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CHAPTER - VI

01 STRONG APPROXIMATION OP ORTHOGONAL SERIES

6.1 Let ^0n(x)j , n=o,1,2.......... .. be an orthonormal system.'!

2(ONS) of L -integrable functions defined in the closed interval 

|a,b] . We consider the orthogonal series 

co
(6.1.1)

n=o

with real coefficients C's.
n

The series (6.1.1) is said to be strongly summatole

(C,oc ) to the sum s(x), if 

n

\ k=o

.04-1
n-k

(sv(x)-s(x))‘ =ox(1) as-n oo,

where
sk'x)= °AW

1=0

The series (6.1.1) is said to be strongly summable (E,q.), 

q.;>o to the sum s(x), if 

n

(1+H)n
) (5ha-II(sk(x)-s(x))2=ox(1>

k=o
as n

The notations tQ(x), ^jcM^and |pnj «e M*

mean, the same as referred in Chapters II and III.
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The series (6.1.1) is said to be strongly (1, p^-sumnable

to s(x) with e M°^oc>q, (Pnf), if

1
n

E (T,(x)-s (x)f
n+1 / v kv 

k=o
where k

o as n —?■ + od

Tk(x)=-^ ) »-r0°

*E■9=0

let (Anj le an increasing unbounded sequence of non- 

negative numbers and for any series

E n,

we write

Ck(o))”1 0-
Atf/” am (k> °)-

Am4w

let yu= a siricfiy positive sequence of numbers. 

A sequence [Xmj is said to be £R,A/!,yaJ summable to s, if and 

only if
1

A.
‘n+1 i__

m=o
Y <Vi-v i vsi ->o

This is called a generalized form of strong Riesz summability.

let w(f,5,c,d) denote the continuity modulus of the

1) Meder [49]
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function f(x) in the interval jc,d] i.e.

«(f,S,c,d)= Sup | f (t)-f (x)j 

It—xj

t,xc(c,a].

We denote by «(£) a majorant function of G0(f,£, c,d) i.e. 

a function satisfying the condition

The ONS ^0n(x)j is called polynomial-like , if its n
th

kernel
n

2^(t,x)= J~
k=o

0k(*)0k(x)

has the following structure :

(6.1.2) ^<t,x)= ^ Pk(t,i) y6~i,3=“P

where p and r are natural numoers independent of n and the 

constants |*^n} . | have a common bound independent of n, 

while the measuraole functions F^(t,x) satisfy the condition

Pk(t,x)=0( fjX,)

for every xeja,b| . We assume that with negative index

is identically equal to zero.
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The OHS f0n(x)J is said to be cor®tant-preserving, if 

$0(x) = constant.

"bh
The n (0,1)- means of Courier series and the Walsh

expansion of a function f(x) satisfying the Lipschits condition

were approximated hy Berytsi&iM and Sine ' respectively. The

strong (C, 1)— summability of Fourier series, conjugate Fourier

3)series and orthogonal series was investigated hy Alexits^', 

Alexits and Kralik,^ Alexits and Leindler^, Sun long Sheng^ 

and Turan*'. Alexits and Kralik ' have also discussed the 

strong de la Yallfee Poussin summability for the orthogonal 

series.

Dealing with the strong (C, 1)-summability of the orthogonal 

series (6.1.1) Alexits^ has proved the following theorem.

THEOREM A : let ^n(x)| be a const ant-preserving polynomial

like OFS with respect to tne w'ei^at function §(x) satisfying 

the conditions

(6.1.3)

and

n

k=o

0^(x) = O(a)

1) D3J 6) Sun Yong Sheng [8QJ
2) Fine [19J 7) Turan [90J
3) Alexits( [3J , C43 ) 8) Alexits and Kralik C7J
4-) Alexits and Kralik( £6], £83) 9) ^-lexits(E43, p.295)
5) Alexits and leindler £9]
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and

(6.1.4) 04-g(x) ^ const.
tmifo i*rn3.y in the - sub l7itt>*val [c, <AA of Co-,bJ,

4-U 9

Let sq(x) denote the n partial sum of the expansion of an 

1 -integrable and on (c,dj continuous function f(x) with the 

continuity modulus w(f,^,c,d). If to(f,<5,c,d) possesses a 

magorant funct ion o)(<s) such that u>(<5)/§2 with some fixed 

"lO o increases monotonely to infinity as 5—> o, then the 

relation

n

holds uniformly on eveiy interval [c+g,d-e]c(c,dj.

In tuis chapter we generalize the above result* to strong 

(C, o<->o)-summabilrfcy and also provte the analogous result 

for the strong Euler means as follows s

IHE0RE1 J_ : Let {0n(x)j be a constant-preserving polynomial-

like OHS satisfying the condition(6.1.5) uniformly in the

t hsub interval Jc,dJ of [a,bj . Let s (x) denot e the n partial
n

sum of the expansion of an n -integrable and on £c,dj continuous 

function f(x) with the continuity modulus &>{£,£, c,d). If 

&(&)/$*" with some fixed o increases monotonely to infinity 

as <5—> o, then the relation

A,

n

-oc»£a
i_
Oc
n -j>=o

holds uniformly on every interval [c+g , d-£] c.(c,dj.
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THEOREM 2 ; Let ^(xjj He a constant-preserving polynomial-like

OHS satisiying the condition (6.1.3) uniformly in the sub-
, \ "fc fcl

interval [c,d] of la,^3 . Let sn(x) denote the n partial sum
2of the expansion of L -integrafrle and on Jc,dj continuous 

function f(x) with tbe continuity modulus w(f,5jC,d). If c*>(S )S 

with so pe fixed o increases monotonely to infinity as £—> o, 

then the relation

=OC<)]

holds uniformly on every interval [c+g , d-tjd(c, dJ.

Concerning the strong Oes&ro-summahility of orthogonal
*1 )series (6.1.1) Sunouchi ' has proved the following theorem.

THEOREM B : If the orthogonal series (6.1.1) with

CP
(6.1.5) Y~ c£< co

n=o
is (C, 1 )-summaule to f(x) almost everywhere in [a, ti] , then

. a
lim -4-

n—oo A r ^=q

almost everywhere in [a, H} for any |3>o and k>o,

2)Maddox ' has generalized Sunoucni’s result which concerns 

with the weakening of the hypothesis rather than with 

strengthening of the conclusion hy proving the following theorem.

1) Sunouchi \j8]
2) Maddox [440
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MBOREB 0 : let

K1+ 1
G^< oo

and suppose that for k> o, the sequence (Ck( )^+^)) corres

ponding to the orthogonal series (6.1.1) is summable [h,A,1,2] 

to f(x) almost everywhere on |a,lD] . Then for any sequence ^ yumj 

with o<inf/im^/um^2, we have that the series (6.1.1) is 

[R,A» 1>yu3 summable to f(x) almost eveiywhere on fja,b].

We prove in tnis chapter the theorem analogous to the 

Theorems B and C, where we extend these results to Norland 

summability as follows :

THEOEEM 5 : If the orthogonal series (6.1.1) is (N, p )-summable

to f(x) almost everywhere and the conditions ^Pn]e.S°C’ > oo-g-

and (6.1.5) are satisfied then

n
lim \ lTl£(x)-f(x)

k=o

ha

holds almost everywhere for any sequence

^U 2 .

with o<inf

6.2 Bor the proof of the theorems we need some preliminary 

1emmas.

D
LEMMA'' J. : If e <*>£, then

^2n
lim n 1

~2 / r, ^ \ 2 2tx-1n-^DD Pn feo (k+1)

1) Meder £48]
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LEMMA 21 2 ^ s If jpnje I*, then

sup -Pn~pngn-k
k,n&k ' kPnPn-k <+ 00

*
Remark : Lemma 2 holds, if we replace the class M hy the

—fit
class M tflttthooo.

2)LEMMA. 3 't S’or ary value of q>o, the following evaluation 

is valid t

max A,
o^k-c.n

(1*q.) 
Vn~

n
f 33.—1 j 2 * • * *

whene the constant A^ does not depend on n*

6.3 ggOpi1 op. MEOEEM 1 : Since the OUS is ocnstant

preserving 
n

^rTlC-l lnx)^(x)|mmmm ,*

n t>=o 

noT J An--1 f ^f(t)-f(x)| K^CtjxJdt 

*n S>=o a

lor xc[c+6,d-£j, we divide the integral on the R.H.S. of aLove

x+l/n
equality into three parts j

c h x-1/n ‘ d
!.>,= I + l , 1^-j= [ + J , ItD2= f + {

ad c x+1/n
"

x-1/n .

low, for n>n > 1
6 €

1) leder 0-9]
2) Ziza $53
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n A«-1

E --Pl| =
i)=n€

n A®*-!
n-p

.(XAn

c
■L

i)=nG
cl*

n a'*-1
&n-i)
A*

c

-i5=n n a

CJ*I> ^f(t)-f(x)j K)(t,x)dt

k=1

•y( "O)

l,3=-p

•^>+i(tH+a(x) dt

n
n—a

____ Aa
i)=n An

t

A«-1 r P c b

k=1 i,j=-p
Yit*Wx)( [ + hif(t)-f(x)j

" ad'

.Pk(t,x)^+i(t)dt

Let us put
c (f(t)-f(x) )Pk(t,x), teja, oj U£d,b] 

gk(t,x)= ^ -
^ o otherwise.

Lhen

n Ao»-1
n-^

, A04
^ n M

b

B.

*V(t3)

i,3»A <Wx>
b
J gk(t,x)^+i(t)dt 

a
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Applying Cauchy's inequality, we get
n Acx-1

-Sz£ |i |< 
oc roil

0=n, n
fc.

k=1 i, i=-pu i)=n, n ’' D=n„ ^ a

.^+1(t)dt
3TS

How

n n n+j(6.3.1) ^^+3(x)*^^+j(x) =

%>=r^ ' i)=o 0= o

as the function ^(x) with negative index is considered to be

identically equal to zero. Also due to Bessel's inequality

(6
n b ?2 “

•3*2) ^ ( [ %(t,x)^+i(t)dt | ^ f g^(t,x)dt.fen cl J a

Hence, using (6.5*1), (6.3.2) and the condition (6.1.3), we get

bn ,0<r-1 
An-b

Aoc
•d=n na

r «- n+i'M =0( S’ ) 2_ 4_ I gk{t’x)dt

k=1 i, 3=-pL-3=o ' a

12= 0(^==) ^ \ g^(t,x)dt
k=1 (■ a -* •

Moreover, taking into consideration that P^.(t,x)=Q( jt-x |~ ), 

it follows that P^(t,x) remains bounded for tcfa, eg 0 |d,b] as 

|t-x|^.e and therefore,
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Since CO(<£)/‘ increases monotonely to infinity as &

■ °5(4)n4'V 1
for sufficiently large n and therefore

sfn~ w(l)>n¥”*rw(“)>l ,
j

Consequently, it follows frcm (6.3*3) that

I-0^*1,^

\
all xe [c+e, d-$J .

How, we proceed to estimate the sum
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n . oc—1 x-1/n d

= y~ ([ + )^f(t)-f(x)j Ki3(t,x)dtA j -> ,■v)=r^ n c x+1^n
n ,a-1 x-1/n &-n ^a-1 x-1/n d-'/ r p■ r < i* f x > e ^ e ti,v=5^ n c x+1/n ' |p=1 ' ' i»3=-P

n .<*-1 r p x-1/n d■Lf LL j + S >‘v " c x+1/n'•>>=n n k=1 i,j=-p

Let us put
;(t»x) = ^

.Fk(t,x)jZT)+iCt)dt

(f(t)~f(x))i'k(tJx), te[c,x-l/nj jx+l/n,d] 

o otherwise.

Then, we get

r p n

k=1 i, j=-p i3=n^

A.04-1'n--j>
.; a,3,k

hk(t,x)^J+i(t)dt

Applying Cauchy's inequality, we get
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O(^)
n

_ ^__Wx)
»D=-pS>=n '' "i>=Dl u a

fc c

n b
hk(t,x)^+i(t)<at}

On account of (6.3.1), the condition (6.1.3) and, Bessel’s 

inequality, -we have

n C1
E■v>=n \

€

1,Wr b

= ^ Y2. j
r _ x-1/n d 

= Q(—L) J ( f + f ) Jf(t)-f(x) j2 Pk(t,x)dt
n ' k=f L- g ■* ^

x+1/n

X • © *

n ,o«-1 -1/n d-x p

<«.» r % iii2i=o^ )fc f + j toAn * L tij l)» u

i- t

Since cO(&)/£a r increases monotonely as<£—>o, the first 

integral on the R.H.S. of (6.3.5) i.e.

•1/n 9 -1/n
^Sllda^

c-x u
] ,,J-2V ui+27 du <C.

c-x
|uHr M'
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■5 ^2(l)n1-»
■1/n

I du

c-x
(-U) 1+2 7

oAi) 4~2y 27(n -fC>c-cp; )

•<c n

-1/n 27

x.e. —du=OH2(i)] .

Now, we proceed to estimate the second integral on the R.H.S. 

of (6.3.5)

Since co(f, S) increases monotonely and hounded in the interval 

|l/n,d-x] , effecting second mean value theorem, we obtain

d-x
— -(-£*-iy^ du=£02(f, 1/n) p[ % + c02(f,d~x) (

u ' ?'4 u . J1/n

2
J

1/»

du

u
<1

cC?(l)
vn

' 1/n

h
^|* + &32(f,d-c) [

u i u
°A^)(n- l“1)+t0^d-c)(a“1-b"1)

1. e.

nc02(~) + c02(d-c)<-a"1-h"1)

d-x
\ du =0[na^)j •

1/n u

Hence, it follows from (6.3*5) and above estimates that

_5_ A0*"1
(6.3.6) > ^ |l32| = 0'(/r )0f/~a(l|=O^(i)]

____ A04
i)=n n €
is true for all xs [c+e,d-£|.
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Isle first of all obtain from Schwarz's inequality
x+1/n x+1/n

l|5^ J ff(t)-f(x) j2 dt ^ K2 (t,x)dt

x-1/n ' ~ x-1/a

x+1/n
J j f(t)-fU) j 

x-1/n
dt

x+1/n
= 0(v>) ^ ^f(t)-f(x)]2 dt

x-t/n

-Ow*2(f i) | 

=0(1)

Hence
n

i>=n a;a
n

v3
D=n

n

~l)—0

A*"1
ni

r>! l
i

5 2.

^ a*-1X

’0<( F) &) m2(1)

%
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Thus

(6-%7) L -oL^g
T>=n Ha 

£

is valid for all xg [c+€,d-^.

Consequently, it follows from (6.3.4), (6.3*6) and (6.3*7) 

that the relation

75T t K(x)-f(x)| . 0[<)]

n ii=o

holds uniformly on j~c+£,d-£j 

With this the theorem is proved.

6.4 PROOF Off THEOREM 2 : Since the ONS ^nU)j is

consta nfc-preserving 

n
1 (5)4n‘^|f(x)-Ei)(x)

(l+q)n ~D~o 

n
1

(1+q) n
(5)4n^

T? = 0

,f(t)-f(x)j K^(t,x)dt

a.

For xe jc+^,d-£j, we divide the integral on the R.H.S. of 

the above equality into three parts :

S>T

c b x~Vn3//2 d

, I3)2"
a d

x+1/n3/2

x+1/n
3/2' ^ xTVn3/2

Now, for n> n, > — 7 ''it
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£ <S)»n_’M -
•v>=n.

n

->)=n

c b

E] ) |f(t)-f(x)j K (t,x)dt

7" t3)4n'” (f+1) ^Kt)-f(x)] f~ fk(t,X) f~ ■?£>]

T?=n. ' ad' ' k= 1 'i, ;j=-p

n
<Wt)*Wx)dt

e <s>^o>=n

r p

r p

WT i, ;j=-p
EE Wx)( f £ •

a d'

*k(t,x)0 ±(t)dt

E E E (>:k=1 i,3=-p ^=n

nN n~s> -y (^)
b

|Wx)l I gi:(t’x)<Wt)dt

a

where f (f(t)-f(x)) Pk(t,x), te Ja, cjtt[d,bj 
gk(t,x)=<

t o otherwise •

By Cauchy’s inequality and lemma 3, we have 

n

<3>^ Mi>=n

k=1 i,3=-p

n

*e £ r£ (3>2 ^2(n^(ti*’2 ^<x> e •-9=n

J Sk^^^+iajdt]
a

V=n
1 € 
a -
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Usirjg (6.3*1), (6.3*2) and the condition (6.1.3), we get

n
ns„n-i>jUH S>1

~>>=n

■a U0-)
/yn

P - n+

k=T i,j=-p 

r _ b

-S)= 0

g£(t,x)dt

a

0((i+<i)n) y~ j g^(t,x)dt
" ' fer ^ a

— iMoreover, taking into consideration that ik(t,x)=oc!-fc-xr), 

it followsjtbat FJj.(t,x) remains bounded for te [a, c]y @-,b] 

as lt-x ligand therefore

n c b g
Y~ (S)^"^5 ll^j=0((1+a)n) ( [ + J)^f(t)-fCx) j dt

-x)=n. La d

i • q i

n
(6.4.1) |ll)1|=0((1+4)n)-

t>=n

Since co(S)j? increases monotonely as £—>■ o

<>
- n

>1

for sufficiently large n and also yg. o gives

«(!)* <) 4p- > 1 •

Consequently, it follows from (6.4*1) that 

n
fUv n-l) l-r .NnAHvl(6.4.2) ) (%)q.n

t>=n
holds for all xe: [c+e, d-|J.
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Wow, we proceed to estimate the sum

JZi^i •

r ixs2|-

•*Wt),Wx)'dt
£ £ E Kit|i w*>i 15
k=1 i,j=-p vfcn a

where f (f(t)-f(x))E, (t,x), t£ [c,x-l/n^2J U jx+1/n^^d] 
h]I(t>x)= | - -

otherwise.

Effecting Cauchy's inequality, we obtain 

n

YL(S)^
■i)=n

.<f f
3c=1 i, 3=-Pu*^s=n.

(5)242(n-^)(1f(rfk)2^i(l, .

)2. -I
hk(t,x)^)+i(t)dt

■§

a
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Using Lemma 3, (6*3»1 )#"the condition (6.1.3) and Bessel’s 

inequality, we have 

n
(5)in"p |iv2|

•d=n

r h »i

x-l/n5//2 d
) |f(t)-f(x)j2 P2(t,x)d.t

x+1/n3/2

=0(0+£i)n)

. x-1/n^2 d
c ( + l lf(t)-f(x> / TUB2

x+i/n
3/2' (t-x)'

dt

= 0(0+u)n)

x-1/n5^2 d .
'( f + f ) -M/.r,, fcr*l). dt

x+1/n 

l/n3//2 d-x

3/2' (t-x)‘

i

= Cx(i+i>n)’ c ] + j
' L c-x

c^f, luj)
_ x-g.

du
u

i * © •

n -1/3

(6.4.3) t5)<ia'') |^2|=0((1+<i)”) ( J

1/n5/2 d-x

+
)•

-o=n<=
3/2c-x 1/n

N)

u
du

lo estimate the first integral on the R.H.S. of (6.4*3), we use 

the monotone increasing nature of w(f,£) and therefore we have
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-1/n3/2 •1/n3/2

S ->2) Ie-x

kn

3/2 ^ J
c-x

b
-1! du

T
ua

■) (a-1 --b"1).

du
2

u

X • © ■
■1/n3/2

c-x

<^(f/ul) au=0&i2(l)] .

lor the second integral on the E.H.S. of (6.4.3) taking into 

consideration the monotone increasing nature of oo(f, S) and 
boundedness in the interval jj/n^2,d-x] , applying second mean 

value theorem, we obtain

d-x

3/2 u'

\ ^/n —du =&)2(f,-~72) d-X

1/n 1/n

^ + »2

3/2 ^

(f,d-x)J"' ^

oo‘
b b

l(f’n} J % -Kb2(f,d-c) J

a a

du
T
u

x. e.
d-x

^ tb2 (j) (a“1 -b”1 )+oo2 (d-c) (a“1 -b“1)

1/n3/2 *-OP2<£>] ,
U

Consequently, we have from (6.4*3)



(6.4 »4)
n

~i)=n
|ij2| = <1+i>aOL<>]

for all ie jc+£,d-£J •

In order to estimate the integral sum 

n

-D3
T?=n,

V/e first of all obtain from Schwarz’s inequality

I2^
x+l/n3/2 2

^ ^f(t)-f(x)J dt j

x+l/n3//2

^ ' • 3/2 L ' ° x-Vn3/2
(t,x)dt

x-1/n

x+1/n3/2

x-1/n3/2

x+1/n3/2

2 dt / /2(x)

k=o

=0(-9) ] ^f(t)~f(x)j2 dt

' x-1/n3/2

■■QiP) —57”2
n ' n

=0<^2> "»2(*.£> 

= 0<-^2>^>-

Hence due to lemma 3 
n

Y_ (>a'v (3)V(n'4 n

\>=n
S>3

'0-
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i.e.

n0(il±3JL)
//n

(i+a)n»2(i) _^2 ;r^

-v>=r^

= 0+0“ 0[<)]
/

12

(6.4.5) lI1>3t=(1+4)nO[»(5)J
^ - 

is true for all x-e je+e , d- ej •

Consequently, it follows from (6.4.2), (6.4.4) and (6.4.5) that 

the relation

1
(1+I)n

(5)1^ |f (x)-e^(x)| = OC<)]

holds for all xe [c+£,d--e] .

This completes the proof of the theorem.

6.5 PROOF OF THEOREM 5 J We have

1
n+1

nY~ (Tk(x)-f(x)):

k=o

2
n+1

n

k=o

(Tk(x)-t^(x))2+ 2
n+1

n
(tk(x)-f(x))2

Since, the series (6.1.1) is (H,p )-summable, it follows that 

nd.the 2 term on the R.H.S. of above relation tends to zero 

almost everywhere. Hence, in order to prove the theoran for 

the case /uk=2, it remains to prove that the relation
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n^ (fk(x)-tk(x))2= o(n+1)

k=o

holds almost everywhere. 

We have 

Tk(x)-tk(x) =

1
it it

r=o

k
ZZ ^ Pk-r "*pk-r-1 

r=o

r=o

r k r

> E ~r E pk-r E °A(x>m=o 'k r=o m=o

^ Jx. Jx ix Jx

5k E 0AW E (pi-r-5k-r-1)- S£ E °AW E Pk-r12=0

k

r=m m=o r=m

= 4- E pk-m°A<x)- 4 E Ek-maA<x>m=o - " m=o

- k
= H ^pk-mPk“pk; *

m=o

Hence, we find that

oo b (lk(x)-tk(x))‘
1+T dx

k=o a

oo k
’V 1 \ t pk-mPk”pkPk-m N2 „2

~ Z__ k+1 Z_ ^ Pkpk ^ m
k=o m=o

co oo

k k

1 ,pk-tnVpkPk-E s 2^ „2 \ i f-K-m it -it it-m v

2_ °m 2_ XTETT) ( >
m=o k=m
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cd 8m
_ % E TEPT)

m=o k=m
c; 1 ^pk-mPl!:~pk:Pk-m'2|

CD CD
+E°5E TET)( )2

m=o 3c=2iih- 1 5?k

oo 2m « _ ' 2 22 \ 1 pk-mPk“pkPk-m s2 m pk-m
_ °m l__  T^+1) ^ mpvp

m=o k=m
+

kHc-m p;

rvy~

L__ m L__
m=o k=2m+1

1 f Pk-mPK~PkPk-m 2 2 2
TET)- mpkpk-m )

Pk

Using lemma 2, we have 

tk(x)-tk-SSL r dJxl-Vl1))2uu rE

feo a
k+1 dx

Od)
cd 2m

E Em=o k=m

2m 2 
pk-m

m=o

CD=00) E
(k+l)P‘

2m oo ooE^-^E"20- E
+CX ^)

00 QD
2~2 m 0,

Pk-m
m , i__  (k+1)p2

m=o k=2xrH-1 - k

2 2 1nrcrm
m=o

oo

(»1)F
1

3
m k=m

m
=0(D o^-s- P2+

m p2 i__ k
m=o, m k=o

00 CD
00)E”2°»E

m=o k=2m+1 

oo

3

oo m -p2 oo
=0(1) Ec» -^Yl J+O(D^0

m=o k=2nH-1 

00

m=o
P t----- km k=o m=o

Hence, by lemma 1, we obtain

“ * (Tk(x)-tk(x))2

k+1
k=o a

CD

dx = 0(1) -2°m <°°
m=o



m
Consequently, by B.levy’s theorem it follows that

(Tk(x)-tk(x))2

}_ — -< 00
K,=o

almost everywhere in (a,b) and therefore, by Kronecker's lemma, 

we have

n
(6.5 •1) (Ik(x)-tk(x))2=e(n+1).

k=o •

Now, write

Ek=6 IVfl-

Then, we have o< for spme C.

Hence R2 if Rk^1

and R2G if Rk<1

i. e.

(6.5.2) Ek+J° ,

where Jk=0 if Rk$1 and Jk=Rk if Rk< 1

Then, by Holder's inequality



n+1

n
E
_k=o

(R2C)-C
1 n C

l£t fT=Tr
1-0

1
n+1

n -,C 
2 Rk

k=o

(n+1) 1-0

n ^0
“ L2

n+1 l__ k
k=o

1 r*- 

‘+1 l— o as n —> od

due to (6.5*1)* Whence from (6.5*2)

n
1

n+1
Ek■<Vt o as n —+• oo ,

k=o

J48

almost everywhere in ja, 6]

x. e*
n

sfr ^i\U>-rCz) o as n —> oo
k=o

almost everywhere in [a, b)

With this the theorem is proved


