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CHAPTER - 3

STRONG APPROXIMATION OF • ORTHOGONAL SFRIES

Let Cx,l U * o, 1, 2, ....) be an

2orthonormal system (ONS) of L - integrable functions 
defined in the Closed interval [a, bj . We consider the 
orthogonal series.

(3.1.1) Z Cl (x) 
n=o n n

with real coefficients C 's.n
Let us denote the partial sums, (N, pR) means, 

and Eul«r means of the series (3.1.1) by

* U) . E O/l (x)
v=0

T (x) = -jr— Z p$y(x)
n v=o

fn(x) = Z (y)SvU}’
n 2n v=o v V

respectively, where Pn = pQ + p1 + p2 + .... + p , 
po > °» pn * °‘

The series (3.1.1) is said to be (N, pn) 
summable to S if
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lim

n —-*• *>
TnCx) . S.

The series (3.1*1) is said to be (Ef l) 

summable to $ if

lim

n •—t °°
Tn = S‘

The

to the class wP

(1) o <

or o <

sequence ^Pnj be said to belong

for a certain real a >, o, if 

Pn < pn+l for *> = o, 1, 2,....

pn+^ ^ p^ jfoJC n = o ; X ^ 2| • i«o

(ii) p + p. +..••+ pKo K1 *n oo

(iii) lim np n
n

P
n

oc .

+ k
The n (C» 1) - means of the orthogonal

series (3.1.1) have been approximated by Tandori1 2 3^,

2) i) 4) 5)Meder , Alexits and KxaliK ' and Leindler . Leindler

approximated the de-la Valle*e Poussion mean of the

orthogonal series (3.1*1). The Eiesz means were

1) Tandori [133]
2) Meder J. [82]
3) Alexits and KFPiik [6]

4) Leindler ( [65], [66."'J
5) Leindler ^[64],, [65],[66])
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approximated by Leindler1). Later on the above results 

were generalized to strong approximation of (C, a > o )- 
means by Sunouchi2^ and Leindler3^. Bolgov and efimov4^ 

have generalized the above results to the means generated 

by triangular matrices.

Leindler5^ has proved the following theorem. 

Theorem A t- If

(3.1.2) £ C 2 n2f3 < ~ , (o < p < 1 ),
n=l n

then
crn(x) - fix) = ox (n~^) 

holds almost everywhere in la, b).

Similarly Kantawala P.S.^ has generalized 

the above theorem to Norlund summability. In this chapter 

we extend the above result of Leindler to (N, pn) means.

jx ,Theorem 1 .If pn(~ M ’ a > -g— , then under the 

tbe sandiiifiD (3^1*21* £§J= atign.

Tn(x) - f(x) = ox (n~p ) (o < p < -|~ )

i

everywhere in ^jj^b) .

1) Lindler [64] 4) Bolgov andE'fimov [23]
2) Sunouchl G.[ll9] 5} Leindler [66]
3) Lindler [67] 6) Kantawala [1 J



73

The nth (C, l) - means of Fourier series
s

and the Walsh expansion of the function f(x) satisfying
• 1)

the £iptchiz condition were approximated by Bernstein

and Fine1 2) 3 4 5 respectively. The strong (C, l) summability

of Fourier series, conjugate Fourier series and orthogonal
3) 4)

series was investigated by Alexits ’, Alexits and Kralik ,
e \ Z. \ *7 \

Sun young Sheng ', Alexits and Leind^n: and Turan

Strong Cesaro summability of orthogonal
8}series (3.1.1) was discussed by Sunouchi , He has 

proved the following theorem ;

Theorem A If the orthogonal series (3.1.1) with

(3.1,3) l C 2 < »
n=o

is (C, 1) - summable to f(x) almost everywhere in [a, b] , 

then

lim i n P-l * v. k
jT 2 I y(x) - f(x)| = o

n - V v=o

almost everywhere in [a, b] for any ji > o and k > o

9)Maddox ' has generalized Sunouchi's result: which

1) Bernstein [14] 6) Alexits and Leindler [9]
2) Fine [32] 7) Turan [142]
3) Alexits ([4], [5]) 8) Sunouchi [l2o]
4) Alexits and Kralik [8] 9) Maddox [72]
5) Sun young sheng [121]



n
concerns with the weakening of the hypothesis rather than 

strengthening of the conclusion by proving the following 

theorem :

Theorem B :- Let

X 2L -r-°---- C < »
*777 n

and suppose that for k > o, the sequence

corresponding to the orthogonal series (3.1.1) is summable 

[R, N , 1, 2 ] to f(x) almost everywhere on [a, b] .

Then for any sequence ^ ^ with o < inf ^ Pm 2,

the series (3.1.1) is [R,^, 1, p ] summable to f(x) 

almost everywhere on [a, b] .

Similar result for Norland summability was 
proved by Kantawala P.S.^ In this chapter we extend the 

results of Maddox for strong Euler and Strong (N', p^) 

summability. Our theorem are as follows

Theorem 2 If (3.1.1) is (N, p„) summable to f(x) almost 

e very where and the condition npn - 0( ?n) is true then the 

condition (3.1^3) implies

Ij ka«-btvvaXcL C5®3
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lim

n
Z p 1 5 (xj - fix) | 

Hm 1 ra 1
m

ti

holds almost^e very where for any sequence ^

o < inf ^s< 2 •

Theorem 3 *- If the series (3.1.1) is (E, l) summable
— ' ' -n"TLJin.B--rr «•*» ^mmmm ————^ —— — —— — •—.«»

to 1L&1 SiSSSi everywliere then the condition

(3.1.4) £ C„21^ <
n=l n

imglies

lim

n
2n

I ( n )
' m '

m=o
§ (x) - f(x) 

m
m

= o

holds almost everywhere for.'any sequemce

o < inf u ^ u %< 2 .

For proving this theorems we need the

following Lemmas :
1)

Lemma 1 s- If (M (- M , a > then

lim

n —->■ a» n
V S -X

k=o (k+l)‘ 2a - 1

1) Meder J. [78]
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Lemma 2 If {Pn \ C~ 5 ’ “ > ~2~ ’
under the condition

then

£ C 1 2 3 ri2^ < ao ( o < P < 1 )
_ , n n=l

the relation,

tn(x) - f(x) ■ ox (n“^ )

holds almost everywhere in ta» b) *

*•) , i
Lemma 3 Let J pn l be a nonnegative monotonic

increasing or decreasing sequence of real numbers with 

nPn - 0 ^Pn ) and pn oo as n —oo if the ortho

gonal series (3*1.1} is (N, pn) summable almost every

where to a function f(x) then

lim

n 00

n
i

k=o
pk t ~ ^ o

almost everywhere on [a, bj.

3)
Lemma 4 s- If the series (3el»l) with coefficients 

satisfying the condition (3<>1.4), is summable by the

1) Shcqnmct [llo]
2} Kantawala [SO]
3) Patel R.K. [95]
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method (£» l) to a function f(x). Then

lim , nr ( n ) f 5 (x)2n k-o k ^ L k
—Pv*““ wn " " ' 7* oo

f(x) ]

holds almost everywhere on [a, b]

Proof of Theorem 1

I Tn(x) - fix) | =| Tn(x) - T^nC x) + T^n(x) - t^n(x)

+ t (x) - f(x) 2n

n< I Vx) - Y2nU) 1 + 1 VX)

t (x) I + j t (x) - f(x) 2n 2n

Now,

x) - t(x) =
T) n v=o

1 pvVxJ - ~f~ ,r Pn-vSv(x)
n v=o

~ 1 (PV - pn-v} Vx)n v=o
- ^ ^Pv " Pn-V* * Wx)’
n v=o k=o K

Now, by Schwarz Inequality, we have
b _ 2 . b 2n

/ [T^n(x) - t^(x) j dx N<
a 2“ 2“ ' P ^ a v=o'r2n-v r'v'/ £ (Pnn ” pv^

,n 2n
I

v=o
v j 2

l.k-oCk^k^ X J dX
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1 S" 2 20 v „ 2
« 2 (Pon " Pv} £ . E. °k '
g *- v-o 2 -v

>n

n
E C P2n v " pv }

v=o k=o

2

0(1)
I. 2

>n
I p

V—o

Therefore I,

b oo 2np 
/ ? 2 

a n
( T2n (x) * <%,„ tx) ) dx

2nj3
= OCD 2°° 2___' 2-r 2£

. p 2 2 pv
n=l P _ v=o2n

oo 2n^
= 0(1) 1 -f—2 2

n=l 2n
n

2n P

u , , x2 0nv=o (v+1) 2

2np
“ °u) „Ei

>n

; < oo by Lemma 1,

holds almost everywhere in (a, b) . 

Therefore,

(3.1.5) T „(x) - t „(x)
,n n

-np
o (2 ),

holds almost everywhere in £a, b)

-Vx
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By Lemma % we have.
-U

t (x) - fix) = ov (n )
n

holds almost everywhere in (_a, bj.

i .e.

13.1.6) t n(x) - f(x) =2n

holds almost everywhere in Ca, b).

-np
o. (2 )

We have,

n
TAx) “ i^x) 

n n-i
l Pk3k(x) -

k=o k “
n-1 
l

n-1 k=o
P , pkSk^

, n»l4- 2 PkVx)
*n k=o K K

n-1
- £ 
n-1 k-o

PkSfc1 xJ + 5n(x)

n

i n-1
——— } £ d6‘x) + —J3» % {x)

Pn 1 Ir' n pk k'*' + P n'x* 
n—i k=o n

-p n-1 k p
P_P_ , 4. pk „£. Cv^vU^ +"P^ Sn^

n n-1 k=o v=o

n n-1 n-1 p„
PP , £ Wx> £ pk + P“Sn(x)

n n—1 v=o k=v K , n n
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n-l-p n-l n-l p . , .
jrg— s r pk + p^p—7 a VvU)*n n-l V—o v v k=o K *n n-l v=o

v—1
E p. +

k=o K
n

P n 
n

S (x)

V*>-
n

n_ a =Alx) pv-i
P_P„ , v=o n n-l

“----- 2 Cy0v(x) P
p pn n-l v=o v— 1 ’

Thus we have,

/ (Tnlx) - T jUjj) dx =
2

Pn
—2—■P P . n n-l

„ 2

n 2 2
£ CP. v v—1v=0

n o v-i 2 
,e cv <■ A Pi >

P„T> v=o n n—1 1=0

But by Schwarz inequality,

v-i 2 v-±
( I Pi ) ^ v Z pA

1=0 1=0

So we h ave ,

/ ( Tn(x) - Tn>>1(x) ) dx ^ |
p 2„ 2

n -l

n
2 P. 2 v

v=° v py2

v 2 n 2C.E Pi) °v 
1=0
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Oil) -\-2 * Pv2 CvVb!t b-e”mC' ^

p p v=o n n-1

i n 9OU) £ V
n v=o

Hence ,

«c 2S+1 b _
l n / i T (x)

n=l a n
T * (x) ) dx 
n- i

2^+1
-O^ n n 2 

I C* 2 - -vn=l n v=o

oo 2 °° 2§-1

vsso ’ n=v
= QU) V £ n

OO Q

= CM1) E Cv 
v=o

< oo 4 if p <

So by BoLevy’s theorem,

2g+l
I n 

n=l
( T (x) - T Cx) ) <

n n-1

almost everywhere in (a, b).

Consequently for 2m < n < 2m+i , we have

I TnU) - T^Cx)! = I + ( Tk(x) - T^U)



' l ^ i y*) -
k«2m+l

V,
m+l

k:2“+i k2?+1
-8m

°x ‘2 >

%tn J

holds almost everywhere in (a, b), 
i.e. the relation

(3.1.7) I y*> - T_m Cx) I = 0y (n'P)

holds for 2ra < n < 2 almost everywhere in (a, b). 

Therefore by (3.1.5), (3.1.6) and (3.1.7) we have the

m+l

relation

| Tn (x) - f(x) | -P
°x (n >

holds almost everywhere in (a, b). This proves the 
theorem.

Proof of Theorem 2 :

By Lemma 3 we have, 

l n 2P" E pm ^ Sm^ - 3 —► 0 as n —y ~
F n m=o

almost everywhere on [a, b].
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Denote,

X. s | s . fm ! m

Then we have from hypothesis o < C < 

some C,

ref\

Hence
ot X t A 

m N m if x 1ro •

and

TO 2C
u X tm X m if tra < 1 . m

we have,
If t < 1, then by Holders

n 2C— E p t n m=o m m

h p op p 1-Ci (p-) t2C (-|a-)
m=o n n

n,< [ n^ ' pm=o n
P o nt 1 2 ] t E

Ul OteO

1-C
m
n

2 C_ . P„ ^
m=o n
n pm [ E --m

1 h o Cx [ — e P t 2 ]™__m m Jn m=o

X 1 for

inequality,
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Hence,
i- l 0 t ^P_ „ _ m mn m=o

as n —^ * due to Lemma 3.

Also, if t >, 1, this limit is obviously true.

Hence
n■p” 1 pm l x) — f(x) 1 o as n —;>

n m=o ,

almost everywhere in [a, b] .

With this the theorem is proved.

Proof of Theorem 3

By Lemma 4 we have,

■ir * ‘ nm >

Z m=o

almost everywhere on [a, b].

- f(x)) —> o as n —^

Now write,
t as | S m ' m

Then, we have from hypothesis o < C ^ -?y— 1 for some C.
\

Hence,
hrm 2

tm < ' t‘ if tm >. 1 m ' m m /

and m 2C
m

V< t
m if t < 1 m
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1 06 e

(3olo9)
M-im 2 C

.< t + vm N m mm

where

m
° if >/1

and
vm * t2 if t < 1 
mm m

By Holders inequality, we have,

1 nn 1 
2 m=o

( n ) v 
m ' m

C

1 n 
x -s- 2 ^ 2n m=o

( n ) 
v m '

n
a £

m=o

n
n< £ 

m=o
V-

/LiJl 2n

(" )
m

2C
m

2C

m

( " ) 
m

1-C

J

11J \ m=o

n ( " ) 1-C
m
.n

So t
n

n
£

m=o
( " ) 

m

2n m=o

m

£ l m ) 
m ' m ,n

n
£ (

m=o
n
m

) t,
m

....^ o

aS n —-y «. due to Lemma 4.

Hence from (3.1.9)
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i n / n \ ^ __v2 ( m ) t —^ o as n > »
211 _ IB IB

m=o

almost everywhere on [a, tO • 

i ,e.

-is- * t S j i v-J - «*> i1*'" -» *
2 m=o

as n —^ oo almost everywhere on [a, b] .

This complets the proof of our theorem.

i


