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CHAPTER ~ VI

ON STRONG APPROXIMATION OF ORTHOGONAL SERIES

6.1 Let ﬁﬂn(xg , n=0,1,2....... be an orthonormal system!
(ONS) of L°-integrable functionsdefined in the closed interval
[a,b] . We consider the orthogonal series

O

(6.1.1) Z ¢ 2, (x)

n=0

with real coefficients Cés.
The series (6.1.1) is said to be strongly summable

(G,« ) to the swm s(x), if

n
2 ﬁ

*%i E Aﬁt; (sk(x)-s(x)) :oX(1) asm —» 0, ,

A . .

k
where
Sk(X)‘-: g Cigi(x) .
B s .

The series (6.1.1) is said to be strongly summeble (E,q),
g>o0 to the sum s(x), if

n

1 ny, n-k _ 2= ] .
(1+q)n ; (K?q (SKFX) S(X?? OX( ) as [ —— 00

The notations % (x), &PH}EMO: ﬁpnfe:'ﬁo‘ and {ple "

mean. the same as referred in ¢&éhapters II and III.
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The series (6.71.1) is said to be strongly (N,pn)—summble

to s(x) with {p } & U o>0, (p1), if

n
5‘:}{ > (Tk(X)—S(X))g —>0 a5 N —>+ o
k=0 ’ -

where

k

= -\ - o1

Ty (%)= Py E Fpk-\a Pk-n-1_)sv(x?’ L
V=0

Let {)\nj be an increasing unbounded sequence of non-

negative number s and for any series

Za
n,

Ck(w).—;z (1- -%E)kam (k>0).

Apsw

we write

Let Vo i/umf be a strictly positive sequence of numbers.

A sequence ixmj is said to bve [R,A1, ] summable to s, if and

only if ] n , /iy
X Z (Agp1=A) %] —%o .
m=0

This is called a generalized form of strong Riesz summability.

Let ®(f,5,c,d) denote the continuity modulus of the

1) Meder [49]
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function f£(x) in the interval [¢,d] i.e.

W(£,8,c,d)= sup |£(t)-£(x)]
[t-x| < 8

t,xelc,d] .
We denote by &(&) a majorant function of WX(f,5,c,d) i.e.
a function satisfying the condition

W(S)Zm(fyé’cyd)-

Tue ONS §,(x)} is called polynomisl-like , if its ntH
kernel
I
Kn(tax): E ﬁk(t)ﬁk(x)
k=0

has the following structure :

I
(6.1.2) Igl(t,x): Z Fk(t,x) iﬂiﬁlg,k y}mi(t)@mj(x),
k=1 i, J=-p

where p and r are natural numpers independent of n and the

' constants ng_n? have a common bhound independent of n,

’J1k‘

while the measuravle functions Fk(t,x) satisfy the condition
SO0y
7 (6, 1)= O iz

for every xefa,b] . We assume that P with negative index

n+i

is identically equal to zero.
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The ONS iﬂn(x)}- is said to pbe comstant-preserving, if

ﬁo(x) = constant.

The nth(cﬂ)— means of Fourier series and the Walsh

expansion of a function f£(x) satisfying the Lipschitz condition

2)

were approximated by &e%jxs%e,i??gﬂ and Fine®’ respectively. The

strong (C,1)- summability of Fourier series, cmjugate Fourier
series énd orthogornal series %as inveétigated by AlexitSE),
Alexits and Kralik,4? Alexits and LeiudlerS), Sun Yong ShengG?
am Turan7?. Alexits and Krali 82‘have also discussed the
strong de la Vallée Poussin summability for the orthogonal
series.

Dealing with the strong (C,1)-summability of the orthogonal

series (6.1.1) Alexitsg) has proved the folléwing theorem.

THEOREM A : Let §¢n(x)j be a constant-preserving polynomial-
like ONS with respect to tne weight function g(x) gatistying

the conditions

)13
(6.1.3) Z ¢12{(X)=O(n)
k=0 ’
and
1) “Btemshein [13] 6) Sun Yong Sheng [80]
2) Fine [19] 7) Turan [90]
3) Alexits([31, [41) 8) Alexits and Kralik [7]

4) Alexits and Kralik(161,[8]) 9) &lexits([41, p.295)
5) Alexits and Leindler [9] ’
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and

(6.1.4) o0<2(x) < const.
uniformly¥ iIn the- subinterval [c,d] of [a,Bl,

Let sn(x) denote the n'h partial sum of the expansion of an
Lg—integrable and on [¢,d] continuous function f(x) with the
coutinuity modulus w(f,§,c,d). If &(f,5,c,d) posseéses a
majorant funection w(§) such that w(é)/é%_.y with some fixed
9> 0 incr eases monotoflely to infinit:); as S-——-,";o, then the

relation

) |
ﬁ;}fg jex)-0,x)] =OW( ]

holds uniformly on every interval [ctg,d-¢]c(c,d).

In tuis chapter we generalize the above result to strong
(¢, w>0)-summability and also prove the analogous result

for the strong Buler means as follows :

THEOREM 1 : ZLet § ;an(x)j be a constant-preserving polynomial-
like ONS satis;ﬁ‘ying the condition(6.1.%) uniformly in the

th .
swinterval [e,d] of [a,b] . Let sn(x) denote the n = partial

sum of the expansion of an LQ—integrable and on [e¢,d] continuous

function f(x) with the eontinuity modulus ®(£f,8, ¢,4). ;f_

A .
(8)/s% Y with some fixed %> 0 increases monotonely 1o infinity

as &§—> 0, then the relation

n
) A ey to-2)] =0 1
n y=o ) ' ’

bolds uniformly on every interval [cte,d-€]c(c,d).
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THEOREM 2 : Let iﬁn(x)j be a constant-preserving polynomial-like

ONS satisiying the condition (6.1.3) uniformly in the sub-

interval [c,d] of B,4 . Let sn(x) denote the nth partial sum

of the expansion of L2—-‘.'L'ntegrable and on [e,d] continuous

function f(x) with the continuity modulus &(f,8,c,d). If o($ )sy

with some fixed ¥2 o increases monotonely to infinity as §—o0,

then the relation

n

! Z (D™ |2(x)-5,(x)| =O(3)]

n
(1+9) 5=

holds uniformly‘on every interval [c+e ,d—gc(c,d).

Concerning the strong Ceséro-summability of orthogonal

series (6.1.1) Sunouchi” has proved the following theorem.

~

THEORFM B : If the orthogoral series (6.1.1) with

j82]

,
(6.1.5) ZCH<03

n=0
is (C,1)-summaile to f(x) almost everywhere in [a,b], then

n k
] -1
m Ig—vio a] |55 (x)-£(x) | =0

almost everywhere in [a,b] for any p>o and k> o.

Maddoxz) has generalized Sunoucni's result which concerns
with the weakening of the hypothesis rather than with

strengthening of the conclusion by proving the following theorem.

1) Sunouchi [78]
2) Maddox [44]
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THEOREM C : Let

Z }\%62<m

and suppose that for k> o, the sequence (Ck( >h+1)) corres—
ponding to the orthogonal series (6.1.1) is summable Ry, 2]
to f(x) almost everywhere on [a,b]. Then for any sequence i/umi
with o< 1nf/um<./um<2 we have that the series (6.1.1) is

[R,}\, ,/u] summable to f(x) almost everywhere on [a,b_'[ .

We prove in tnis chapter the theorem analogous to the
Theorems B and C, where we extend these results to NOrlund

sumnability as follows :

THEOREM 3 : If the orthogonal series (6.1.1) is (N,p )-—summable

1o f(x) almost everywhere and the condltlons {p }aM , X>%

and (6 1. 5) are satisfied then

1l

lim 5{-1- }: i'l‘k(x)-f(x) Vuk_

n-~—3p 00 *=0

holds almost everywhere for any sequence i/‘uk} with o<inf/ukg

S/uk‘éz'

6.2 For the proof of the theorems we need some preliminary
lemmas.
1) ok
LEMMA © 1 : If §piel, o>%, then
n 2
P
n k _ 1
n-ij;m pe (ke1)2 201
© Iy ko

1) Meder [48)
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EmA 20 1f {p 1= M, then

sup lfn K’* PnFn-k
kynz k7 kp nProik

<+ .

Remark : Lemma 2 holds, if we replace the class M by the
class ﬁaw‘i’ct&m{>o.

LEMMA 32): For any value of g>o0, the following evaluation

-~

n
max (ﬁ)qk(t Aq Qra)” y 1=1,2....
. N

ocken

is valid

where the constant Aq does not depend on ne.

6.3 PROOF OF THEOREM 1 : Since the ONS {f (x)} is constent~

preserving

1
1
;o‘ ZA;ﬁv [f(x?—sv(x?(
n v=0

o1
AO‘ ZA

Por xelcre,d-€], we divide the integral on the R.H.S. of above

f’if(t) f(x)j ;{9(t,x)dt t

equality into three parts

c b x-1/n" d x+1/n
I §+ g R g " X , Ty = g
a d c x+1/n x=1/n ,

. 1
Now, for n;ne>3

1) Meder [49]
2) Ziza [9%]
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c b
L, §+ ) feo)-2(x) Kﬂ(t,x)at\
4 L .

X+ K) if(t) f(x?{Z «k(t , X) i w(:ag k.

vzne i, j=-p

v+1(t)g~)+g(x? dt‘

L b

1
i %’)Z s Prouy (1) K g)if(t)‘f(x)}-
3)=Ile n lk=1 1, j=-p a - - -
.Ejk(‘-t’x?¢\)+i(t’)dt}:
Let us put
(£(t)-£(x))F (%,%), tel,d U4,D
81{(’6,5:):3. TR <B,q Y[, ]
’ ) otherwise.
Then
n o1
2;» 13:))1! =
a)——-né n
n A&-—? T b
- =L i (RRCIREY PYISTANELY
'\)=n€ n k=1 i,j=-p a
Y P n
<) ) ) I'*(,J,l 1,5 (2) ] 8 (63)8,,; (0)31] -

k=1 1,j=-p ‘)=n€ Il



Applying Cauchy's inequality, we get

jal A% 1 -
)
15 Lol =
a)-n n

n b

<§ ) [> <n"’)<-fi‘,’; R OD) wgkw,x).
=n
€

=1 1,J=-p \)‘“n
2
-

2
z

L]

Now

a n 0+
(6.3.1) Z¢§+3(X)$Z¢§+j(x) = iﬁg(X)
> =n i V=0 T 9=0

as the function ,QS‘)(X) with negative index is considered to be

identically equal to zero. Also due to Bessel's inequality

L b o D
(63.2) ) _{ g st (08 [ < | ltnat,
V=0 a .
y ,

Hence, using (6.3.1), (6.3.2) and the condition (6.1.3), we get

5 4 [nﬂ ) [ Btmas |
|1 t,x)d%
i W 154 = : kL 23‘:_10 91..5 H*/ ng % J
..O( —-—-) }:a }i gi(t,x)dtj%
k=1 a .

Moreover, taking into consideration that Fk(t,x)=O( | t-x 1"1),
it follows that Fk(t,x) remains bounded for té[a,q]!.! [(_i,lﬂ aé

|t-x}>€ and tberéfore,
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ton AO(-'T c b %
(6.3.3) }: -%é:’]:tﬂf:()(ié—_ )[( X +j- )if(t)—f(x)}z dtJ
V= . a d i ’
[ ‘ ’
=O<47__,‘—— ).
n -

Since W(S)/ 5%‘7 increases monotonely to infinity as §—> o
i s
®(~§0n2 Y){?

for surficiently large n and therefore

i

= .
A7 (D= Y > 1
4 -

Consequently, it follows fram (6.3.3) that

n a0

A
n= 1 — 1
= {I.M =O —n w( =)
L 3 Pl O/ ea ]
Thus
n_ o1
(6.3.4) Z B 1y, | =0
V=N
€

holds for all xe[§+e,d—§ .

Now, we proceed to estimate the sum

i &1
z;u To|
V= n
We have
L a1




n ¢ x+1/n i, 3==p
gy (88, (D)0t
n_oaoel x-1/n 4
- e > i ) @[ e ) feo-y
vzné n ! k=1 i, j=-p ) 3 x+1/n’ :
.Bfkgt,x)ﬁﬁ+i(’t)dtl
Let us put
(f(t) f(x))E‘k(t x), telex~1/n] U [x+1/n,d]
by (5,3) =
- ) otherw1se
Then, we get
=L
A% 9| <
d=n, “n

131

-1 X /n a

fln-;-g’- ({ + J )gfm f(x)§ K(t x)d‘t
A

n ¢ x&?(n

A(x—“l X—1/ﬁ a-’
n-» ( j‘ + j‘ ) if(‘t) f(X)} ‘k(t »X) ZE_: q(?l)],

b

xIr
<)

X k(t,x?ﬁﬂ+i§t?dt

p n %1 ¥
L LR 1l P

k=1 i, j=-~p v=n n

€

Applying Cauchy's inequality, we get

n Aar1
n-v
G EYIES
v=n, “n
r. 2 o ol )
< _n-y 2 ) 2
= > _zu [} ( a3 ) Yi,j, v+3(x) k(t X)'
=T 1,j=-p5=n “n -

+l(t)d’cj ]
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Ll

=0 27 i L v+3(X) }: i by () X)%ﬂ(t)dtﬂ

i,J=-p

On account of (6 3, 1), the condition (6 1. 3) and Bessel's

1nequa11ty, we have

n o 1
'“*n;» 1T, =
~» =1 An
€
T b ) +
= O-) 3 he(%,x)db }
I
1 >£_ ijj/n d | . %
-0 [( [ qeemee P e x)dt] :
N . , L
T C x+1/n
‘ 1 x-1/n 4 %:
— ()= £(6)-£(xfff —— _ at |
O(ﬁr?[,(g +X§1/n) - =¥ (-x)° J
x-1/n 4 5 .
=( X o Y 1 ( + ) o ($, -x|) dt:l B
O"/—ﬁ_ : [ gz X&?/n‘ (t-x)2 ' .
i.e
n 0e1 -1/n d-x 1
A—s 1 W2 (£, 2
(6.5.5) Fod O [ [+ [ 5osl) o]
. g';:;_ Agc "/* c&x 1;1’1 u

i
Since X&)/ &% ! increases monotonely as §— o, the firs+t
integral on the R.E.S. of (6:3.5) ie.

u
s & 1 Sw oy ¢
c-x u I T ¢
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-1
o2x ( U.) 1+ 2%

-1/n Y

e J @-Ji;g_‘ﬂ._du_o@ (7]

Now, we proceed to estimate the second integral on the R.H.S.

of (6.3.5)

Since (f,§) increases monotenely and bounded in the interval

El/n,d—:g] , effecting second mean value theorem, we obtain

d-x % d-x

_ﬁzléll__dumw (£,1/n) ——g+ca (f, d-—x) 5 g—%S
1/n (s u

“ifn 13
b
5002(;1;) f W+ w2(g,d-c) g &
" 1/n u 3 ¢
< & @ e o%a-e) (a7
0)2(%) + ooz(d~c)(-a"1-b'1).
i.e. ‘ ,

d-x
| o5l s Opdy)
1/n

Hence, it follows from (6.3.5) and above estimates that

n
(6.3. 6)5—

is t:r-ue for all xe fc-l-é,d—ﬂ.

o<—-- O @k Opb)] -
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Pinally to estimate the integral sum

n o1
%"1’ lI
A% 93[

u).—-n.E n
We first of all obtain from Schwarz's inequality
x+1/n x+1/n
2 ~ 2 2
L3S g {f(t)-f(x)} at g K (t,x)dt
x-1/n ] - x-1/n
X+1/n ~
= [ e P oas g:ﬁim
x=-1/n =0 -
x1/n
D) K ii‘(t)nf(x)jz at
T x=1/n ’

\ 2 1y 2
""‘O(‘)? w (fyﬁ? n

“Y2) we(l
-0O®) w?(1). m
Hence
1 n 1 n %
n o
Ay 22 2
=SB I
V=N n y=n =11
€ 3
n o1 n %
S IRE=aEd
o V5]
=0 An =1
-1 n Ao&? n %:




138

Thus
n AO(-1 ]
(6:3.1) ) B2 1,5 =Ou)
'3>=Il€ n

is valid for all xe [cte,d-4g.

Consequently, it follows from (6.3.4), (6.3.6) and (6.3.7)

that the relation

n
ﬁ.?- Z A::; ‘s;(x%f(x)! = O[‘*’(%)]
n =0 o )

holds uniformly on [o+é,d-¢€],

With this the theorem is proved.

-

6.4 PROOF OF THEOREM 2 : Since the ONS iﬁn(}‘)j is

constamnt~preserving

Z (v)qn'o F(X) s\;(X)l

Z (&qn’“’ jgf(t) f(x)} Ky (t,x)dt|

For Xe& [C+é,d-é__], we divide the integral on the R.H.S. of

(Hq

(1+q

the above equality into three parts

c b x§1/n3/2 d :£:+’l/r13/‘2
Iy= g + g- sy Lyo= + & I.z= X
1 Y2 ’ V3

a d c X+1/n3/2 X—;1/n3/2 .

1
Now, for ngy ne> 3
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Z (D.) n-ﬂ11911 =

9"11

O

b
= Z ek Q) {f(t)—f(x)} K,(t,x)dt
S=n, - o ’
b
}

)¢} c r
_ Z (3)q n~v X+ ) if(t) f(x)j Z: P, (%, %) i 7§"§ .
9:11€ - T a k=1 "1, J=-p o
Qf})ﬂ(t)ﬁ%a(x)dt}
n r D ¢ b x
DT D M RERRETY B R EERE
v=n_ k=T 1i,3=-p a &

* Fk(tax)¢9+l(t>dt1

n
<) ) ) G 1) el 2
=1

b
| tsmig,, (was]
) Eo

where (£(4)- f(x)) P (%,%), te B c]¥[q,1]

gk( t, X) {
o} otherwise .

By Oauchy's inequal ity and Lemma 3, we have

Z (-9) Y |o1] <

'9-—[1
[ e ot I
b 2
H gkw,x)ﬁvﬂ(t)dt}]
| ,

k=7 i, j=-p
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Using (6.3.1), (6.%3.2) and the condition (6.1.3), we get

n

3 'y
Z G Laliath: (U-*-%— il \n+3¢2( ) i 2(4,x)at i
» 91’ Z_f Z__ [ ‘)_xh X g\ Uy X

-u)::ne i, J==p=0 a
=O((1+q>n }: U gi(t,xmf

k=1 a

Moreover, taking into consideration that Fk(t x) O({t~x1-1),
it followsthat Fk(t x) remains bounded for te [@, c]Y 4,1l ’

as |t-x|>eand therefore

n ¢c b 2 £
Z (%)qn-—\} ]191!=O((1+q)n)[( K + X)if(t)—f(x)j dt]
\J=ne i ’ a d ’

ioeo

(6.4. 1) }: (1> n-> |1 1]..O((wq)m

Since o(§)s! increases monotonely as §—>o ,
' 1y, 1
W(=) — >1
n’ n’)’
for sufficiently large n and also Y= o gives
1 1 1

Consequently, it follows from (6.4.1) that

n

(6.4.2) Z D™ = ()" O]

V=
e

holds for all xe& [cte, d-¢]-
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Now, we proceed to estimate the sum

- 2V
E (D' (1] -
=R,

1)=Ile
n x~1/n3/2 d
= Z (3)(111-\? ( g + g ) &f(t)ff(x)g Kﬁ(t,x)dt!
>n O = KHAP/~ ’ .
n x-?/n3/2
DL [ R S DI i
v:ne % ’ 1’3""'—:@
AN GTNRELY

b
y 5& Z_—( ) n-vh(,a,k] ~.>+3(X)] l & k’(t’x,)gvﬂ(t?dt\ ’

k=1 i, j=-p ibn

Hhere : (£(4)-2(x)) P (£,%), t& [o,%=1/n>?] Ulks1/n> 2d]
Kk t,X )= i -

0 otherwise.

Effecting Cauchy's inequality, we obtain

1
> 3 1,
9=n€
‘n

r 1l
<) ) [5 32 2<n“")< 08 )
g . ‘0=n -
€

" ~=n
b (3

2 "y
i S bk(t,x)¢9+i(t)dt} ] "

a
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Using Lemma 3, (6.3.1),the condition (6.1.3) and Bessel's

inequality, we have

n .
Z (3 L,
v=q% T
r b 3
:Q(1+q)n) Z} X hi(t,x)dtj
k=1 a ’

T x—?/n3/2 da

Ot ) K [0 ) Ew-mff s, x)d—]"
- )

k=1 x&1/n
X~1/1’J.3/2 1

n F)
=Q((1+q) )[( Sc X RECOEC ¥ — dt]

x+1/n

o 1/}:13/2 s
.,O((1+q)n)[( g . X ) (s, [b-x1) dt:lz

e (o)

x+1/n
—-1/n§/2 d-x

= O (1+)" )[( +/§ o) %ﬁl—‘—)m]
1/n/ 2 ’ .

u

i Ce

(6.4.3) Z 312%™ |1, = O (1+a) )[( I }3/2)'
1/n

"1)"11

70 estimate the first integrel on the R.H.S. of (6.4.3), we use

the monotone increasing nature of w(f,§) and therefore we have
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--‘1/1'13/2 5 ~-‘I/J:13/2
E "_"___(_f-'i_g}.ll_l dug o, ;-3-/2) K 19;121-
c-x omx

i.e. —1/h3/2

X wz(fz lul? du =O@2(%)] .

oox u n
For the second integral on the R.H.S. of (6.4.3) taking into
cons ideration the monotone increasing nature ofwoo(f, §) and

boundedness in the interval [‘I/ns/z,d-xj , applying second mean

value theorem, we obtain
‘

= 3 d-%
P A I
u n u
1/n 1/113/2 ¥
b b
*<\"‘ wg(f’%) g‘ '3% 'H")z(f’d"c) g i;%
) T a

S

< w?(1) (a0 4P (@) (a7 07Ty

l.eﬁ
d-x

2
e lLl) weOEAd)y ,
e

Consequently, we have from (6.4.3)

| 1;n3/ 2
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n
(6.44) ) BT iy, = (0P OB
v=ﬁé . ’
for all xe& [c+e,d-—gj .

In order to estimabe the integral sum

43
) B 1
v=n,

we first of all obtain from Schwarz's inequality

_ ﬁ P
1/n5/2 :se;-r‘l/n3 5
12 S-Xi /e iﬂﬂ-—f(x)jQ at S K5 (t,x)dt
V3 X_1/n3/2 ) X—1/n3/2
1/n/2 >
< o if(t)—f(x)}g at Zgi(x)
B X—T/n5/2 - k=0
x+1/n3/2 r
=) X &f(t)—-f(x)}a at
. X-—'I/n3/2 - -

2 1 2
=) w(1, ;“372) ;1—37'2
2 1

= o<;g§2>w2<§->.

Hence due to Lemma 3

1

n 1. 1
Z Eygr ™ }I_ﬂ3§$[z (3)2q2(n-n) S— 13)3 Jg
\7—“-1’16 V=N

: VT,



1+ )" 2 . z
o arety g 7]
‘ VT,

= (1+a)" O[]

i.e. ", ]
n
(6:4:5) ) (D™ |1,50=(1+a)® OB(D)]
y=1 ) ’
€

is true for all zxg @+e,d~§].

Consequently, it follows from (6.4.2), (6.4.4) and (6.4.5) that
the relation

n
i L 99 e <084

holds for all xe [cte,d-€] .

This completes the proof of the theorem.

6.5 PROOF OF THEOREM % : We have

poY
o ) (1 (x)-2(x)f < ‘
k=0 '
1 1
= ) (- @)% B ) (5 0-£)”
k=0 k=0 ‘ !

Since, the series (6.1.1) is (N,pn)—summable, it follows that
the an term on the R.H.S. of above relation tends to zero
almost everywhere. Hence, 1in order 1o prove the theoran for

the case /uk=2, it remains to prove that the relation
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n

| ) (-t (x))% o)
k=0 o )

holds almost everywhere.

We have

T ()~ (x) =

k k
_ 1 _ _ ]
N E (Pkkr pk—r—1)sr(x) “?; z Py rsr(x)
r=0 B =0

k T k T

___L§ - E ‘__1__5 E
- Py (Pk-r pk-r—1) Cmgm(x) P Prer Omgm(x)
r=0 =0 ’ k =0 g

r=0
K K
- 1
Cmgm(x? z:: (Pyr=Prp_1)- ?;;Z:: mﬁm(x) E:: Prer
. =11 m=0 =1
x K
1
S ) el ) Bl
X
1
= 5.5 g;o (Py PP Preom) O (X) -

o
2 (m(x)-t,(x))
dx
&+ 1 ’
k=0 a
00 k
_ Z 1 Z: ( Py o PrFl-m 12 o2
k+1 kak ’ if}
=0

Q0 @D
_ o2 1 (Pk-mPk'PkPk-m )2
- il (k1) Py Py !
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® Bm
_ 2 E pk-—mPk kak-m)?_
- (k+‘i) )
o B U ¥k .
W w
2 1 P P, -p. P
+E Cm leﬁ)( k-mkPk k-m )2
- =0 E=omkt. - Ptk
(o) 2m | 2.2
_ E .2 Z i, Pyt & PrC ko 2 " Peem
- m (k+1 mp, Py _ 2
=0 k=nm - k" k-m ' Py
2 2 p (Pen P en 202
* 2 Cn ) PP ) i
=0 k=2m+ 1 ’ Pk
Using Lemma 2, we have
0 (T (x) t (X))
E g o] X
=0 a
(08) 2m p2 o] ] p2
2.2 k~m 2.2 k-m
=QO(1) Z m~C Z (o1 )7 +(O(1) >:m o Z e T)pe
m=0 k ’ " m=0 k=2m+1 .
4) 2m } (08) w0
=O(1) )y wfed p2 Oy % Y -
m (mk1)P k-m m o/ kB
m=0 m k=m T m=o k=2m+1
00 m o
_ 2 m 2 2.2 1
O ) - ) O ) w4
P — — - k
m=0 m =0 =0 k=2m+1
00 m P2 0 5
_ § 2 joi} E k E
—0(1) Cm -?- ;2'+O(1) Cm .
m=0 m k=0 m=0

Hence, by Lemma 1, we obtain

D

® b 2
(1, (x)=t, (x))
E S k k+1kx dx =(O(1) E Cn21<oo.

k=0 & " W=0
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Consequently, by B.Levy's theorem it follows that

© (p (x)-t 2
R

k+1
K=0

almost everywhere in (a,b) and therefore, by Kronecker's lemma,
we have

n

(6.5.1) Z:: (Tk(x)~tk(x))2=6(n+1).
k=0 -

Now, write
Ri= |T~f] .

I
Then, we have o<C<.é_1§$1 for some C.

Hence ‘
_ 2
RQ$ Ry if Ry 21
M 20
and Ro%c Ry~ if R,<1
i.e.
M, 2, .C
(6.5.2) R ¥e BRFdy
where J=0 if R21 and J=RS if R <.

Then, by Holder's inequality

n
1 G
AT E Iy <
_.3.._
g
k=0
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n C
T 2
-[mg Rk} —~—30 85 N —> o

due to (6.5.1). Whence from (6.5.2)

n+1

n_ . .
__J..__E Rk{‘uk —>0 &8s n — o,
k=0

almost everywhere in [a,¥] .
L ” Py
i.e. T E \Tk(x)-—f(x) l —>0 88 n —>00
k=0 '

almost everywhere in [a,1].

With this the theorem is proved.



