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CHAPTER - 6

ABSOLUTE SUMMABILITY OF ORTHOGONAL SERIES

Let ¢n(x)} (n =0, 1, 2, ¢.0.) be an orthonormal
system ( ONS ) of L2 - integrable functions defined in the
¢losed interval [a, b]. We consider the orthogonal series

o

(6e101) r ¢P (x)

n=0

with real coefficients Cn‘s.

The (N, pn) means and (ﬁ, pn) means of the 6rthogo~

nal series (6.1.1) are given by,

. 1 P .

t (x) = T kiop“”k S, (x) ‘
and

- 1 n

To(x) = P, kio PSE{x),
respectively.

The series (6.1.1) is said to be (N, pn) and
(N, pn) summable to 5(x) if
lim
tn(x) = S(x)
N =¥ oo

and
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lim )
Tn(x) = S(x), respectively.
n~»«
Let >\={_>‘n)] be a monotonic non-decreasing
sequence of natural numbers with >\n+l -—)\n $ 1,
and >\l = l. The transformation
n

' 1
\ = -z S
n(>\ ) An Vzn—An +1 Vv

defines the sequence {Vn(k)} of generalized 1)
de~la Valle'e Poussin means of (6.1.1) generated by )

The series (6.1.1) is said to be absolute Nfrlund
sumnable, dbsolute (N’ pn) summable and |V, A | summable

if,
L |t =t 1 |y
n=1 n n=
n-il | Th - T l
and
z Vo kA = v (™)
aTe convergent respéctively. &

billiard®) and Tandori3) have studied the| (¢, 1|

L) Sharma P.L. and Jain R.Ke [1l11)
23 Billiard P. {20]
3) Tandori K. ([131], [132])
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summability of (6»1«1).Tandoril) has proved the following

theerem.

Theorem_A : The condition

(6.1.2) z {; D C ¢ =
m=0 k=2"+1

is the necessary and sufficient condition for the series

(6e1sl) to be |(C, 1)| - summable almost everywhere.

If for some seqguence {}%13 the conditions

(1) o < Pp 4 P 1 for n=o0,1, 2,0...
or 0] <pn+l<pn for n = 0y l’ 2,00-0
(2) Py * Pyt eeeet p = Pn'T o
lim nApP
n => o n

g;pn"l = Po_1=P, are satisfied, then we shg%l say
that the sequence {pn} belongs to the class gP .

In the special case when Pp = nil , Pnal logn,

and the NOrlund means t  Teduces to harmonic meansa)°

1) landori K. ([131], [132])
2; Meder J. 80
3) Bhatt S.N. [16



In the same direction the same result was genera-

lized by different authors for different summabilties.

Tandori K%) and Pe. Srivasfavaz) have proved the result

for cbsolute Riesz summability. Meder J.3) has proved

the following theorem for dbsolute NSrlund summability?

Theoxrem B :~-

tet {p,} & M, a> -, then
m+1 ’
o 2 2
L L m ak < o0,
m=0 k=2 +1
is the necessary and sufficient condition for the series

(6.1.1) to be |N, pnl summable in interval [o, 1].

In this chapter we extend the above result for
N, p.| and |V, N | summability. We also generalize the
n

Theorem B of Meder. OQur theorems are as follows.

Thegorem 1 :-

1f np

L
-3 m 2
L T cv2 <o
=0 V=0

implies the |N, p | summability of (6.1.1).

1) Tandori K. ( [131], [132])
2) P.Srivastava [113]
3) Meder J,. [77]

13t



1f np, = Q(p,) then
'y
o n 2
: 45 c? <
n=o0 V0 v
implies the [N, p | su

Iheorem 3 t-

Let =

- o - - - o s

132

(6.1.1).

be a monotonic nondecreasing

. o S - - ——

{2}

seguence of natural numbers with
A=A &1 and X = 1, then
L
w [ n+l 2 2
L z Cy < o
n=l | k=n=x_ + 2

vy N |

implies the

series (6o1.1),

In order to prove above theorems,

—— ——

- - - — - - S - -

we need the following

}mma:

L_,_e_n_un__@l):-— 1r {p,) & M, @ > %, then
m oy om P2 o
n => o Pn2 k=0 (;:I;? 2a - 1

1) Meder J, [78]



Proof of Theorem 1 :

We have,

tn( X) - tn__l(X)

L]

L}

it
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L7 S (x) £ 5, (x)
== Lp Xx) - Lp X
P\~ Pn-k k 1 koo k-1 Tk
L Pcp(x) ¢ £ oC.g(x)
- L C X Zp - £ C X
pn r=o0 * T ker "k pn-l r=o ° %
n
Lp
KeT n=-K-1
A 3 I
P I Pk O - B E Pk
Ck¢k(x)
l n
PP EO (Prok Pn = Prfpoi) Gy (X
n n
1 n
Zp ,C@ (x) z
Pn»l k=0 n-k“k"k P npn-l k=0




g | ¢ @ (x) - 4

n-1 v n—l1

= ()(1)&‘ >

n
E P yChoyProy(x) + p Cof (x) }

V=0

n
Y 4

n-1

n '
E pyCny Paoyl®) * 0 Cpfn(x) k

V=0
P n p n
= Q1) =sH 1 ¢ g (x) - ==& k
Pn-l v=1 N=v."n~=v nPn_l V=0
Ch-v ¢n~v(x) + Pocnﬁn(X) B
O {2 & Py D
= DVys— % C g (x) - b
Pn-l v=1 n=-v "n=v Pn—l . v=0
C _y ®._,ix) +p C@ (x) :B
Therefore, :
l cow{ | fo § (x) - Jn_ 0
ot = 1 & C x) - L
gn n-1 | Pn_l v=1 n-v¢n—v Pn-l vl

CrovPn_y(x) + P C B (x) | }

n

P H
=0 { k_;ﬂ—— 2 Cn-v¢n-v(x” + lﬁg; L

n-1l v=1 nfl V=0

SN O I LXK O] j



| 135

n-l v=1

= O(1) i[ E T C P V(x)Mp C Bntx)] ]3

Therefore, by Schway'z inequality,

- b 2
Q) n.-zil {af (t (x)=t,_,(x)) de

1l

e 0 =t o

n-l a
2 1
© (P 2.l 2
= (1) —-—-——g ): C,
n=1 n-l V=0 :
o 'y
2‘

il

®

| aad

N

8
,__,&.-fﬁ
<

[ag o]

)

< N
k,-.r"'"

el

Hence, by B. Levy's theorem, we have

nill t(x) =t (x) ] < =.

Hence the proof.

Remark :- Under the same condition as of Theorem 1, the

given series is absolutely harmonic summable.

[
”~~
b3
Qg
[
:’»—!
$:
}_..,
-~
x
p =g
bt
vl
ilwn

pksi((x)- —;:'l kzopkbk(x)
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it

L 3 o 2 T s (0
~== I p,9{x) -2 T p,9(x
pn k=0 * X Yn«l k=0 k 'k
Ph .
+ =52 3 (%)
Pn n
-1
1 1 n . p
( - ) L p. % (x)+ =5=3 (x)
Pn pﬂ-—l k=0 k k‘n n
-p n-1 k p
n n
I p, L C@P (x)+ =05 (x)
pnpn-l K=0 K V=0 ng pn n
-p n-1 k pn )
P Pn kfo pk Eo CV¢V(X) * Pn :hQX)
n n-l - -
~Pn ne1 5 (x) n-1 P, S (x)
£ C X L p. + = S{x
PnPn—l v vy keo K Pn n
-D n-1 (%) n-1 P
L0 5 ¢ X I p, + g
Pnpn-l =0 V¢V k=0 k pnpn--l
n-1 v=1 p
£ C @ (x) £ p, + 2§ (x)
V=0 vV k=0 k Pn n
Py P
(5 (x) = 8 (x)) + D
Pn n N ) pnpn~l
n-1 }
I C P {x) P
V=0 v v v—1l
n n
P L QPJX)PVI°
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By schwarz inequality,

o b _ . -
b af IT,00 - T, ax

i

oo b
O ﬁ Jox)
n=1 a

n

=3 p 2 n 2
= O(1) ¢ i—-—%——-——g Lc,
n=1 Pn Pﬂ—l V=0
L
n )2 2
-] ( Z p
1=0 1
() o 5 2 h
= (1) ¢ n ~ 2
=15 2,2 ES
n n=-1 -
L
p213
R
Pv i=o0
o n 5 1
= 0w ity I cpS}?
n=1 F P V=0
n n-1l
1
o0 n -
= Q) &£ &z c?l 2
n=1 n =0 v
\ l
oo n e
=0 = toc?y?
=l V=0
< -,

Hence the proof.
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Proof of Theorem 3 :-

We have,

N A 1 " X -X)
Mot 2 =t = X oy et T

(k*-n"'l) +)\n3 Ck¢k(x)3

n+1l

L -~ 1
= | ( < ) & (k=-n-1)
| >‘n >‘n+l k=n- ),‘32. i
1 n+1l
CkQ)k(x)+ s I Ck¢k(xH

n+l  k=n- ) +2

Using Schwarz inequality and by B.Levy's theorem,
We have,

oo

b ® 2
S 190 = v e = O 1 {(-—«1 - )
N=

n=1 a >‘n >‘n+l

n+1 2 >
h (k-n-1) c +
k=n- )\r‘; A

e gl

n+l

-

2
: z c
)\nfl k=n- %g;k E

- 0w {:‘-‘- ngl (k :
= 5 -n-1)
n=l| N k=n-)t2-

5 1 n+l ( )2
c + = ) Ken-1
k >‘n+l k

== Mt2

1

n+1 P

Ck2+"l“-2 ) Ck2 2
)\n+lk=n~ )\ntz,‘
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n+l 2 2

Y 1
= O(1 £ z (k-=n-1) C

Hence the proof.



