CHAPTEK -~ 7

CONVERGENCE AND SUMMABILITY OF

ORTHOGONAL POLYNOMIAL SERIES

Let p_(x), P (x)y polx)y ceenens, p,{x) be the

system of normalized orthogonal polynomials in the interval
{=~1, 1), corresponding to a positive bounded and summable
weight function w(x). The Fourier expansion corresponding

to a function f(x) (=~ L? [-1, 1] in this system is given
by

(7.1.1) fix)v T C_ p, (x),
nN=gQ
Let
n
Sn(x) = vzo C,Py {x)
L7
tn(x) o -’5;: v;o Phov SV {x)
« 1 no oa-l
°n (x) = o x NV bv(x)

An V=0

be sequence of partial sums, (N, pn) means and (C, a)

means <respectively, of the series (7.,l1.1).



Let{Pn(x)Bbe a system of orthonormal
polynomial system belonging to the distribution du(x).
Let R denote a class of functions and

n
S{x) = L a_.p,.{(x)
n k=0 nk¥k

be a linear combination of po(x), pl(x)..........,pn(x),
with a,, + Let dn(z)(f) denote the lower bound of

all the numbers,

b 2
( S0 = 5 0] du(x)] ,
a
formed with arbitrary Sn(x).

Theén,

sup (2)
(f) o

pn(ﬁ’ 2) = f(_ﬁdn ]

i1s called the best degree of approximation for the

class R in the sense of L2 - approximation.

1f for some sequence .{pn} the condition

(i) O<pn<pn+l for n::o, l, 2’ sessasee

or

O(pn+l<pn for n=°’ l, 2,-.0000.



(ii) po+pl+ eesssas ot pn‘—”Pn"‘ @ .

ilim

(i14i) n &p,
n=Y> oo Pn

where a > O,

are satisfied, then we shall say that the sequence {png
1)
belongs to the <class M .

Let w(f, &§ , a, b ) denote the continuity
modulus of the function f(x) in the interval [a, b] i.e.

Sup
w(f, 6§,a, b) = L£(t) - £(x)|
|t - x| &6

t, x¢ [a, b].

w{f, ¢, a, b) can be represent as w (f, 6 ).

We wenote by w( 6§ ) a majorant function of

~

w(f, £, a, b) i.e. a function satisfying the

condition

w8) 5 wi(f,6, a, b).



Cesaro, iiesz, Euler and Nérlund

summability of series of orthogonal functions

(not necessarily polynomials) have been studied ﬁ9¢

Alexits .10, Kaczmarz?), Menchoff®), Meder®!,
Tandoris), Lorentzé), Zygmund7), Patel C. M.82

9) 11)

Bhatnagar P. C. and Leindler L.lo) Jackson D.
applied the Cesdro summability to series of ortho-
gonal polynomials for the first time. He proved

the following theorem for Cesdro mean of order 1.

Theorem A

If the weight functiongt) is a bounded

function and ife@(t) ¢2(t) is summable in the

interval (-1, 1), then the series (7.l.l1) is summable

(C, 1) to a function f£(x) in (-1, 1), Wheze,
pcty = Febr -0

1-x
1) Alexits G. [5] 7) Zygmund [152]
2) Kaczmarz [52] 8) Patel C.M.[92]
3} Menchoff [74] 9) Bhatnagar [15]
4) Meder J.  ([79),[80]) 10) Leindler [64]
5) Lorentz [71] 11) Jackson [48]

6) Tandori ([127), 28])
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Similar results were proved by Patell),

Bhatnagarz) for Riesz and Euler means of order 1.

In this chapter we prove the following theorems for

Norlund and Cesaro summability.

Theorem 1 :

If(t) g%(t) is summable in (=1, 1) then the

W e —_— - —_—— - O OED GLS G ATD S e A D ANS OER N AN G R A S WD G A S S e T -

geries (7.1.1) is (N, p ) summable to a function

———————————————————— G e oy O v —

P Y 2 e By

Theorem 2 3

1t 9(t) 0%(%) is summable in (z1,.1) then

“men Rew IR weanEsOReR SRas - —n -

the series (Z.2.1) 4is (C,_ag) summable in (-1, 1).

3)

Jacgon D. has proved several theorems

while- discussing the degree of approximation with the

help ot trigonometrical system. One of the theorems,

1) Patel [91]
2) Bhatnagar ([15]
3) Jackson [46] i

Y
4



for the degree of approximation in the sense of
2 1)
L approximation, proved by Jackson is as

follows.

Theorem B :

Let QnLﬁL 2) denote the best approximation
in the L2 space of the class R of all the 2n
periodic functions f(x) possessing an L? continuity

modulus wz(f, g ) < W, ( &)
where  wy( 6 ) 1is a majorant of w, (f, & ),

Then we have

9, (R, 2) =0l w, (——) 1.

In this chapter we extend the above result
for orthogonal polynomial system under a weaker

condition.

Theorem 3 :

Let {p,(x)] be an orthonormal polynomial

1) Jackson [46]
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system in the interval [-1, 1] belenging to the

- e il - ——— - —- - -

2

- w— - -

RSN e G WS EE W Em e —— -

- space of the class B of all functions which possess

o, (&, 2)=0w (£, =3—)

n

Moreover, while proving the converging almost
everywhere of general orthogonal series in the intervals

of continuity  Alexits and Kralikl) has proved the

following theorem.

Theorem C :

Let {¢n(x)} denote a constant preserving
polynomial like orthonormal system with respect to (x)
whose functions pn(x)' are wuniformly bounded. The

condition,

n 2 )
K=0¢

1) Alexits ([5], p 312).



is satisfied in the intervel of orthozonality 147
while the condition ( 5.1.7)

satisfied uniformly in the subinterval

[c, d] of [a, b].

1f f(x) is an L% - integrable function,
continwous in [C, d] with the continuity modulus

1
wif, 6 , C, d) =(———)
YI(1/E)
where P (x) > o, is an arbitrary function, monotone

increasing for x > 1 and satisfying the condition

®  dx
2 x@(x-1)

then the expansions

(7.1.2) f(x)~ ? C (
x) =0 n ¢n x)

converges to f(x) almost everywhere in [C, d].

In this chapter we extend the above theorem
for orthogonal polynomiasl system under weaker condition

for certailn class of functions.

Theorem 4 s
g
{ .
if {pn(X)S is any orthonormal polynomial




system belonging to the distribution dp(x) and f£{x)

is a function with the continuity modulus

(7.1.3) w(f, 6 ) =O(V-m

then

(7.1.4) J —x%&r < =

_implies the expansion (7.1.1) converges o

almost everywhere in [31_91 for any order of its

- - e - v v e i gun W vow e

term.

In order to prove the above theorems we need

the following Lemmas :

Lemma ll) H

If (pp} €M, a> 3,

then
Lim n n P% 1
L me———— = HETT -
n --7'«?,3 k=0 (k+l) ® -

1) Meder [78]
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1),

Lemma 2

1f @(x) satisfies the condition (7.1.4) and
if ,ﬁb“ { {¢n£x)k) be the class of all functions f(x)

for which

£ 2 =C>(7ZF%T“—) then the expansion (7.1.2)

n

converges almost everywhere in {a, b] for any order of
its term. Where Eﬁ genote txe begt degree of approximation
of f(x) by linear forms in the soece Lz.

Proof of Theorem 1

it
o

& uLu th )
tn(x) - £(x) kzo R»ER(X) - f(x)

0

D SR _ 1
= P kiopn.ksk(x) P

n
k:o Pn_kf(x)

P (5 (x) = £(x) )
(¢

#
‘Ui;—-
.y
t 12

n ('
(7.1.7) P {fh(x) - £} = T py (8, (x) - £(x))

k=0

We have,

Sk(x} = Copo(x) + PLPI(X) T em—— +Ckpk(x)

—

1) Leindler L. [63]
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1 - 1
= ;éf(t)QGQQ}t) poix) dt + -ff f(t) ¢(t)p,(¢t)p,(x)dt

1
+ l.f f(t) 8(t) py(t) pylx) dt += - - =+

l v
J £(t) 8(¢) p (t) p{x) dt
)

1
= £(4) S {200 po(t) + Py(t) py(x) + = = = =

+ P (t) pk(x)}[ 8(t) at

1
(7.1.8) Sk(x) = [ f£(t) Ke(x, t) g(t) adt
-1

where

i

Kk(X9t) PO(X) po(t) + pl(t) pl(x) 4 o omm -

pk(t) pk(X)

i

> tt)

k
b pV(X) Py

V=0

Let ¢  denotes the pesitive coefficients of xk in pk(X).

Since 1 1is a polynomial of degree 0o ,



1 1
*{ g(t) P, (t) adt J 8(t) p () 1 at

-1
= o] for k > 1.
and
poix) = o (t) = «af
1 ) 1
Here m,,]' 2(t) pix) polt) dt = ~{ e(t) po(t)dt = 1
by the orthonormality property.
Now, )
() pix) p(t) + 8(t) py(t) py(x) + - - -~ - + 9(t) -
pk(t) pk(x) = £ (t) Kk(x,t).
Therefore,
1
(7.1.9) j.f 8(t) K (x,t) dt = 1

as a special case of (7.4.8) with f(t) = 1.

As f(x) 1is constant with respect to the variable of integra-

tion , multiplying (7.1.4) by f(x) we get

1
(7.1.10) f(x) = lf &(t) f£(x) Kk(x,t) dt
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From (7.1.8) and (7.1.10) we have
L
sx) - fx) =S 8(1) { f-rl0 ] Klxt) at

Hencep (7919?) gives

1
N n
Py ILtn(x) - f(x)h TLEO Poox S(t) {_f(t)-—f(x)} g
Kk(x,t) dt
1 n HOR)
= Z o ( t-x)K yt)dt
A Zorae 80 ST (ke ®)

1)
By applying Christoffel-Darboux formula we get,

1 n ay
(1000 = [ Do #(t) g { B () P (x) -
pk+l(x) pk(t)}g(t) dt.
) n-l K
Putting H_( Nx, t) = xEo Prek -;;:I' Popbt) Polx)e

RHeSe of (7.1.11) is

1 1
(7.1.12) lf 8(t) #(t) H_( A x,t) dt - 1f QUt)P(t) H (A, x,t)dt

1) Alexits G. ( [5], p. 26}
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Using Schwarz inequality we obtain,

i 2
{7.1413) i wzf 5’9” Hn( A, x, t) dt}

A 1 2 l
N { 8(t) P7(t) cit{ 9(t) [H,

2
( Ny, x, t)] dt

1 2
= O(1) ‘{ &Hn (No % t)\s dt 9 (t)

n
. 2 2
= Q1) kio Pp o Py (X)

a

As E~5~ is bounded for‘large k{)
k+1
Phwk (n= kf 2
= O(n) z ) P
k=0 (n - k) p 2 nek
n~-k
2
n
=3 C)(n) L n-k 5
k=0  (p.k)
p 2
= 0 A5 2 v 2
Pn v=o (V+1)2 v
2
=Q(P, )

1) Alexits G. [5%], p. 28
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this implies that

lim
n —> «=

Hence the proof.

Proof of Theorem 2 s~

o s i o a-1 "“J""'
orix) = f(x) = ‘*“’A:g“ o Anek Slx) - "‘Z o
Aé-l f(x)
n-k
n -1
z"""?‘;" T A" (s, (x) = f(x)).
An k=0 n=k k
p oe n a=1
(7.1.14) A, &Gn(X) - f(x)B = kio Ah-k (Sk(x) —‘f(x)

From theorem 1
( ) - f( ) g b
X = t
Sk X f J’( ) f(t) f(x)s kk(x, t)dt

Hence (7.1.14) gives,

o

1 -1

i 8Ct) {£(2) = f(gx)k

Aha (a:ix) - f(x) = {

n
L

k=0

kk(x, t) dat .,

BN
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1)
By applying Christoffel -~ Darboux formula ,

n a=3 Xy g
= t) —=— (t) p (x) =
(7.1.15) = k:o Ak pit) T Prsl Py
Pyyp () pk(tﬂ}g (t) dt .
n o g.1 %
Putting kﬂ}( Ny %X, t) = kﬁo A v Tt Preptt) pk(x) .

RH.S. of (7.1.15) is

1 1
[ 800 B0y By (O xp 1) ar = [T 8(8) AL HON, xit)at

Using Schwarz inequality we have,
3 2 1 2
{ J R O HLO, x 0) at} [8e) p(e) at
2
[Hn(%' Xy t)] dt

1 ' 2
= O(1) { (H O, x, t)]

Q(t) dt
n a-1 2
= O £ (A ) p(y
ok
as -;~— is bounded for large k.
k+1
. 2a=-1
s = O(l) n

1) Alexits G. ([5), p. 26 ) ' N



156

2a
:'.'.O(l)n
2
a
= A
oA’y |
This implies that
lim a
o {x) = f(x)
A =¥ 2

Hence the proof.

aroaf of Theorem 3 3=~

Let S (x) be the nth partial sums of the

orthonormal expansion of f(x) .

Then, N )
J L £lx) = 5.(x) ] 8(x) ax
s

#

1 2 1)
O(1) { [£(x) = p(x) ] $(x) ax

#

1 2
Q@) L) = péx) ] === ax
=1 l.")(2

2
= (O(1) fn[ f(cos @ ) - p (cos Q)] a0
o

L 2
O(1) J [ f(cos @) - pn(ccs Q)] a0 .
o

1) Alexits G.([5], p. 6 )
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The function G(©) = f (cos ©) is defined in [o, %] and

possesses a continuity modulus w(G,§ ). Also we have,

w (G(9),8) = w (f(cos @), £)

;o sup
= |G(@,-) - G(&,)]
‘¢l‘¢2i$% ! 2
¢« °F | £(x,) - £(x,)]
| x =x5l¢ 1S
= w(f, £ ).

Therefore, by Theorem .B and using condition wz(f,S ) & w(f,8).

1 2 o 1
U0 = S0l gaddx ] = O (1) Dwy” (£, ) )
Hence,

1 2
JUs =501 e ax = 0 [ wtf, =) ]

Hence,
oo, 2) = Ol wif, =) 1.

groof of Theorem 4 :

From theorem 3 we evidently have the relation

. =00 W (£, =) ]
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From this condition and by (7.1.9) we have,

e oy

Hence the proof directly follows by applying

Lemma 2.



