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ABSOLUTE SUMMABILITY OF ORTHOGONAL SERIES

Let ,^0n(J = °» 2> ••••) be an orthonormal
system ( ONS ) of L2 - integrable functions defined in the 

closed interval [a, b] . We consider the orthogonal series

(sa.x) sn=o
with real coefficients Cn's.

The (N, pn) means and (N, p ) means of the orthogo
nal series (6.1.1) are given by,

Vx) P ^ Pn-k Fn k=o n K K

and

Tn(x) 1 ^"p~ £ pkS.(x),*n k=o K K

respectively.

The series (6.1.1) is said to be (N, p ) and 
(N, Pn) summable to S(x) if

lim
t (x) * S(x)

n oa

and
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lim

n “'5' oo
Tn(x) = S(x), respectively.

Let X = ^n^ be a mono^on^c non-decreasing 

sequence of natural numbers with ^n+1 -Xn^ ^ 

and X^ = 1. The transformation

n
(A > = x— £ , sv

'*• n V=n- X +1 v 
n

defines the sequence ^Vn(X)|j of generalized ^ 

de-la Valle’e Poussin means of (6.1.1) generated by X .

The series (6.1.1) is said to be absolute NPrlund
stable, absolute (iJ- Pn} su""able 3,(1 1V* X ' su“able

if.

£
n=l

l t.
n * % n-i

and

„E, I 7n - 7n-l I 
n=l

E, I WA> - Vx> l
n=l

are convergent respectively. ft5

billiard"^ and Tandori* 2 3^ have studied the|(£, 1)

L) Sharma P.L. and Jain R.K. [Ill)
2) Billiard P. [20]
3) Tandori K. ([131], [132])
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summability of (6.1J) .Tandori1 2^ has proved 

theorem.

Theorem A : The condition

(6*1.2) Z A 
m=o

2m+1 

L mk=s2ro+1

1
2

the following

is the necessary and sufficient condition for the series

(6.1.1) to be J(C, l) | - summable almo st everywhere®

If for some sequence <£pn ^ the conditions

U) 0 11 Pn < Pn+1 for n “ 0, 1, 210.

or 0 < pn+1 < pn for n ~ 0, 1, 2 j *,

(2) Po + pl + Pp = Pnt 00

(3) lim n A Pn_x
■pn “ ’

n °o
where a }

A Pn~l s Pn-l~pn are satisfied, then we shall say____ 2 j
t-hat the sequence belongs to the class W

In the special case when p n+1
and the Norlund means t reduces to harmonic means'3^

n

, Pn*u logn,

1) landori K. {
2) Meder J,
3) Bhatt S.N.

,131], [132]) 
80"

16.
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In the same direction the same result was genera

lized by different authors for different summabilties.
Tandori ieP and P. Srivastava1 2 3^ have proved the result

3)for absolute Riesz summability. Meder J. has proved 

the following theorem for absolute Norlund summabilityl

a > , then

is the necessary and sufficient condition for the series 

(6.1.1) to be |N, p^l summable in interval [0, l]«.

In this chapter we extend the above result for 

JN, pnJ and |V»^s | summability. We also generalize the 

Theorem B of Meder. Our theorems are as follows.

Theorem B :■

Let C-

rot l

“a
M

OO

Z
2
Z

m=o k=2 +1
’k

Theorem 1

If npn = 0(Pn), then

00 r m

Z < 
m=o

Z C 
v=o '

1
2

implies the |N, p^| summability of (6.1_.l)

1) Tandori K. ( [131], [132] )
2) P.Srivastava [113]
3) Meder J. [77]
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Theorem 2 j-

Xf npn « OtPn} ----

co r n o
Z } Z C Z in=o I v=o

fmglies the ) N, pn| 1 i of (6j.l_.l2'

Theorem 3

Let A- [K\ be a monotonic nondecreasing 
sequence of natural numbers with

X , - X v< 1 and X -

n+1 n' 1

00 ( n+11 { l c -
n=l ^k=n- )sn + 2

then

1
2

implies the j v, X 1 fummabilit^ of orthogonal 

series (6©l0l).

In order to prove above theorems, we need the following 

L emma •

1)
Lemma If (- M“, a > i then

n

n —7 to - nPn k=o (k+1)
* = 2a - 1

l) Meder J. [78]
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Proof of Theorem 1 «•

We h ave,

tnU) n

n k=o
£ pn-k SkU> n

n-1 k=o
E pn-k-l Sk(x)

t n n
S Z C 0 (x) Z p , -Pn r=o 1 r kir n-k

n
“ £ C 0 (x)
n-1 r=o

FT J pn-k Wx> - -b , J pn k=o n-1 k=o n-k-1

cAlx)

£ lP„.v Pn - Pnr„.JP P , ',pn-k *n Kn* n-k' ~k^k'n n-1 k=o

n
5— £ P^JAx) -

n
Pn-1 ^n-k'W- PnnPn-l k=o

pnPn-k Ck^k^

= Qu) P ^ Pn i/ C. 0, ( 
*n-l k=o n K K K nP n-1

n2 pn-k Ck^k^x^*
k=o

>}
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0U)1-

n-l v=l
£ p g 0 tx) Hv n-v pn-v ' nP n-1

E PvCn-A-vlx) + P0CA(x) \
v=o J

| n-1 v=l
n i£ p C 0 (x) + p C 0 (x) rFv n-v Fn-vv ' p0 npnv ' iv=o ° J

- ou)

= 0(1)

P„ n , n
"PT’l vE, Cn-v.^n-v^ ’ nP~”, 1

n—1 v=l n—1 v=o

cn.v ^n-v(x) + P0Cn*SnU) ^

P n P n
-JO— £ c 0 (x) H- £Vl ,4 V* Pn-l ,v=o

Cn-v lan-vtx) + PoW10 ;_Jj

Therefore,

I *n “ Si-l^ “Oil) n
n-1 v=l

r, Cn-A-v(x) - P
P n
a- £
n-1 v=l

OU) | 1-fc v?xCP-A-vtX)1 + 'Vl v=

Cn-A-v(x)1 + Ip0CACxH

C 0 (x) + P C 0 (x) In-\rn-vN ' o nFn ' »

P. n



135

= 0(D 1 I T11- E, Cn-A-vlx)l+lPoWx)l
n-1 v=l

Therefore, by Schwar’z inequality,

OO b _ DO f£ /|t_(x) - t ,(x)l dx = OU) 2 4
-i - n “ A n=ln=l a

b 2 12
/ (tn(x)-tn_i(x)) dxV

0(1) cv2 L 2

n=l P , v=o n-1

OO

lCn2 *S
1
2

» ( n ol *2
= Oil) £ 4 £ C 21

n=l l v=o

OO ©

Hence, by Be Levy's theorem, we have

T | tlx) - t , (x) | < » . : ’
n=l n n_1

Hence the proof.

Remark Under the same condition as of Theorem 1, the 

given series is absolutely harmonic summable.

££ft<3>€.JB,L,.,1Mgrem_2,

I 7nU) * Th-itxJl
n-1

“p~ 2 Pk%( x)“ p~ 2 pkS. (x) 
n k=o n—1 k=c
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p- } Pk\u)-r-V w1 pA(x:>n k=o n-1 k=o

+ -
pn " U)

p”7 } kZop*s*u; + snCx)

p n-1 k p
£ pk E lx) + yt Sn(x)

" ■ n
P Pn n-1 k=o v=o

n
PnPn-l / pk 1 CAU) + T0, SnU)k=o v=o n

n-1 n-1 D
• np p*n n-1 v=o

£ C 0 (x) £ p, , r
v v k=o x Pn "Six)

■PJLIL n-1 n-1
n

P P n n-1 v=o
1 cA(x) ,E pk + P P .

k=o n n-1

n-1 v-1 p
2 cA(x) 1 Pk + T”v=o k=o n

p" ~ + P P ,
n n n~i

n-1
£ C ^ lx) P . v’v v-1

v=o

pVt 2 CA‘x) Pv-X

n n-1 v-o
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By Schwarz inequality,

oo b ~ , b _

£ / |T Cx) - T (x)| dx =0 Cl) I ( f CTnCx)n=l a 1 n=l ^ a

- T (x)) dx 
n-1

= 0u) ^
n

n=1LPn Pn-1 v=° 

1
n 2)2

( 2 p. ) V
i=o J

OUJ j(2n Sc2

, v 2/j,^rr • pi } v
P 1 = 0

r , U r\
OU) H"Vt 1 VP

n=l|PTP . v=o v 
In n-1

2 2(2
v

oa , /> n°tn i -t
n=l

£ C 
v=o

2 ) 2

oo f n
= Q(l) 2 < I C 2 i 2

n=l \ v=o

Hence the proof

r-iicM
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Proof of Theorem 3 :■

vn+ll

We have,

vn(M| =
X,. Xn ' n+1

n+1
2

k=n.
( X . -> )

n+1 n

U-n-l) +>n^ C^(x)
krk

- I (
n+1

) I (k-n-l)
n

C ,i(x)+

n+1 k=n-

n+1
2 cjUx)|kT,c' y *n+l k=n- >,•+£ ~k5"k

' n

Using Schwarz inequality and by B.Levy’s theorem,, 

We have,

oo b OO J>

A / lvn+l(X) - = Ou) £ [ U-*
n~A a n=l

L-)
'n *n+l

n+1 2 9
2 (k-n-1) C, +

k=n- >v+ 2. k

, n + 1 ,rA~0 Z C,d
\+l

°° r , n+1 2
0(1) 2 9 2 (k-n-1)

n=l k=n-\+2.L n S' n
p i n+1 2

ck +r7 2 (k-n-1)*n+l k=n-

p , n+1
C +-±-2 2

>wik="- x„tik
12 ) 2



r °°ou) J ^ n+l 2 ;
2 (k-n-l) Ck
k=n- Xf2-

, n+l 2
+ £ (k-n-l) C

^nk=n-

n+l
+ (k-n-l) C
An

oo - , n+1
0(1) 2 i-^2 2n=l

(k-n-l) C.
Xn k = n- Xn-t2-

n + l .. 20(1) 2 ) ““*r >s 2n--11 n k=n- >, + 2. K

°° ( nr 1OU) 2 £
1
2

n=l k = n-^ + 2.

< oo ,

Hence the proof.


