
CHAPTER - 7

CONVERGENCE AND SUMMAfcHLITY OF 

ORTHOGONAL POLYNOMIAL SERIEE

Let PDCx), px(x), p21 x)................... .. Pn(x) be the

system of normalized orthogonal polynomials in the interval 

1-1* l) t corresponding to a positive bounded and summable 

weight function w(x). The Fourier expansion corresponding 
to a function f(x) (- L^ [-1, lj in this system is given 

by

oo
(7.1.1) f (x) £ C Pn (x),

n=o

Let

5ntx) E CVPV (x) 
v=0

Vx) - "p- S Pn-V Sv ‘x> 
Kn v=o

a, s l n“n = -p— J V, svtx) 
A^ v=o

be sequence of partial sums, (N, p ) means and (C, a) 

means respectively, of the series (7.1.1).
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Let{pn(*)^ a system of ortHonormal 

polynomial system belonging to the distribution dp(x). 

Let $ denote a class of functions and

Vx) ■ Jjo Wklx)

be a linear combination of p0(x), p^(x).......... ,pn(x),

with ank . Let dn^(f) denote the lower bound of 

all the numbers^

b 2 k[ / C f(x) - S (x}] dp(x)] ,
a

formed with arbitrary S (x)
n •

Then,
,P sup (2)

p"l*’2> ‘ lf) f

is called the best degree of approximation for the 
class j? in the sense of L^ - approximation.

If for some sequence -£pr^j the condition

(i) 0 < pn < pn+1 for n- o, l, 2, ..............

or

0 < pn+l < pn for n = o, 1, 2,



Ui)

i iii)

Po + pl 

lim 

n*~> oo

+ ....................+

n h p rn

n

a

P 4 ». n \

HZ

where a >, 0,

are satisfied, then we shall say that the sequence |pn

. i)
belongs to the class m

Let w (f, £

modulus of the function

w (f, & , a, b) sb

, a, b ) denote the continuity 

fix) in the interval [a, b] i»e. 

Sup
| f( t) - f(x) |

t - x| s<6

t, x i- [a* b] .

w (f, & , a, b) can be represent as w if, 6 ), 

We wenote by wi 8 ) a majorant function'of

wif, & t a, b) i.e. a function satisfying the 

condition

w( St ) >, w (f, 6 , a, b).



Cesafo, Kiesz, Euler and Norlund 

summability of series of orthogonal functions 

(not necessarily polynomials) have been studied bjy

Alexits G,1^, Kaczmarz2^, Menchoff3^, Meder4^, 

Tandori^, Lorentz^, Zygmund”^, Patel C. M.3] 

Bhatnagar P. Cand Leindler LJackson D."^ 

applied the Ces&ro summability to series of ortho­

gonal polynomials for the first time. He proved 

the following theorem for CesSro mean of order 1.

Theorem A s-

If the weight function gC t) is a bounded 

2function and if 0, t) 0 (t) is summable in the 

interval (-1, 1), then the series (7.1.1) is summable

(C» 1) to a function f(x) in (-1, 1). VJhetc,
pa>=_______________ Zl.-x,

1) Alexits G. [5] 7) Zygmund [152]
2) Kaczmarz [52] 8) Patel C.M.[92]
3} Menchoff [74] 9) Bhatnagar [15]
4) Meder J. ( [793,1180]) 10) Leindler [64]

5) Lorentz [71] 11) Jackson [48]
6) Tandori ([127J, Cl 28])
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Similar results were proved by Patel^,

2)Bhatnagar ' for Riesz and Euler means of order 1.

In this chapter we prove the following theorems for 

Norlund and Cesaro summability.

Theorem 1 :

If$(t) 01 2 3(t) is summable in (-1, 1) then the

ihlihl ii (N, pn) summable to a ^.function^ 

f (x) in (=12_1) if pn(- M® .

Theorem 2 :

11 £ll2_2flJr2 is summable in (-l_l_l) then 

ih£ ££Ei2£ (2-tlal) is (Cj,_a) summable in 1-1 a.l2*

daemon D. ' has proved several theorems 

while- discussing the degree of approximation with the

help of trigonometrical system. One of the theorems,

1) Patel [91]
2) Bhatnagar [15] j’j
3) Jackson [46] i
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for the degree of approximation in the sense of
2 1)L approximation, proved by Jackson ' is as

follows.

Theorem B :

Let denote the best approximation

in the L space of the class % of all the 2%

2periodic functions f(x) possessing an L continuity 

modulus w2(f, * ) < ( S )

where w2( 6 ) is a majorant of w2 (f» 6 ),

Then we have

«n (S'. 2) -Ot ) ]• !

In this chapter we extend the above result 

for orthogonal polynomial system under a weaker 

condition.

Theorem 3 :

Let £pn(x)^ be an orthonormal polynomial 

1) Jackson [46]
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system in the interval Lrl-t-Al beIgngin^ to the 

weight function xf.

O <? «Q( "mmuLmam* ) .
1 1 - xz

Le_£ c?nCJ?, 2) denote_the best degree gf

25EE£2*fH?i!fi2D» iiD2i?£ l2£2?£ Si ft!® s tern, in the L_

- sgace of the class 5 of all function a which £0ssess

continuity E-1JL-2* ft!2D wg.have

pn(£, 2):Qw <f, ) .

Moreover, while proving the converging almost

everywhere of general orthogonal series in the intervals

of continuity Alexits and Kralik^ has proved the 

following theorem.
r‘'

Theorem C j

Let |0n(x)^j denote a constant preserving 

polynomial like orthonormal system with respect to (x) 

whose functions j£>n(x) a1® uniformly bounded. The

condition^

Z0^x) - 0< ^
_ R=o __________________________________________________________

1) Alexits ([5j » P 312).



is satisfied in the interval of orthogonality 1£7

while the condition ( 5.1.7)

satisfied uniformly in the subinterval 

[C, d] of [a, bj.

If

continuous in 

w(f,

2f(x) is an L -» integrable 

[C, d] with the continuity

S , C, d) =o
Y^TI7D

•)

function, 

modulus

where 0 (x) > o, is an arbitrary function, monotone 

increasing for x > 1 and satisfying the condition

/2
dx

x0(x-l)
^ o»

then the expansions

(7.1.2) f(x)^ E C 0 (x)
n=o n n

converges to f(x) almost everywhere in [C, d].

In this chapter we extend the above theorem 

for orthogonal polynomial system under weaker condition 

for certain class of functions.

Theorem 4 s
j

If { Pn(52X SEJ&SDSEESi golynomial
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£¥fi£2 £elonging to the distribution dj^xi and f(x) 

if £ faction with the continuity modulus

^7.1.3) w( f t S> ) =Q( If 0U/& )

then 

(7.1.4) <

-is?£ii®s itl£ S£E32.?A2D Llzlzll 22222E9£J| ?
2i22fJ^ everywhere in £j*j_bJ[ for any order of i ts_

term.

In order to prove the above theorems we need 

the following Lemmas :

Lemma l1^ *

If (pn1j (. rf1 , a >

then

Lira n

n
« P2
w n

n P^.. ft*

k=o U+l): 2a - 1

1) Meder [78]



Lemma 2^ :

If 0(x) satisfies the condition (7.1.4) and 

if $0^ ( {0n(x}^) be the class of all functions f(x) 

for which

g ^ aQ—) then the expansion (7.1.2)

converges almost everywhere in [a. b] for any order of

its term, where denote the best degree of approximation

Rof f(x) by linear forma in the so-ce L'.

Proof of Theorem 1 j

tn(x) - f(x) E P Sk(x) - f(x) 
k=o ^*Kic

n

n
E P 

k=o
n .k^k

n
E

k*»o n-k
f(x)

r- I P. k(Sk(x) - f^x> )
*n k=o n”K K

(7.1.7) Pn (V») - f(x)lj E p k(S. (x) - f(x)) 
k=o n

We h ave,

S^Cx) « C0P0(X) + PlPjL(x) +-------- +Ckpk^x^

1) Leindkr L. [63]
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(7.1.8)

where

Let a

1 ' 1
* / fit) iit)nit) p (x) dt + / f(t) §(t)P1(t)p1(x)dt

«1 -1

1
+ / f(t) §(t) PgCt) PgCx) dt +-----------+

/ f(t)S(t) Pk(t) Pk(x) dt
—I

1 „a f(t) ./ ^P^x) P0(t) + P1(t) P^Cx) +----------- -

+ Pk(t) pk(x) S (t) dt

1
S^x) a / f(t) Kk(x, t) $(t) dt 

~1

&k(x,t) a P0(x) PQ(t) + PA(t) PA(x) +------------+

Pk(t) pk(x)

k
= E P„(x) p (t) 

v®o
I-

k denotes the positive coefficients of x in pk(x).

Since 1 is a polynomial of degree o »
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l 1 ~
/ §(t)PkU) at m J f(t) Pk(t)* l dt 
—l "i

= O for k >, 1.

and
p0(x) = PQ(t) « ao

1 1 Here / ?(t) prt(x) pU) dt = / 9(t)p(t)dt = 1-i o o -1 °

by the orthonormality property.

Now,
$>(t) pQCx) PQ(t) + 5(t) Px(t) px(x) +------- + §(t)

Pk(t) Pk(x) » S (t) Kk(x,t),

Therefore,
1

(7.1,9) / Sit) K. (x,t) dt = 1

as a special case of (7.1,8) with f(t) « 1,

As f(x) is constant with respect to the variable of Integra 

tion , multiplying il.XA) by f(x) we get

1
(7.1*10) f(x) « / git) f(x) K.(x,t) dt-1
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From (7,1.8) and (7.1.10) we have

fix) = /1 Sit) ^f(t)-flx)lj Kk(x,t) dt

Hence, (7,1.7) gives

•» - «*>i -Jj„ »».* [tit)-fix)i

Kk(x,t) dt

1 n [f(t)-f(x)]j
/ £ P n k Sit) ^(t-x)K (x.t)dt

-1 k=o n“k (t - x)

^ , l) .
By applying Christoffel-Darboux formula we get,

1 n
(7.1.11) - / E pn„k9it)

•1 k=o k+1
pk+iu) pklx)

Pk+i(x^ Pk^Ult) *■

n-1
Putting HR( \,x» t) ® l p

k=o
—1-— P. ,(t) Pk(x).

n-k aR+1 k+1 k

a.H.S. of (7.1.11) is

1 1
(7.1.12) / $(t) pit) H ( X jX,t) dt - / §{ t)p{ t) H (XjX,t)dt

-1 n -1

1) Alexits G. ( [5] , p. 26 )
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Using Schwarz inequality we obtain,

1-7.1.13) ^ $lt) H[)( x> t) dt]

,< / Sit) Fit) <tt / SU) [H 
-1 -1

( X# x, t)] dt

QU} {^Hn x* t}f dt
n0U) kE0Pn2- ** (x)

K=0

uk 1)As «. iS bounded for large k.
“k+l

O(n) l AjlJ' p2k=o (n - k) P 2 n-k
n-k

n P*
- Otn) E

k*° C n-k)'

n p 2Oil) -a- £ Jlv 2
pn2 v“° (v+1)2 v

0( Pn )

1) Alexits G# [5] , p. 28



154

this implies that

lim tl lx) = f (x)

n

Hence the proof.

Proof of Theorem 2 ?<

CT^U) • f(x) » L V-k Vx)k=o a
n
Z

k=>o

a-1
A f(x) 
n-k

n■Lr- I A"*1
k=o n-k *

a . 2 A (S„(x) - f{x))

(7,1,14) CE / 04l
<C(x) ~ f(x)\ * Z A a 1 (S. (x) - f(x)

J k=o n-k K

From theorem 1

1 , .Vx) - f(x) - J Jit) \f{t) - f(x) j kk(x, t)dt

Hence (7.1.14) gives,

Ah® (o*(x) - f(x) - / E §(t) [f(t) - f(,x)j|

k,(x, t) dt .
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i)

By applying Christoffel - Darbou.* formula ,

(7.1.15) = i /l'J w») r*-fpk+i (t) Pktx) -

k=o n“K k+i t

Pk+i(x) pk(t) ^ § it) dt .

Putting H (>», x» t) = Z “^77 pk+lU) pk^ #
n k_0 n-K k+1

R.H.S. of (7.1.15) is

/ ?(t) pit) H ( X, xf t) dt - / $(t) pit) H ( X, x,t)dt 
-1 n -1 n

Using Schwarz inequality we have»

{ ^ ' ?U) pit) Hn( X, x, t) dt} v< / §(t) p (t) dt

[Hn( X» x, t)] dt

« OU) /[H ( X, x t))2 

-1 n

?(t) dt

n a-1 2 0
= OCDMVk > Pk (x).

as ak
k+1

is bounded for large k,

CK'D n2a-1

1) Alexits G. ([5], p. 26 )
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OU) n
2a

- CH A ) ,
v n

This implies that

lira
°n = ft x)

ft *»'*$» OS

Hence the proof.

Proof of Theorem 3 s-

| L
Let Sn(x) be the n partial sums of the 

orthonormal expansion of f(x) .

Then*

/ [ f(x) - S (x) ] f(x) dx 
-1 n

1 2 1) 
= OU) J [fCx) - pn(x) ] fix) dx

Ou) ,/[fU) - Pn(x) ] dx

V, 21-x

* 2
0(l5 / [ f(cos 0 ) - p (cos ©)] d©

0 n

%

/ C f(cos G) - pn(cos ©)] dO

1) Alexits G.([5], p. 6 )
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The function G(©) = f (cos Q) is defined in [o, *] and

possesses a continuity modulus w(G,S ). Also we have,

w (G(©),£) * w (f(cos ©)» &)

sup lG(©r) - G(©2)|

sup

I Xx—x2|4 i
I f(Xj.) - f(x2)l

* w (f, & ) .

Therefore, by theorem B and using condition w2(f,fc) ^ w(f,&).

/ [f(x) - Sn(x)] £ix)dx ] = 0 (l) (w22 “n”^ 1

Hence,

1 2
_/ [ f(x) - Sn(x) ] § (x) dx » 0(1) ( w(f, -J-) ]

Hence,

^ w “TT" 1 1*

Proof of Theorem 4 :

From theorem 3 we evidently have the relation

C - oe »2 -4-.J j



From this condition and by (7.1.9) 

f 1 (pn(x)'j .

Hence the proof directly follows by 

Lemma 2.

we have,

applying


