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CHAPTER 5

SUMMABILITY OF ORTHOGONAL EXPANSIONS IN 

POLYNOMIAL LIKE QRTHONQH.MAL SYSTEM

Let ^0n(x)^ (n * °» lt 2» ..........) be an

orthonormal system iONS) of L^- integrable functions 

defined in the closed interval [a* b] , with respect to a 

positive, bounded weight function ?(x). We consider the 

orthogonal series

(5,1.1) 2 C P {x)
n=o " n .

«with real coefficients C s.
n

The (N, pn) means and (N, pR) means of the 

sequence of partial sums ^sn(x) of the orthogonal series

(5.1*1) is given by

tn(X) k!o pn-k SkU)

T"u) "~h JL PkSkU)
nwhere S (x) * £ C,0.(x).

n k=o K K

The series (5,1.1) is said to be (N, pn) summable
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to S(x) and, (N, pn) 

lim
t (x)

n...-y* oo

summable to S(x) 

= S( x)

respectively if

and

lira _
Tn(x) » Six).

oo

An CMS |0n( x) ^ 

if 0o(x) = constant.

An CNS 0n(x) l 

if its nth Kernel

is called constant preserving,

is called polynomial like if,

kn(t, x) «• I 0k(t) 0kix) 
k=o

has the following structure :

(5.1.2) kn(t,x) Y p
Z tk(t, x) I 

k*l i ,j=-p

la)
Yi,j,k

<Wx)

where p and y are natural numbers independent of n and 

the constants u 1 have a common bound independent
w |l J $ »

of n, while the measurable functions Fk(t, x) satisfy the 

condition

Fk(*> x) -Oi
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for every t, x(« [a, b] . We assume that with

negative index is considered to be identically equal 

to zero.

Define
N (t, x) ■ — Z p k (t, x)

n v=o

QjjCx) » / | Nn(t, x) l S (t) dt
d

and

Nn(t, x) Hp” £ pn-v kv^» 
*n v-o

b
^(x) - / |N It, x) | £(t)dt

a

called the n IN, p ) Kernel, Lebesgue (N , ) function*

(N, p^) Kerne.l and Lebesgue (N, pn) function of the ONS 

^PnCx)j , respectively.

The partial sums Sn(x) of the expansions

of an l, - in teg r able function f(x) in the functions

of an ONS can be represented by

in(f* x) = / f(t) 4#n(t, x) $(t) dt

nV‘-•
K = 0

where
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The n**1 sums, of an expansion summed by a 

linear summation process has also the same integral form, 
where (t, x) denotes the sum

k^0 “nj?

The integral In(f, x) is said to be singular

(with singular point x), if for an arbitrary positive number 

& and for an arbitrary subinterval [a, of [a, b] , the 

following condition hold s

lira
/ $ (t, x)J?(t) dt = 1 and 

n—.y oo £ n

lira
/ $nU, x) § (t) dt =o

n—^ °° J

I = [a, b] ft [x - S t x +SJ,

J « [a, j3]**[x-o»x+cf].

ess. lub
I ♦.(t,x) | N< v ( s )

t(- [a, b]-[x - S , x +6 ]

where l|f( S ) is a number depending on £ but independent of n.

if ^n(tf x) satisfies uniformly the conditions 

(5.1.3) and (5.1.4) in a x-set E, then the Integral

(5.1.3)

with

(5.1.4)



X os
Xn(f, x) is said to be uniformly singular on E.

The effect of Lebesgue functions on the conver

gence of orthogonal series was first investigated by 

Kolmogoroff-Seliverstoff y and Plessner J for the case of 
Fourier trigonometric series* It was extended to the
convergence and Ges^ro summability and summability by first

3) 4) 5)
loguslthmic means by - Kaczmarz Tandori , Msder 7, and Patel and Sapre^.

The behaviour of the Lebesgue functions for
7)polynomial - like ONS is investigated by Ratajski 7 and 

o VAlexits . The convergence and summability of orthogonal 

expansions for polynomial - like system has been studied 
by Zinovev9^ and Alexits10^,

Alexits*1-* has proved the following theorem s

Theorem A i -

If the

the condition

is polynomial - like and

Jo ^U) " °*U)
1)
2
3,
4.
5
6

- SeliversU*ff([59} frO]) 
Plessner [97] 7)
Kaczmarz [51J . 8Tandori (T 1273 &35] [l37] ) 9
Meder [76] 10
Patel and Sapre [93] 11

Rataj ski 
Alexits C 
Zinovev 
Alexits ( 
Alexits (_

Cfl0l],&02])
5] ,P'206>
14“7]
5], p .267 )

r----- .5] , p»206,267 )
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is fulfilled in the set E» then the relation 

!* (x) . Oxll).

holds almost eveswhere in E.

IhlSMMMA *-

Let |#n(x)^be a complete, constant-preserving 

polynomial - like ONS with respect to the weight function 

£(x). Suppose that the functions Fj^t, x) are continuous

in the square as< t N< b, a N( x O with eventual 

exception'of the diagonal t = x and that the two conditions

n£ ATCx) * O(n)
k=o

and

(5.1.5) o < ? (x) constant

are also satisfied in the subinterval"'[C, d] of [a, b].

If the L S(x)
in [C, d), then its expansion

integrable function f(x) is continuous

(5.1.6) f(x) t\J l C 0Jx) i
n*=o n n

is uniformly (C, 1) - summable in every inner subinterval 

of [C, d], the sum being f(x).
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• Similar results were proved by Kantawala*^ 

for Riesz means and Euler means.

In this Chapter we extend the above results to 
nth Lebesgue (N, pn) function and Lebesgue (N, Pn)

function for polynomial like QNS and to the (N, p^) summa- 

bility and ($, pn) summabilitv of orthogonal expansion 

for the constant-preserving polynomial-like ONS. Our results 

are as follows.

Theorem 1 If th_e JDNS. ^ 0n(x) \ i-S. polynomial-like_
and the condition

(5.1.7) 0n(x) » Ox(i)

is_ C^LCiiA?Ji in. $.§X> JL> then the_ J^lation^

Q.n(x) a 0^(1) 

holds ^almost everywhere on E.

Theorem 2 j«. Jjet ^ (x) Jbe _a complete constant pre

serving JONS^ _with rejyaect^ to_ the_ weight

^wction S*(x). Jlpp£Ose_ that _the JPPPJJPILL Fk( t ,x) jare

cjwtjinuous _in the square _a N< t s< b, a \< x b __with_

ej/ejrtual excep_ti_on ^of^ the_ diagonal t = x _and_ .that jthe _two_ 

conditions.
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(5.1.8) finU) =0(1)

§A.<t (_5_.JL.._5j _are_ satijsfied. i_n_ the_ ^uMnJ^jrvaX [c, d] _of_

[a, b} » If^Jthe L X^JL^ASTL ^C x) JLs jzynti-

nuo_us_ in_ [c, d}f Jheji. Us. ej^ajisJLQTL (5.1.6) JUl MnJJjJXffiJbL 

(N, p n) ^vjunmable _ln_ every_ inn_er_ sub-interval _of_ [ c, d] ,

the^ sum belng_ f (x) .

Theorem 3 _I_f_ the_ J3NS^ | Pn(x) ^ JLs^ polynomial

like_ _an_d _the_ condi_t_i_on (5.1.7) JLs^ f ulf illed in_ the_ set_ ^ 

then the relation
_ Q^u)

h_olds ^almost overyjrtvere J.n_ J_.

Theorem 4 i- Let ^0n(x) ^ be a conglete constant-pre-»

BfiPf®131 ~ with respect to the weight
function $(x). Suppose that the faction Fk(t, x) jrj

continuous in the square aN< ts< b , a s< x N< b with even; 

tual exception of the diagonal t = x ^and_ that the conditions 
(5.1,5) and (5.1.8) are also satisfied in the subinterval

a

Cc* of [a, b], Xf the Irv\ - integrable functions

fixj is continuous in [c,d], then its expansion (5.1.6) 

lsri offif Qfmly ^» Pn^ in every inner jubinterval

[c, d], the sum being f(x). For proving these theotews 

we need following Lammas.
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Lemma ?* If ^Pn\ € & » a > ^ then,

2
lim ft J ...... = _i----

n->« p 2 kssQ + X)2 2o - I
n

Lemma 21 2 3^ :- In order that an ONS should

be complete f the validity of parseval's equation

b o °" 2/ r*(x) dp(x) = E C
a n=o

2for all f £ L is necessary and sufficient.
I*

3)Lemma 3 i- if the function f(t) fc k?(t) *s

continuous in a subset E of [a, b] and the conditions 

(5.1*3), (5.1.4) and

/ 14^,(t,x) | ?(t) dt = Ou) 

a

are uniformly satisfied for x 6 E, then the relation

In(f, x) ------- > f(x)

holds uniformly in E.

1) Meder [78]
2) Alexits ((5]» P* 15)

3) Alexits ([5], P. 260)
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3)
Lemma 4 s- A monotone sequence of continuous functions, 

whose limit function is continuous, converges uniformly.

Proof of Theorem 1 We have

inCx) * /b|Nn(t, x)| ?U) dt

and
Nn(t, x) n"d~ £ ,Fvkv^*x)

n v=o

Let Pn(t,x) and N^Ct.x) be the characteristic functions 

of the sets in which

n£ P k (t, x) >/ 0 and < O respectively.
v=o

X mm

From the defination of n1, Lebesgue (N , PR) functions

V*)
b

* I l NR(t, I ? Ct) dt
a

(5.1.9) £n(x) = / Pn(t,x) Z Pvky(t,x) (t) dt
n a v=o

- / Nn(t,x) Z Pvky(t,x) 9(t)dt
P_ J "n n a v=o

3) Aiexits ( [5], P.266 )



112

Now our aim is to show that each of the sum on R.H.S. 
of (5*1.9) is of the order of magnitude Ov(Pn) for every

a H

x(- E n (a +6 ( b - £ 5 with arbitrary £> o and therefore,
Qn(x) * Ox(l) holds for almost every x(~ E. We divide

the integral

/ ^v(t, x) ?(t) dt for n \ nf > ~4r* in to

two parts*. 

Now,

X SBvl /

V* MHmJLriiM»

* n x -
„WI luw.

Iv2 * /
n b

+ I
y ^ —1.. rr

n

We first estimate I I , I' vl 1 •

Using Schwarz's inequality

* 4.JL 1" A T ^

*yl N< / P n2 U, x) 5(t) dt /
y «■■■»’■ ■■ y   1

2
ky (t, x) 9(t) dt

2
Now the condition (5.1.7) and Pft (t, x) 4 1 implies 

that
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X +

* . x< /
Vi

n 2 v 2
P„ (t, x) £(t) dt Z p (x)

x -
n k=o It

n

= ox t™*1)

Hence by Cauchy's inequality and Lemma 1

n2 Pv I ^yj|[ I ^
v*o

n 2 n
E Pv 2 ^vi 

v=o v=o

2 2

r n 2 n ,U UJD Z pv I vn 1
* \ VaO V v=o

2 yoiu/; is-

1 v=0 ( v + 1}‘ n

o.fiji-'s * —*—o pL:x > Pn2 V“0 (v + l)2 n

OxU) O (pn)

■ °x ‘ Pn >•

n(5.a.io) i p„ | iyl |
V«0

* Ox ‘P„>

Now we proceed to estimate,

n
2 Pw 1 I

v=o v » v2
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nE P„ I Xv2 I
v=o

n * n b
i P„ i (/ +1 > *>.

n
v»o a

ky(^, x) $(t) dt |

Let us put*

9jj( t p x) »
Pn(t, x) Fk(tr x) for t(- [a, x- -*-} U

[x + -J- , b]

otherwise

Since the system [*nlx) is polynomial like and there

fore using defination (5,1*2) of the Kernel kn(t, x) ,

we have 

nt p,. i i.
v=o

'v 1 v2
n n b
s PT I C / + / ) Pn(t, x)

v»o a , -1..-
X T “

Y . . P {v)

F*(t’ *l,UP v.j.* v(t)k=l

Pv+j(x) .f(t) dt |

Using toe defination of the function gfc(t, x)» we obtain,

x-Y P n (V) n b
* Pv I Y. . . | | 0v+j(x) I ( / + / .)4 z z

k=l i,j*-p v*o i»j,k
x +■ n

Pn(* » x> FkU* x) ^v+iU) SU) dt I
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= o ci) l l 2 p i /b«ku, x) c»v+1 it) ?ct) dt |x k=l iss-p v-o v a ^

n2 PV I Xv2 I
v=0

Y P nOy U) Z l E P,
x k=l i»-p v=o

I / gk (t, x) 0v4.i^'t) ?Ct)dt i

Now F. (t, x) = Q{ —^----- ) and | t - x | >y n"1 ,
t - x

imply that

I gk Ct, x)l ^ Pn (t, x) | Fk (t, x) |

Ou)

i.e. gk

i«® * gk 

integrals 

expansion 

So, 

n£ p l I 
v=o

Ct, x) is bounded for fixed n ,

(t, x) is integrable, which means that

on the R.H .S® of the above relation are

2- coefficients of L - integrable function.
set)

v2 - Ox U) Yi
k=l

f n
- £ 

v=o

n
I

v=oL

/ gkCt, x) 0y+i (t)
2

PU) dtV
1 K

)|J
—

*
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Now by Bessel's inequality,

S ( /b gR (t, x) p (t) S*Ct) dt l s< / gk2(t, x) 
/so la v+i J 3

■ °* ln)
i)

So,

n2 Pv l Iv2 I ■ 0* U> 2
v»o

n
n £

k=l i=-p l v=o

_1_

0 Ll) l £ I
, , , ^2 2k“l i=~P pn v=0 (v+1)

Hence by Lemma 1 we have,

(5.1.11) £ pv ^ *v2 ^ 
VssQ

- 0xcpn)

Hence it follows from (5,1.10) and (5.1.11) that 

£ P„ / pn U, x) k„ (t, x) $(t) dt = Ov ( P„ )

v*o a x n

is true for almost every x(- E ACa + £ * b - £ ] and 

in similar way we obtain that the estimate

£ pv J Nn (t, x) ky (t, x) 9(t) dt ® Ox ( Pn ) 
v s*o a

holds almost every x(* E fl [a^£ , b - E ].

?(t)dt

1) Alexits ([5] , p. 7)

ro
lt-



Hence due to (5,1.9) we estimate

9n lx) * 0*U) 

holds almost everywhere in £»

This completes the proof of our theorem.

Proof of Theorem 2 s»

For x(- [C + 5 , d~£]

We have,

x-S b
I < / + / ) fit) N (t, x) $it) dt |

a x+a n

x-6 b
| ( / + f ) f(t)- 

a x+6 n v=o
2 *) S(t)dt|

| | wg»A»u. x-6 bn* p
( / + / ) fit) Z pw E F. (t, x) EPn 3s1 $ v=o Ky k=l k i, j=-p

(v)
Y . . . P (t) 0 (x) $(t) dt |

X»J>K v+i v+j

Now let us put,

hj^(t, x)
| fit) /klt, x), ts [a, x-S] U[x+S

otherwise.

We have



118

( /X~S+ / ) fU) N u, x) S(t) dt I
a x+g n

Tf p n (Y)
V< I t t PVIV I I P M I

n i,j=-p v=o i»j,k v+j

/'bl^hk (t, x) 0 (t) get) dt I
a v+i

_ , 1$ p , n b= OCl) I £ -f- E Pj/Mt.x)
n k«l i=-p rn v=o v a K

0 Ct) get) dt I 
v+i

By Cauchy's inequality we have,

l e /x~&+ /b) fit) n et, x) get) dt i
a x+g

Y P -i - yi n ( b°U) A i£ D~fcE £>■ vE0pv / h*(t>x)
KssX i®*p n V«0 j 3

v+i
et) get) dt

j2]
Jw

2

i #8 *

i e /x”s + / ) f(t) nn et, x) get)dt
a x+g

(5.1.12)
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*0(i)
% p 
£ £ 

k»l is=“p n

n t b
£ pv1 / hk 

v=o v\a K

9 (t) $ (t) dt\2]

v+i J

The integral on the R.H.S. of the above relations are
t H(v + i)^ expansion coefficients of the function h^Ct, x).

Also the 

fixed i

system 

and by

[pn <,)} is complete end hence with 

Lemma 2 we h ave ,

(5.1,13)
*2 2 £ C Z

V»-i V+i
(x)

b 2
/ h. (t, x) P (t)dt . 

a K

blow we proceed to prove that the function 

b 2
Gk (x) * / hjj (t, x) 2 (*) 1* continuous on

d

[C+S,d-63 , it is given that f(t) is continuous in

[C, d].

Define f(t) « o„ tjL [C, d].

Since (t, x) is continuous in the square a ^ t ^ b,

a ^ x $ b#

• except for the diagonal points,—t = x, for each t and for 

every xt- [a, bj, x £ t, Fk(t, x) is continuous as a
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function of x only. Hence given $> o, <1 ^ > o» such 

that
o < | h j < < S <. ~4~ implies,

| F 2 (t, x + h) - F 2 (t, x) | < &
k ‘ 2tA2 (d - C)

where denotes the bound for f (since the $ chosen

cabove is arbitrary, we may like &< » where k > o

denote the bound for the function f2 (t) F^2 (t, x) and 

f** (t) F^2 (t, x + h) in the intervals [x - 6 » x - S + h]

and [x + & , x + 6 +■ h] respectively. This is possible as 

f(*)is continuous in the interval [x - £ , x - 6 + h] and

[x+S , x + $ + h] as the function of t.

Now for x(- » d ] and o < | h | < 6 <
4k

We have,

jG^Cx + h) - Gk(x) I / hk2 (** x + h) B(t) dt

“ / ^u2 (t, x) §(t) dt |
a *

x+h-$ b
'7 \+Lt ) f2 (t)Fk2(t,x+h)

f(t) dt - i / “+ / )
a x+$
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f2 c t) Fk2 (t, x) 9 It) dt |

Let us put,

E « [a, x - $ + h] U [ X + S , b ] 0 [C, d] then the 

continuity of (t, x) is true for any tt-E and all x.

Hence,

| Gk (x + h) - (x) |

o o x+* 8 + h
* 1 if f (t) F 2(t, x + h) S (t) dt - /

E K xf6

f2(t)F.2(t, x + h) 5(t) dt ) - C / f2(t) 
k E

n X** & +h o

Fk (t, x) 9(t) dt - / f (t)
x-6

Fk2 (t, x) set) dt ) i

N< | / f2 (t) F 2 (t, x + h) Sit) dt - / f2(t)F 2(t,x)
E K E K

X" S Q Q
set) dt | + | / f2 (t) (t, x) s (t)dt

X- $ K

x+ $ *t-h o o- / f2(t) F 2(t, x + h) $(t) dt |
x+ g N K
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\< If2 It) | Fk2(t, x + h) - Fk2lt, x) | fit) dt

X“ I) +h 9 9+ / f (t) F.2(t, x) S(t) dt
X” &

X+ S +h 9 9
+ / f (t) F 2(t, x*h) Si t5 dt

x+S •

0 t< jy^2 —^----------- | £ ( + 2k | h | < ~-+2k^ =

2MX (d - C)

Hence it follows that G^x) is uniformly continuous. 

Now, we proceed to prove that Cn(x) is also uniformly

continuous in [C + £ , d - 6 ] . As noted above, since for 

each t and for every xt-[a, b] , x 0 t,Fk(t, x) is

continuous as a function of x only.

For given & > o 3 >0* o<|h|< ^ ^

| Fk (t, x + h) - Fk (t, x)

Now, for xt- [C + S , d - & ] and | h

inequality,
b

| Cn lx t hj ■ Cn (x) | » | f hk (t, x + h) 0n (t) fit) dt

b
- / hk(t, x) 0n (t) Sit) dt |

6
M,

1
E I 2

< ®2x * bY Cauchy's
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b , 2 b 2
N< [ J 5hk(t, x+h) - hk(t,x)J §(t)dt J 0n(t) ?(t)dt]i

r 2 2flf (t) (Fk(t,x+h) - Fk(t,x)) SCt) dt ]
1/2

I El 1
1/2

Hence, it follows that Cn(x) is uniformly continuous on 

[c +& , d-S ]. Consequently, it follows that from 

(5.1.13) and by Lemma k that the series

oa 2
S Cv+i (x) 

v=-i V+1

Converges uniformly and therefore, it follows that the
,2

sequence converges uniformly to zero as 
th ,Zn oo and this implies the ntn (N, PR) means of

converges uniformly to zero, i.e

n
P 2 Pv< 

n V»0
/ hk(t,x) 0v+i(t) £(t) dt l « vb(l).

Thus^it follows from (5.1.12) that

x-S b(/ + / ) f(t) N (t,x) 9(t) dt « 0(1).
a x+S
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Since, this relation is true for any L §(t) “ integrable

function continuous in [c, d], in particular taking 
f(t) = 1, t € [a,b], We have,

x~£ b
(5.1,14) ( / + / ) Nn (t,x) §(t) dt * 0(1).

a x+ (j

Now,
Nn(t’x) - ~p~ * Pvkvlt,x)

n v=o

t v*„pv L *«lt)n V—o m=o

= -4™ £ Pit) 0(x) £ Pw
n m=o m m v=m

Hence it follows from the constant preserving polynomial 
property of the system that

)o/ N (t,x) ${t) dt = | £ p it) 0 (x)

\ na 131350
n2 Pv 1 dt*
v=m

■, n 0 (x) n b_JL-° 2 __2L £ P« / 0m(t)0rt(x)S(t)dtn m=o 0o(x) v=m v a

1 n£ PP vn v=o

1
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Consequently, it follows from (5.1.14)

x+6 „
(5.1.15) / N (t,x) ?(t) dt

x-£ n

that

1 + o(l)

Thus it follows from (5.1.14) and (5.1.15) that the 

relation (5.1.3) is uniformly satisfied in the [c + i , d- 6 ] 

with yR(t*x) * N (t,x).

Further for x6[c+£, d - 3 and t € [ a,x- & ]U[ x+& ,b]

lNn(t,x)| 1 n
"p2 Pvkv(t,x) 

n v=o

n v
- £ Pv 2 F.(
n v=o k=l

p (v)
E

i, j=~-P
^i,j ,k

v+i^ ^j(x)

v p
>

n k=l i ,j=-p
< -f- . £ lFkU,x)| 1 j0 pv i iv.y,* i •

C«

I 0wi(t) | | jav+JCx) I

V JP
£ E

n '• -k=l i ,j =-.p
0(1) -p~ 2^ £ I Fk( t, x ) I P

n
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- OU) |Hktt, x) I - 0( l^JJ- )

= 0( )

Hence,
I Nn(t, x) | < 0(5)

i.e. the relation (5*1.4) is uniformly satisfied in the 

interval [c +£ , d ] with tyn(t,x) = Nn(t, x).

In otherwords we have proved that the (N, p^) means of 

the expansion

oo
f(x) <*\j £ C 0 (x)

n»o

are uniformly singular in the interval [c + 8 , d -5]. 

from Theorem 1 the validity of the relation

€„(*) = Ou)

follows for every subinterval [c +8 » d - 5 3 of £c, d' 

Consequently it follows from Lemma 3 that,

. n
» Tn Cx) = £ p S (x)

n® * n p v v
n v=o

, n n
_ 1 p" £ C, 0, (x) £ Pv

n k=o K K v=k v

Also
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£ 0. (t) 0.(x) £ P yS(t) dt

/f(t) £P £ pAt) 0.(x)l § (t) dt
a [ *n v»o v k=o K K J

b
/ fit) p z P v^v(t,x) \ §(t) dt

n v=o I

jf(t) Nn(t,x) §(t) dt.
a.

converges to f(x) uniformly in [c+S»d-&] with this 

the theorem is proved.

Proof of Theorem 3 i- Proof follows on the same line as of 

theorem 1.

Proof of Theorem 4 * — Proof follows on the same line 

as of theorem 2.


