1*2*3)? th€ 

Jacobian of the transformation is

t* tj P*q 2lq. i P-i+l 
J (br; G) =T (V: 5T )*J (T; G)-2 JL % To±i

I .. > i—1

\prt-q p^-q
%. 4 iri

(/+■ l)/2

- Hence ;.:e can rewrite the eauation (2,2*2)

j p**a p^q m-p-q^i 
(2,3vl) c 2 * 3T g14 (l-j’j;)

(m- a-1) /2 i (m- p~ q-1)
(1-i'f)

'• - trtr’ $ + (dfs ^ ■•(£V

where] fqxl^Jpxl,^! qxl ana C-
* /G1

t l *

{ i
i"Q 's

* d=(l-j*ji)
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and g .

*i I ''^kThen performing tho following integrations one by
one, we shall get the required result* V

/ <*$ *„ -‘ f *(i) Integrate over £ such that uii*£ ^utdu,
(ii) integrate over the values of G-j_ and: G2 »

(iii) integrate over ja such that v&js1# 4y**dv
<0and (iv) integrate over Gq •
*•1 ' i -ifez\«Kote that l-u?= (1+z*S22 z)/ i 1* (y * \ i*)s 1- /}

, - . - - - - VZ*
«■! —1 - v=l-(lt's,Sg2 z) • The integrations utilised are (A,3*2)

and (A*3*4) or (A.3*5)*
The joint distribution of u and v is

00 (Jig(2*3.2) expf- [£^ £g+(l-v)£* £ J /2]ZI---£T---
, ** tjls p •■ r . ‘ 1 '^ ^ 5 iq^i-l l(m-q^i)ij-l

(£* £/2) SL-.-.ClajtL----— f
31 B^iq*-i,i(m-q+l)}’

i,(m-q-pft'l)-l ■u. . (l-u) - / Bjipt j ^CoHjq-irt-l)}*
Integrating over v, we get the power distribution 

of u and if £* £. ^increased distanced, we get lhe same
X X ‘QJSdistribution of (2.2.17) after putting r=l.

K ;;i-



41
2.4: Mutiaalilptiflpftndenes.of,.Certain .Statistic,s,,under .millC7’ hypothesise

lll S12\P Yi \ P3kSPBa.Sl.~: If S»l " \ V \ are independently
l^12 ^22 / ^ 'Xi J %

i J 3 / \ l«

distributed as Wishart (m,p+q; £ ; S) and
r

m
P/7M =
q\.i>iij hs\ pXl2 %2 / 4 

p q

I isl|2y 3j •. • jlCj then

kSj^ss+ Yl 
. i-1

-1A». .-1«i xi> and F3=Tl.d(YrI2.dT3.3xd,D3

where S^®S+. AC) Bi X*)®/ llm$ =T» 2
i * \ s1 S_- .la * 312.3 22-? /

p q

/v>
/<*» , \^30
t2,3 f3.3yq

? ,:.:.;;q

and D* ^=Ir<-XJ S22.3 X3 for

3=l,2,..,.,k are all independently distributed under the 
> ‘ // "\ -1 : ' null hypothesis t/q- Xj2 ^*22 ^if lsl®2y**«*k) and their

distributions are respectively given by

' - - \
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(2.4.1) . (nr*-ntrp-.q«l)/2 -1
%m exp(-£trF Sk) .

k -1
f f _&1 t .(m+n -q-i)/2 X tr I^&Xi 4J—J tllS22.t- SVil- t_1 ■ e^1 ‘i «1

XL- H/x-ti 

and
, ■ ",f' , .ChtHi --p-q-l)/2
(2.4.2)c.jl -FjF* | 3-1 for 3=1,2,..#»k#3*> 3'J

^ , -* ' ■*

r -i -pr /2 p 
where \ =jf J

-l-i
'for j**l)2).«.k} Hj.-, V. r.s j n S1 and cQ =c.

s**! u wo ^1 clV**ck»

jgp(ks|ti).

Proof follows on the lines similar as in lemma 2.

SigfffillaiY,.afe If Sspxp, Y^spxr^ are independently distributed
as ¥(m,p$jr ;S) and MI(0,£) i=l,2,.._. ,k then Sk«S+ £ Y,Y«

i=l A 1

and F^T* 1 Y^ where S^=S+ X YjY^ are all indepen

dently distributed and their distributions are respectively 
given by
(2.4.3) Wlshart (mtn^, p|£j S^) and

,0 » , uBp, I ^ -p-l)/2
( ^ ; C13 \UViVi I 3 1 where
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where f rs*nt, nQ=i and 

s=i
-pr^/2 p /°ii=TT 3 jcrl—f— kV y:i-1)••• )h«

./*i'luaBBa-Ji- If the distributions of S and/ ) i=l#2*..,,k
Ui /

are the same as stated in lemma 5, then the distributions, 
of nonzero characteristic roots of

’i-fVVxAXj) l1^ x3!8'A1t ) r1 ]
or

-1 •*1 -l'53={Ip-CSll.rS32.iSS2.5S12.J) (Sll.j-l"^02.3-lS,22.j-lSi2.f.l)l

for 3=1,2,...,k and are all independently <&strib4ted and 
the distributions of nonzero characteristic roots of.P. (or

i i j: "Qj) are the same as those of the characteristic roots of 
F4FJ if rj (or FJFj if rj > and the distribution

of Sfc is the same as given in (2.4.2). The'distributions of 

FjFJ if r^p are given by O'; '0--
(o a. f„ wn(rrp"1)/2iT »(2.4.5) Cj JF^F*] * jlp-F3FjJ . ’ U

where e*=Cj yf t?/Hi----

and those of Fp?j if p:jr^ are given by

.. £ ! ' '



Si

— (p“3? -l)/2
(8.4.6) c» (FJFjl J . |lri-FJF,|

where c

“' /.-"Si 1

-i r^Cr^DHpr, a. l^ Vf1 Si
!-°jT J J 3 l-X-4^}

''*-o 44X V —. _ 11

o
»i w . ,l %•

This follows immediately from lemma § by using
t • ; i \ <(A*3.1) and a similar result to the maximum-boot of 

j®*j b«. .

fiacollary. 4: If in lemma 6, all r^=l for 3*1,2,..* ,lc

then Pj-1-Sj where Hj has the same definition as given in
’(' u •

** *^ "* ”**" "j' /(68,40) or VCl+2jSkj-l*j/{1'K^ } ,

' ' ' ■ ' “ ' ^*3 /

3-l,2,...,k are all independently distributed under the
null hypothesis and t heir distributions are^given; by 

^ ip -1 (a^3-q.-P-2)/2 i t(2.4.7) constant (i-pp L;:1 . ; i
" • .< %ii
S.orollary ,fi,s If the distributions of Sspxp and'Yi• px^r

V1 • ^

3=1,2,*.*,k are the same as stated in corollary 3, then 

the distributions of the characteristic roots of1-.']
' if r3*p or Pj-SJSj1 Ij ir^riiaa

k ” ; ’ • -' •
Sk=s+ Yi^i are independently distributed and the

distributions of Qj ,? j and Sjj. are respectively given by
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, A oN t . .Cr^-p-D/a (atn, ,-j*a)/2 (2.4.8) c13jQ3J ^ iMjl . 3“Aqf if r^p ,

/„ . ftS „ , >ifD/2, , (m+n, >p3i)/2: f
(2.4.9) Cy jpj| 3 jl-Pjl ifr^p

and Sfc is Wishart (Htf-n^p; £ j S&) / wheke

e*i a.

13 u and

-1!; s-ip(p-l)Hpri p / r -t**l\ 1 , ,
V’uT- gjr (-Vi* • .

v. ~ • \

CflEOllary fi; If in corollary 5, all r^-1 for 3-1,2,...,k 
then the distribution of Pj-y^j1 j^=t|) where

2 “1 2 Tj =zjsj-i Jj (Hotelling's T (28) ] for 3=1,2,...,k are

all independently distributed and their distributions are 

given by
. M x ip-1 (m*’3-p-2)/2
(2.4.10) constant Pj (l-Pj) or

_ .. - (nr**3 )/2
. (l+Tj)

, p. ip-1 o 
constant (T|) .

On a different line, K.S.Bao (.72) has- established 

only the corollary 6. The results given: in: corollary 3, 

corollary 4, corollary 5 and corollary 6 .were established 

by the author earlier and published (40).More general 

results are established here. !- v
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2.5: Juamazlcal, example -to-lUnatoatfl, ..tire technique 
,o£.caropatatian. (37):

•S

''7- s , * 1

" * - The following is an example of the Egyptian

skulls taken from Barnard (9), Bartlett (11), lao (68), 

Kendall (35,36) and Anderson (5)* Barnard has four series

of skulls, 91 from late Predynastlc, 162 from the Sixth-
' , '■ _^to-Twelfth, 70 from the Twelfth-and-Thirteenth, and 75
p V , f ' _ J ,

from Ptolemaic dynasties. On each four measurements were 

taken: x^aximum Breadth, Xg=basial-veolar leng-th, 

x3=nasal height, and x^-basibregaatie height. The relevant 
data are'summarised in Tables 1 and 2 which give the means 

for the four series and the analysis of dispersion.

Table 1 : Means for the four series

Character i
91

II
No=l62

III
Ng»70

IV
N4=75 1

X1 133.582418 134.265432 i34.371429 135.306667
^_ 'X2 98,307692 96.462968 95.857143 95.040000

v 50,835165 51.148148 50.100000 52.083333
x4 ' ' 133.000000 134.882716 133.642857 131*466667

Sabla-S-L ikaalssi s jb£, -Pi sper siaa, CfiJEJLJ
,J- Q: between, 3 d.f. Sj¥ithin( error), WsTotal,

394 d.f. 397 d.f.
x| 123.180628 9661.997470 9785.178098

: x22 486.345863 9073.115027 9559.460890
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„2Xg 150,411505 3938.32038i: "
r":

40|8,731856

2mm

x4 640.733891 8741.508828 j 1 9382.242720

X1X2 -231.375635 445.573301 214.197666

XXXg 87.305348 1130,623900 1217.929248

xlx4 -128 .763994 2148.584210 2019.820216

Vs -107.505618 1239.221990 1131.716372

X2X4 125.313318 2255.812722H 4
---i* **-.

2381.126040
T -1r¥4 -137.580764 1271.054662 ' 1133.473898

Q#I s Do the characters Xg and x^ show significant variation 
in the four series independently of the variation';due to

' % "* | Jf
the characters x^ and Xg ? p ",

As Computational procedures- ;>
We shall adopt the abreviated Doolittle Technique (l7j

•1to obtain ^22*^12^ 11^12 an<a ^22*^12^11^12' ’matrices from 

W and S. * • - , -l.

On matrix W Vp:/ !..K
9785,178098 214,197666 1217,929248* 2019,820216

1 ,021890012 »12446(5743, ,206416296
1 ‘ ~...........................................................................................................................-ur-r m„„... - ~ _ '9554.772101 1105,055886 2336.912151

1 .115654867 .244580627

-1
Hence Wgg-W^ W^

3809.335078

611.798190

611.798190 \ 

8393.755473 /

‘ { i i M I

\
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Similarly on matrix S
'H

x •'«-
9661.997470 445.573301 1130.623900 2148.584210

1.046116065 .117017615 .222374744

9052.567120 1187.082065 ~ 2156.728473

1*131132092 .238244958
-1 / 3650.352884 736.816146 \

Hence Sgg-S^ S^Sjo = I ~ -
12 XX \ 736.816146 7749.888281 /

Hence 1 and CS22-S J^S
2 i _ J

are — -y’
-4/ 2.79306163 -0.26554872\ / 1.0477245416 >0.052016097\

10 1 and/ -v - ,JC - \
\-0.26554872 1.31558807/ U0.0206689654 1.088026234/

Hence the deteminantal equation jf or j
IVy'u8/1 w22-t;l2 C Wi2>-I ills

2 • !'" '!

X -0.1357507753 > + 0.0031258927 = 0 .

i.e.'X. =0.10636143 and 7^ =0.029389345 .
• < ’ J S

( ''•*•** L

Therefore § = generalised H=0.1357507753, ?vmjax=p. 10636143 and

' --1 ■ ■ • _ 1 1 *,
— -.... ......  4- . . - ^ + a«o

generalised B 1.10636143 1.029389345;
! i i= 2.875313487 ^J

. i.e. generalised B = 0.347788165 .
From the results given in («.2 •20) | taking m=394,
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f , f

p=q=2, and r=3, F-test for generalised U is Fg^gQ=:8,8238,

F-test for generalised H is F_ r70>=8.6878 and Q -test©, /84 -JS max
for Xmax is «HaxC0,194.5)=0.96l36. 5f

't. -■ | ./All are highly significant, sothat x^ and x4
may be aonsidered as discriminating the series independently
of x and x •
12 7-

(II): One of the topics discussed byBarnard (9) was
the use of these measurements in discriminating between the 

four periods and possibility of the variates having a linear 

regression on time. The intervals betweerithe four series were
X V 1V*taken in the proportion 2:1:2 and may conveniently take the 

values of t as -5, -1, 1, 5.

Q.II(a): Can the variation of the four characters be

accounted for by the linear regressions of individual chara
cters on time?

(b): If (a) is not true, can the variation of the

characters x and x removing the variations due to x« and 
X 2 a

x^ be accounted for by the linear regressions on time?
'v -Sj'

A: The calculation of individual regressions involves
. . * ■ ” _2U ^
the quantitie s:t=-0.432160804, ^(%t) *4357.668342 .

1 xt(trt):718.7475357, -1407.2712179,410*1003118,-733.4420851

n



j ' Table 3 : Analysis of Dispersion(S.P.M.)
■ r\ // v Digpersion due to -

\ ‘
J

degression 
rl, d.f.
“i _v~ -

Q:Deviation , S:Within 
from regression (Error)
2 d.f. 394 d.f.

W=S+Q
396,d.f.

2
X1 119.9252076 3.2554204 9661.997470 9665*2528904
v2

2 459.7411229 26.6047401 9073.115027 9099.7199471
X2X3 39.0425289 111.3689761 3938.320351 4049.6893271
=?f 124.8789947 515.8548963 8741.508829 9257.3637253

X1X2 -234.8074736 3.4318386 445.573301 449.0051396

XiXg 68.4264816 18.8788664 1130.623900 1149.5027664

X1X4 -122.3770377
i‘:'j

-6.3869563 2148.584210 2142.1972537

X2X3

*2*4

-133.9755802
239.6080325*

26.4699622

-114.2947145

1239.221990

2255.812722

1265.6919522

2141.5180075

-69.8254378
'v

-67.7553262 1271.054662 1203.2993358

(i) ' Hence, we have. s-1

lol41

1*11805532 

0.04157560 

-0.25381309 

l-G.24863127

0.04157560

1.21076884
j

•0.30299437.

•0.27861027

-0.25381309

-0.30299437

2.79306163

-0.26554872

-0.24863127

-0.27861027

-0.26554872

1.31558807
' k - -

* This item was wrongly computed in (ll) and so its 

error,'was carried to in a number of books (68),(36)



//-a/ -"V,
low to obtain the maximum root of Q|©| which; is ;; }

a 4x4 non- symmetric matrix# Here Q is based dVr# ds-f* andi

so we shall write

and D:2x2
q.

/1 vbp -j" bqi
Q=BD B* where B*:2x4 * f . \ -x-

q \o 32 b42

-1
• Then nonzero roots of QS are the

-1
nonzero roots of D^B'S B. The matrix B and Dq are obtained 
by Doolittle method as follows:- 

C uj On matrix Q

3.2554204 3.4318386 18.8788664 -6.3869563

1 Jr. 1.05419214 5.79920996 -1.96194516

• jJ 22.98692282 6.56800963 -107.56163537

>; 1 .28572809 -4.67925334

< -If we still proceed further, we must have zero 

throughout, for rank Q=2, but we do not find it so. This 

happens because the matrix Q is obtained by rounding the 

last digits. Hence omitting the latter part we write

B* =

and Dg=

Hence B*'S

1.05419214

1

3.25542040

0.00000000

5.79920996

.28572809

0.00000000

22.98692282
)•

-1.96194516

-4.67925334

010307049B47

002654196333

0.002654196333V 

0.003338844070 J ,

v



T'Hence the nonzero roots of QS are obtained from
cz . ! , * \

the^determinantal equation of DgB'S i.e. they are the 
roots of />'\ >^0.11030353129 >+ 0.002048070255 = 0 . 

i. ey ^=0.0866739 and ^2=0.0236296 .

Note that trQS"1 by this method is 0.11030353129
-1while that by direct multiplying Q by S , we get 0.11030751. 

The difference is at the sixth place which is due to rounding 
off. - 3!?, ■ • •

;flence ^,^=0.0866739, g^O. 11030353 and

t1 * ..1- ... + '.. 1 + 1+1+2-4=1#897155142
generalised-B 1.0866739 1.02362960fir- it li . ■ 'V 5 V’-'V: “ ... Therefore generalised B = 0.527105 .

.From the results given in (*.2 .20), taking m=394,
P=4; ’q=0, r=2, F-test for g1 gives Fg ^^=5.3775 and that 
for tgg gives ^ Fg 7g4-5.31258 and 9^-test for ^ is

; o J- ! ’

9(0.5)148•5)=0•07976 .
■: All are highly significant. Hence the regressions

canriot becconsidered linear.
j // - • •Cfr: - ' • -(ii) By the Boo-little technique given above, we have

Vt J’ - -i -1 -as in cased), SH“S12S22 Si2 ^11"^ 12^22 ¥12 respectively
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l8955.536550 -307.516836 \ / 8974.655369

W-307,516836 8269.774508/ \-267.450256 8353.933861/

•267.450256\

and the inverse of S-jj-S-jjg S22 S' is

1.1805532 .0415756
10 •4

.0415756 1.2107688
,-l

)•

The maximum root of S,'t0 W, 0 (S, _=S_-,-S,rtS__S*0 ,
1.2 1.2 11 12 22 Xa 7

_ -1Wi.2=¥ir*¥12¥22 W|2) is obtained from the maximum root of
'—t Hi

-2.0126605181 X+1.0126605677=0 

i.e,^=1.012656646 and ^2=1.0000038721 .

Therefore-^ax*0*012®56646 suad g-,=0.0126605131 and
- . •

+2-2= 1.98749771 .
generalised B 1.012656646 1.0000038721

-S- . ' - -V * , V

< From the results given in ($.2.20), taking 

m=394, pr=a=r=2, F-test for g^ gives F^730“1*2344, that for 
g2vgives^F^784=l,2329 and 6may-test for gives 

OC-0.5, 148.5)=0.0124985 .

v; cqr~ Hence we find that the results are hot signi-
ficant andrso the variations of x. and xp, removing those due

®
to x3 and x4, can be accounted for by the linear regressions 

on time.
*$$$*

L.i n<


