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.1.; . ' Chapter 5
MHL IVAHIATE POWBR—SERIES DISTBIBUTIONS

~ - S " Noack (55) has defined a univariate power- series
.distribution as )
(5\ lol)“‘" PI‘(§-X) a‘x zx/f(z) ) s X=O,1,2,...

P z 1
kf‘ V” - .
where :a:x Z 20y ay is a function of x or constant and

f(Z) -r}_"_" ay 2 z* 1is convergent for some value of [Z] ¢ r.

PR

—  We (41) extend this definition to Multivariate

,,»—-(

power- series as

‘ ' - x
' o o 1 7k
(6,1.2) . Prlfy=x T S S CELIL
) xi xk
~]‘[:!_—"o 1,2,-00 (i"l,z’oco,k) where axlj"'xk. Zl ...Zk =20,

akl"'.’xk. is a fMCtion of xl,.-.,xk or cOnstant and

f(Zl,...,Zk)— % axl"“xk le...ZZk is convergent.

’rf' P Recurrence relat:,ons for the cumulants and ‘the

».,

factorial-cumulants in multivana;-’ce as well as univariate
™ \”f

c\éses are«established and the problem of obtaining the d:l.stri-

but:.on ffrom its first two moments (or means, variances and

covarlances) has been solvedo As 111ustratz.ons and application_s-
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of these results, multivariate Poisson, negative nulti-

‘e ]
nomial, multinomial, multivariate lo garithmic power= series,

generalised Poisson and some other dis{ributions are obtained
‘and thelr properties derived. -

All the above results are ex’cended to truncated
pover-series distributions for multivaz“"j:ate and univariate

cases. ‘ ‘f‘}‘é‘
il

5.,2¢ Relations between cumulants and fac uorial-cumulants

r-th factorial-moment is def:-.ned byx

E’;(i-h) ses{§~rhth) i.e. the coefficiant of 91'/ riin the
;5 e,
¥b 12 w0, ERTRN TS

1

expansion of E(1+Qh)
Henge ‘if F(G‘~factor1a1-moment generating

function, then '""

#h - i
(5.2.1) F(e) = E(1+eh) K

, L. e =
Now if #(@)3 moment generating fuz;ption=E(e f'f) ’

o L T

then .
(5.2.2) F<e)~ﬁ{2og(1+eh> }and me)_F{(e ~-1>/h}

” Hence the relation between ‘cﬁhe factoria1~ cumulants
and cululants can be easily seen to be the same -as that
bet-ween factorialamoments and moments. ‘ile note that
(5.2.3) as b20, F(8)=4(e) and K= Ky » Where

Ir]is the r-th factorial-cumulant and K 'is the r-th cumulant.
The relationsbetween factorial-moment generating
function and the moment generating i‘unction for multivatiate

case is easily given by Lot



\ | Vhy Vi
(5.2.4) F(el,..,,ek>=ﬁ{10g(1+elh) ,.a-,ﬂos(l*‘ekhk) i

. 9 h
and ﬂ(@l, Y ,gk) =F{ (e -l)/h]_’ s ’(eg‘{_~ k-l)/hk}

for all hy # O.-

N -

5.3: Properties of Power-series distributlons«-"-‘91:'

We shall first establish. the following

theorem: ' Pt

R

Iheovem i~ If Kpp . . 15 the factorial-cumulant »
) i gsen gl .,',1"‘ )

) ' 4";‘._:‘, [,
of the distribution given in (5.1.2), then-
rsh, | ~hytl Q T ‘

iy 1 14
( ‘;z“: ) ﬂog f(zl’.'.,zk)

K
,a {l‘l,nao,rkl -

‘and Krrl,o »e ,ri l,ri l’ri"’l? A 4 ’rk‘} ?Zi

Erl,...,rkf: ‘E

ryhy K[r

N ric]? where (2 ﬁ)i-(ztﬁ)(z ’52)"’ J times.
(AR AN |

Proof:~ It can be proved by induction that
> /h, rh <ht1 “'1/h
(rrom)Tsm & {2(1ven) " J=z (2 9) §{2(1+eh) }
~and so Wwe can easily establish |
Vh
(5.3.1)/3’° ﬂo:f{z(vah) } (1*9‘1) ﬁz z) ﬂogé{z(lwh) }e

. Now by the use of (5.2,1), it. ”c‘a?n be ‘easily
showm that the factorial-moment generat:.ng function for
(5.1.2) is ‘
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s o Um Vb,
( : 2{ ’ fizl( l+91h1) geon ’Zk( 1+ekh-k) }
5. 3.2) =¥ Q ooe sD)= : . .
l’ ¥k f(Zl,ooo ,?k) :

o~ \‘ s,
. . ~

S oy
Therefore K [ 10gF(€ 00 9@ )]
TR T [Faseeesmy] ili:? “ 127207k each 8420 .

A S

2 L : h ‘ vV
” - i [g%& log f{zl( 1+thl) J‘-’ so ,zk( l+€khk) hk}]
;; e , each 84=0

wj g}“*\ After using the relation (5.3.1), we can’
wri+e (5.3.3) as

i

“\ e

(503.4) K ‘ Zj_ -kli+lra ) ngf(Zl LR Y Z ) )
[rlgoo|, ],_a— 1 r ’ ? k
b
Differentiabing (5¢3.4) with respect to 24,
we can easlily obtailn the recurrence relation in factorial-

cunulants as stated in the above theorem.,

Qg;g;lagxq;:- If each hy=0, we have the relations for

cumulants as

(5.3.5) 1‘1”"’1'1: 7[(2132) ﬁogf(zl,...,k)

im
) K
" r'a rl,ooOer_..l,ri"tl,‘ri-inl,ooo ,r“
oo .-..-.Zi : ?z = .
T ' | tﬁ/ ) i}
QQ,IPW:;- If each h =l’ we have the relations fOI‘

facto ial -cumulants as

(5.30§) K[:rl,ooo ’rkJ ;l_\l (%BZ) 105 f(zl,.vo,zk) )
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- 9 )

[ 3 K b =(z N oy -I‘ K .
1.e . [I'l,...,ri_lari+1;ri+1,...,rk] ~2‘--32“,: i)_ rl,-». ,I'k]
Corollary 3:- For the univariate power-series distribution

(5.1.1), the relations for factorial-éﬁmulants and cumulants

are as.

~h+1
(5.3.7) Km-z (4 ﬁ) ]_ogf(Z) izﬁ-h(r.l)}x [-1] and

T : dKr—l,” Iy -"f‘—;
KI‘= (Zad-i) EOg f(Z} = Z az - - ¢ 2!

Thegrem II:=- The power series distribution is uniquely
determined from its means, variances and covariances.
Proof:- Let us assume that means My i~1,3,...,k,
variances and covariances 63 1] 1,:)-»1,2,...,}.: of random vari-
ables §; 1=1,2,...,% be glven in terms of 3;r.‘,_,3;'2,¢...,,:,rk which

are functions of some unknown parameters. zl,zz,...,zk .

a power— series to be determined from means, variances &

9 _ 2 Vo2,
covariances, ny 4= q/fll, 13 1:;2,_& g 4= ?if « Let us

define the matrices M = (M) :lxl ,X=(67)skxk, £=(£;)skxl,
= M= N
N= (nij) kxki (mij) skexk 1& G"(gi:;) skxk, Then it is evident
that G= M or M=G "~ E:;f.“

From the set of equations (5.3.5) , We have

Mi‘zigzlog f(zl,tooyak) Z;_; mlt t -136.0 ;.l. = ME ’ ‘and -
O 1\

K -
/ 1

e



'
!
- Henece we have J

(5.3.9) G =(EaHE wr ana z=M W04

. SinceZis kmown & N can be obtalned from Ny
1=1,254004ky G can be calculated from G==Nfl and then
integrating gi j with respect to yi, ve have

\

.m’

log Z fgia in L (yl’o..’yi-l’yi"'l’."’yk)

Y e

d F'f""‘

where ¢ j(yl’ cees¥; 1,yi+ 10, ves ,yk) is a constant of integra=

tion, not depending on yi. This equation must be true for all

i and so

PR

(5.3.10) log Zjugj(yl,./..,yk) +°J or Zj—n eXp{gj(Yl,-..,Yk)}
™, o
where cj is a pure constant not -depending on any Y:L S, -

vpj-—exp(cj) is a pure constant a.nd gj(yl,.o.,yk) is a function

T N
. \

of yl,...,yk such that i+ :con’cains all fgi dyi 1=1,24400 9ks

'?\. e

Similarly from thg;r@;l.atlon £=GM , we arrive at

(5¢3.11)  log £(23,c003Z)=8(Fy 5000 sWydte oF £(Z),5000y%y)=

P exp { g(yl,.",yk)} where ¢ is a pure constant,
p=exp(c) and g(yyyee0,¥y) 1s a function of ¥ ,eee,¥y such
that &t cgntains all I%_;l 8it N‘l d‘yi 11524000 sKe
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Let us define Ay e xk as the coefficient of
4 vessy

’k
;»t:"“‘—‘o

.Y
3

k
‘ /)

Zj' S; and ff.(:‘zi”’. ,Zk) are derived in (50 3.10) and (5.3, 1.

in the expansion of f(Zl,...,zk)/p where

CORT ke oex
Thet” p L b, o
‘\\ ] j::'*l:’ 3 axl,o K] ’Xk

FES o e
¥ R :

will be the coefficient of °

- fmrate

k
;ﬂ; ij in the expansion of f(ZIS"" Zy)+ Hence by the

deflnitiontof the power-series distribution in (5. 3.1), we

caﬁ<w1thout any loas of generality take pj-n-l for all J

and write uhe solutions as
g(Y1’°°"Yk)
(503012> Z *exp{gj(yl,-oo ’yk)} & f(zl’ooo’zk) "'e ' L]

Q‘
" L»-o«; .

‘ Now suppose that two power-serias distributions‘

Then from the expressions derived in (5.3.9), (5.3.13) &
(5.8.11), or (5.3.12); We see that the two power-series are
idenzicéloiﬁencé thehthgorem’is proved, -
Corollary 4:~ The univariate‘pOWer-series disfribution is

' uniquely’aetermined from its first two cumulants (or moments)

and write the solution as

(5.3; 13) 7 flog Z—j( a'j'/Kg) dy and log £(2)= f(Kl /Kz) aye

;,/- ey

S e We hgve note&that Ywo successive cumulants of

,"

t‘& x "’\\ *
-a power-serles distribution other than the first two cumulants
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do not determine the power-series distribution uniquelye.
This is also true for the multivariate poweruseries distri—

...4

mwqu s

5.4: TllustratiVe examgles.

[

;ﬁgy. We shall deal in this section first multivariate

power-series distriﬁutions and then give certain univariate

distributlons also,

(1) egative—Multinomigl distributlon (412 3

- We shall extend the known negative-binnmial

distributlon to obtain the general negative—multinpmial distri-
butlon, whlch is generated. by the power-series,

«(5 401)/ ) f(zlgouo,zk) = (l”zl"—'z eooo"'—lk) Where

i .

_f:_.”n.'

e b J;j . k
24Py /4 I 121 Pys O «-zi €1y D, 20 & 0% Z 2y 41, n >0,

-

:;\ vfhgl Then by the definition of (5.1‘2), we have

=1
(5 4.2) Pr(§1~xl,e..,§k~xk) =P (at f: xi).]ITp (;Ei?is) .

‘.\ Ers

; %

“l - x5 : 3
;4 . J/;:"{P(n q i= 1 fo-&:‘ each xi:""o’l,z,ooo.
%;f ;iiil By the use of the cumulant relations in (5.3.5)5

1t 1sreasy to show that

(5.4. 37:)E(§i)-;&~npi,v(§i) g'ianpi(lfpi)& Cov(Ei,ﬁj =013 %

npipj fOI' i#d, Ai,j:l’g’noo ,ko

«



Conversely, i.e. given the momen?s (5.4,3),
we shall obtain the power-series as defined in (5.4.1).
Let wxk us write (5.4.3) in a matrix notation as

#m.?’ Z =n(Dp+Pg' ) where Dpzdigo (Pl,pzﬂ eso ’pk_) ’g':(pl, LA ’Pk) ¢

Also let 1'=(141,...51):px1l and N,G are the same types of
matrices as defined in (5;3.8). Hence :: :

N"nI amd‘z']'" (D Jf/q)/n by using (A.1,19 d).
l.€¢ ' )

(5.4,4) GaNE T =D'l«-_1 J,'/q and yﬁg-:néyd}. (,‘

o~ q T,

“ L w
-
PR
[

’ r
Therefore the equations (5.4.4) gives,

&

log Z;=log p;~log q ices Zg pi/q and log f(Zi,...,Zk)—

n 1°g q i.e. f(z "..’zk>'~q . {:.»\:3 '::;

Y

~ This is the same as (5.4,1) if ‘we- substltute the
value of ¢ ;aal-g:‘ in f(Zl,...,dk) < . ;“'

(11) Multinomial Distributioni-

Instead of the means, vafiances and covariances

given in (5.4.3), we take them as §Lp;'

(5.4.5) M=np and £=n(D-p p'), (0% D, ¢ n .

: k
" Let q = 1- f;; D o Then

) - ""l —1 .
(5.4.6) N=nI, § 1=(Dp +1 1'/4;)/n and so G=D_"*11'/q,,

and £=0GM=n1/q .

Therefore, the equations (5.4.6) give, -

-4

N S

2.
A
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.. - n \

* W . k - ) .
2;20, & iglpi{:l, n is an integer and so

: o . |
P:-(§l-x1,.u ,§k~xk)—n* ql ‘ :E_: / jf %4
J k,z

for eachx-—-o lyeee sty and =n= J. X, e
geeeylly xk.g.l =

This is the known mul*‘inomial distributmn which
is derived here as a power-gseries distribution.

(115.) Truncated negative-multinomial distribution truncated at

51 ir

- eeend 3

'i—xg- sea™ k=0 H

. ”_Ixi this case we have the power-series,

SR S -n
(5.;&\58) (2 500032y )=(1=Z =00 e=Zy) =1 Where Zi‘s are the

saxpjé.as defined in (5.4.1), Then

L

‘ k k Xi k - -]
(5.4 2) Pr(§ xl,age,gk-xk)_pgnfglxi? gpi '(,gxig) .

B

1

e aml on m1 o-3x 4 :
!‘-t . {E(n)} (q -l) q “;‘ 1 for esach Xi-'-?O,l,n.u
such that the point xf...:xk-'-'o is omitted,

@he means, variances and covarlances of (5.4.9)

are derived by the use of the relations (5.3.5) as

- _._:e P



29
(5540 10) /Ul=npiq /(q "1) $ ( —npiqn/(q_nnl) +
npiq {1—-:.«/(0 -1,)}/(q -1), and (ij-nplqu {1-n/(q -1)}/(q -1)

fol‘ i#a, i j 1,2,0.0,}{.

-

4 o Conversely, l.e. to obtain the power-serles
Lgfaistribﬁﬁion from- the means, variances and covariances, we
_note thit (notation same as (5.3.8)))
/g—nqnp/(qn“l) FengfP+ {1/ (™ 1)} pp]/(o -1,

‘N“'nq {I-ﬂ 1 p‘/q(q -1}/(¢"1) and using (4,1.19 a),

2‘1=(q9~é1>{1> -(q -1-n) J.J.’/(qrﬂ,l-q-nqm)}/nqn . Hence

(56-.11) G=NE" ‘(D 1, l‘/q) and f.e/umq ;,/(qn-nl).

i.e, from the above equations of G and £, we have

log £(Z,Z5,.005%,) = log (qn-l} and Z;=p,/q .

{'_—_‘fgi This is the same as defined in (5.4.8).

ol

o

(iv) AMuitivariate logarithmic-pover-=series distribution:-

“In (i1i), let us suppose that n-90. Then we have'

YN

the means and varianceg & covariances in matrix notations as

(5 40.!.2) [‘l-—p/log g and X—{_D +(log ¢-1)p p’/log q}/log de
- To obtain the power'-ser:.es from (5.4.12), we

notethat N=(I-1p'/log q)/log q &

R
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L = log q{D (1og q—l) J. J.'/(q log g=-qtl) } . Therefore

i
-

-1
(804,13) G=NZ =D .-;;t-q.'/q"énd £=1/q log q.

e

Hence We- get {:ﬁe pover-series as
‘ (5.40 1‘5‘) f(Zl,.u 3zk)-' "‘108(1"51 -oo""zk) where Zi“pi/q
1-1,2,000 ,k kand SO

X
Pr(%l“‘xl,onﬁggk—Xk) (le "1)‘ Ip i/(:IIXi‘) g 1 1°g q
B R

for each xi='o,1,2,... ‘such that X1=X5Teee=K =0 1s omitted.
The ‘.above distribution will be called as the
multivariate logarithmic power-series distribution,
(v) Multivariate Poisson distribution:-

In this: éase the power-series is

(504015) fczlg~oc ,Zk)*eXP(Za Z‘ TZ aijzlza+ Z ai,]kzizjzk "‘)

1>
where aiis, _aij Sy aijk:‘ s ..‘._.,are constants such that
by L, Zx"“ whére by is the coefficient
lggou,Xk 1 @ k /0’ 1’.°e’xk

,—"

1 R
of Zy%esoZy in the expansz.on‘ of £(Z;,0009%;)e

The means, varla.nces and covariznces are

My=611724 (agt 3oy 3“' Z;;Zt 2eee) ond

3>t th
( =7 Z (alj-&- o aijt .e..o) where 5:]:" means sumation

over j such that j # i,,Z;; i's sumnation over j & t such that
S >4 .

© ey
, _—
[ H

v
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L
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#, ,}) #i, and Z" is summa@ on over t such that ,

.l
o

‘s o The converse, i.e. to obtam the distrlbutlon

\‘ m‘.‘
.y

AL, 1) 4
from means and variances & covariances, ic immediate & easy.
':;j E?:i; We may note here tha,t in order to define the
multiv;r:.ete ?oisson distributlon in the sense of Aitken (4)
and Maritz (50}, we consider in’the series (5.4.15), the
parameters 219425000 as pseudo—parameters, and after deviation

of the distributlon we put Zi-l.

< (v1) A-class of univariate discrete dis t‘ributions:-

\‘:_, ;. j‘{:‘ ' i .
- SO Let 8- 3809sase DE constants such that Za Z 1is
;r , A "‘-"" 1 2 i_—l i

a convergent series. Then t?e pover-series dei‘:med by

X
(5. 4.16) f(Z) =exp ( Za Z ) should be such that bZ 20

LR /

where bx is the coefficient of z* in the expansion of f(Z) , and
T ‘
by=1, bx—z 77’ I (a. /171) ) where Z 1ndica.tes the
=1 s 1=1
summation over the permutations Tf, -Wzgo.oo such that Z 17T;

%
i

Q' !
x and 2/ 7/:=j . Then we find that
=

, Pr (§= x) = bx 7% exp (-Za z ) "
oo ; In particular,

A b @® i -
i ‘.:;;1?1'(§=O)‘ = exp (—j’_g a;Z ), Pr(j=1)=Zal ‘Pr(}=0) y
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2 Pr(&"2)~2 "2 Pr(§=0) + Z”ai_P‘;r(§=l),
3 Pr(g=3) = &’ 5 Prif=or 2229.2 Bz-(; =D 2 Prig=a), &
4 Pr(§-4)-4z a, Pr(g_o)+3z a3 Pr(§~— )+2z azPr(§ 2)+ZalPx-(§-3).

Hence in general,«e ‘can write

. E -
(6.4.17)  Pr{{=x) = lgliai Zi Pr(§-=x~i?/§§o

The mean and~the variance of the variste are
, i - 2 i
M=Fiaz rec=51%a7

i :-’i -7 ' ,'i s i )

We can egsilf;ﬁ{est’a;fbi;sh the distribution from the
mean and the verisnces ’;fﬂfl;‘

We note also that in order to define a class of
discrete distrlbutions in the se;ase of Maritz (50), we have to
consider in (5.4.16), Z as a pseudo-parameter i.ec, If we put
Z=1 in (5.4.17) and the moments obtained from (5.4.17), we
shall get all the distriputions defined by Maritz and thelx
momentse *

! —

(vii) Louis Gold's Poisson generalization as a power series (26):

Consider the power-series

RN 1 -Gz
(5,4,18) :E‘(Z)=(eu-e u)f’Q,l«-Z):ue‘%J o ¥ )utdt where

'z #%2 and 2>0 and u :x.s ‘a positlve constant. Then

(504019) Pr(§=X)=(1-Z)Z“ ( ..in..l J/j‘)/(eu"e u) for x=0 1,2,«:.0

ot
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= »":3 “\
Hence by using (5.6&7), vwe have
E(ﬁ)‘Z{I/(I-Z)oue /(e -e 'a) } -and

V(§)=2/(1-2) % Zue” {(e -6 "™ (+1)-Zue et

We can easﬂyx obtaln the power-series from these

momen‘cs. * “i,"?i ;

(a) We -can note that = z->1 in (5.4.12), we have the distri-

buticn which is known "a_s, the-foisson—binomlal-exponent;‘g_;_.-

1imi 6) 1

Pr(j::X):_eu j‘.%*‘l j /j ’ for x——O 1 2,uu,009

(b) We ean also note that Goodﬁnan’s Poigson generalization

(27) 1is ' «
Pr(f=x)=Pr(xd 4?14 xd+d-1) where d is a positive

integer and") is a random va.riable having poisson variate
‘with parameter Z. i.es ?g;(?x)—e i % ZX&*‘i/(zd+i)!

b
fOI' X"‘O 1 2,... ° e "'.l

This distribution\ cannot be derived from the power-
series nor can it bve derlved by introduc:bng pseudo~parameter

A -4

as the case of (vi),



