
CHAPTER - VII

c
AH EXTENSION OP fn(x)

7.1 INTRODUCTION

An elegant extension of the generating relation 2.4(3) 

may he given in the form

(1) H(t) 'f | x S (t)'| = E t (x)tn ,

n=0
where

oo mk
(2) H(t) = Z h,t , (h = 1)

k=0

oo n
(3) 'f(z) = I >nz , ( Vn'^ 0)

n=0 1

oo mk+1
(4) S(t) = Z skt , (s_ / 0)

k=0 K

and m is a positive integer.

The generating relation (l) - (4) includes also the 

following generating relation, due to Boas and Buck J1J

— _ 00 n(5) A(t) nj/} x B(t) j = Z q. (x)t ,
n=0

where
oo k

(6) A(t) = Z avt 9 an 0
k=0

oo k+1
(7) B.(t) = Z bvt , bn fi 0 s 

k=0 * 0
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to which (l)-(4) would reduce when m =

In the generating relation (l)-(4) if V is replaced by

-“j , the corresponding polynomials which we denote, by sn(x)

T*\C
would provide a generalisation of the polynomials jn (x) 

considered in Chapter V, Xn this Chapter we first derive an 

expansion formula for the product of an arbitrary number of

ipolynomials sn (a^x), i=l,2,...,p (say?) interms-of s (x), 
i ^

each of which possesses a generating relation 7.2(40.and then 

we obtain the generating relation for the coefficients
(^•■^ * * * •s-^-p)

involved in the expansion. This.resultSbesides 

generalising the generating f met ion given:.in Chapter V, also 

provides as with an extension of a result due to Carlitz|5j.

This Chapter also contains the results of our 

investigations in the direction of providing a unification 

and generalisation of the work of BrownjT|, Brown and 

Goldbergfl], and Thakare and MaahekarfV] on characterization 

of polynomial sets which possess Boas and Buck type 

generating relation.
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7.2 THE EXPANSION FORMULA

In order to derive the desired expansion formula we 
first observe that the polynomials sn(x) generated by 
7.1(1) to 7.1(4) with are representable in the
form

(1) sn(x)
|n/mj

k=o
in, k n_mk

k!(n-mk)!

and if we assume that
~ _*“*1 co t mk -(E) [H(t!T] = S h, t , h = 1

k=0 K 0

then the inverse of (l) may be expressed in the form

(3) x = k!0 —k!---  sn-mk(x) •

Nov/, if we let

(f) r~ (i)
(4) H (t) exp jjx S (t)

n.l00 (i)E s ( x)t , 
n,=0 i

* i — IjS^.e.^p ,
where H^'^(t) and S^(t) possess expansions similar 

to 7.1(2) and 7,1(4) respectively, then in terms of the 
notations

^ n^ n.g 4. ... + = N

(5)
P

kf + kg + ... + kp = K
t?i/1^3= ***, i=l,2,,..»p, [n/ml = n* , jj/m] = N*
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the relations (l) and' (3) help us to put the product

(!) (2) (p)
(6) XI = sn (a-jX) sn (agx) ... sn (a x) 

12 P P

in the form
*n

/L
p

k-=0 k =0 1 P

"p (d)
ir_Vh

•' > lr . ! f n

nr"*3

aj

3=1 k3!(n3 - mkj)!

*
IT -Ky (IT - mK)l ’ a , ,‘ q=o SlT-mK,q F-mK-mq^x^ »

which on making use of the identity 5.2(1) can. ho written as

N
(7) _XL = £ D

1=0 ■

(^-i 5
SlT~mlT*+ mq^

( J • • • s n. )
where the coefficients D

1 are given hy

(8) D
(n., 5 ...,np) nl 

= £
k1=0

*
nP

... £1
k_=o

p 3--1

tt.-mk. U) 3 3
a3

k3!(n3 - “V’

(I*_K_q) ! N "K-q. ‘*

Now, denoting the expression
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CO CO (K--£ J • « • ' J],

(9) 2 ... 2 D - 1 - P
ni=° v° q

by Z , and making use of the relation

(i) F~(i) ~
(10) H (t) S (t)

n

k=0

.(±) 
3n4-mk,k + 
k!

n+mk

which is an easy consequence of (4) and (l), we observe 
that

(j). . . (j)
C50 oo

z = 2 2n1=0 n=Q

N!

H (uj) <a.j S (uj))
na

■3=1
n, *r

« ^(N*-*)!

The above expression for Z may be further simplified to yield

(l) (p)
(11) Z = H (up'... H (t^) 2 _ * n

n=mq (n - q )!

wherein, for the sake of brevity, z stands for

S * 9n,n -q

(1) (p)(12) S (u.^) + • • • + Sp S (Up)

how, in view of 5.2(5), (11) becomes



95 -

(13) Z
(!) v (p) nx-l mq+j 

H (^...H (t^) E z

OO

• E

n=0

rnxi
z
n!

3=0

m(n+q)+j,n

On the other hand, we have

exp
[x S(t)l

~«wi
Xn - _n

n=0 n!
U3(t)J ,

which, in view of the relation (3) may be put in the form

expjx S(tjj = E E s (x)
n=0 k=0' k! “n+mk.k *

so that the generating relatiion

H(t) exp jjx S(t3 oo n£ S (x)t 
n=0

yields

n n °°(14) hTET = S 2 Sn+mk.k mk
k=0 k! 3 (t) .

Tho relation (14) under the assumption of the existence of 

power series, l(t) such that

S(l(t)) = 1(8(t)) = t ,

gives us
qm+i . 1

(15) ^i)') ' - 1 • tmk ,
k=0

a
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In view of (15), the equation (13) may be written , in the 

form
qm+j

(Iiz)) ,
_ TT(1)/ . (p) m-1

- • (V ... H ^

which leads us to the desired generating function
(^ ) • • • ,h_ )

(16) 2 ... 2D
n„=0 3

n
n1=0

P

P “l p
U1 * * * ^

(1) (p)
H (tr,) ... H (uD) qm 
—— Ti(i'(z')) ' “E*“ TI (z)

m
144=3- r iTzTT

Particular Oases:

On putting m_l5 we obtain the corresponding expansion
,(l)^ Jp)

ap
(np J • • •

formula for snJ (a1x) ... snP (a^x) wherein the coefficients

D
<1

(17)
OO OO

2 ... 2 D
n1=0 n =0 cl

are generated by the relation

(Uf,... $n^)
2 D 

. =n 1 
P

P' h*

u1 * * * 1Jp'

(1) (p)
H (Ul) ... H (UJ q 

“ H(I(z)} ' 1 (z) •

In (17) if we put p=2 we shall get the formula
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CO OQ

(18) ? E
21^=0 ng=0

<n! >VD9

which corresponds to the 
Car lit z L5J .

(1) , (2)
ni' ,n2 H (^p) H (Ug)

mU1 u2 ~

WrH(l(a1S (u1)+a2S (ug)))

1, (!) (2)I (a1S (n±) + agS (ug)) ,

generating relation given by

On the other hand, if

S(t) - --- i---— , H(t) = (1 + yt"1)-0 ,
(1 + ytm)

the polynomials sn(x) would correspond to 1^ (x) , 
discussed in Chapter Y, Thus the expansion formula (7)~(8) 
and the generating relation (16) would simplify vfco 
5.2(2) - 5.2(3) and 5.2(6) - 5.2(7) respectively.

7.3 CHARACTERIZATION ■ .

With reference to the set \q.n(x)J possessing a 
generating relation of Boas and Buck type as given by 
7.1(5) to 7.1(7), it is said that qn(x) ef^J where® 
denotes the subclass of all such sets whose Boas and Buck 
type generating relation involves a fixed \p



' - 98 -

A few -years ago, in an attempt to obtain certain 

characterizations of the polynomial sets generated by

-a _ oo (a) n
(1) (l~t) A(t) ‘fix B (t)J = S qn (x)t ,

n=0
\

which reduce to Boas and Buck generating relation when 

a.= 0, Brown and Goldberg£0 (see also Goldberg Uj ) replaced 

the parameter a by an arbitrary function ‘ a(n) of the 
index n and proved that (x)j- 6 [jjf £J if and only

if the function a(n) be linear for n >_ 1 .

Following the work of Brown and Goldberg £lJ, Thnkare 

and M3.dheka.rjlJ considered the polynomials|qn(a^s... ,ar;x)| 

generated by

t
-cc

i «» n

(1-w^t) = Z q.n(a1,...,a5.;x)t ,

and proved that

qn(6i(n) ,... ,6r(n) ;x) S.Efl if and only if for' each 

3 = l,...,r ; 6i(n) is a linear function of n for n >_ 1.
<J

The extension of ^fn(x)J which is given by 

to 7.1(4) and the results for the polynomials 

qn(ap,...,ar ; x) -considered by Thakare and Madhekar Qf|,
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Ihakare, Madhckar and Karande[ijmotivate us to consider the 

modified polynomial sets ^pn(a1,...,ar;x)j defined by

n

where
H(t) , S(t) are given by 7.1(2) ,7.1(3) and

7.1(4) respectively, and ^ , v^ (3=1,2,...,r) are 

arbitrary constants with hfe , >k , Sfe (k = 0,1,...) 

independent of (*=1,2,.. ,,r) ; and prove the

Characterization Theorem as below :

Theorem 8;

pn(6l(n)5 ... ,6r(n) ;x) 6 jjfO if and only if each 

Sj(n) (j=l,...,r) is linear in n(n _> 1).

Proof:

Let 6^(n) be linear in n, that is,

6j(n) = oCj + np^ (j = 1, ..., r) .

By Taylor’s Theorem _

\>~0

0"-^ > • * • S 9 X )
1 11_sL~ T)

n! x H(t)tg s (tg Tf(i-v.t')3=1 J

m “aj

so that
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Pn^l + np ;x)

1 n-±~- T)
n! n

r rr5 
■ r on|H(ti)^Jx S (t)J J[ (l~-r.-tm) 3

_ 3=1

,31

IT (i - v >3=1 t=o

hence

^4) 2 Pn(a-i + nPi s . ».> a + np ; x)t
n=0 r 1 r

n

03 XL EL f-
= 2 ~~ Dt

EL=0 ‘

where, for convenience,

r

(5)

_f(t)

IT

i n"i

J
t=o

f(t) = H(t) S (til 1 (1 . v t )
3=1 3

and rIT m ~n .
4(t) = /I (1 - v.t ) 3 ,3=1 3

m "aj

On applying Lagrange’s expansion formula (Polya and 

Szego |j5 , p.146, Problem 207) 5,3(24) to (4), we get

£ Pn(a, + nPi 9 •••} an + np :x)t 
xk=0 x x r

n XLjLI
1-t pUf)

where

(6)

^ = t 4(%)

= t j[ (1 - V. \p )3=1 3 o



101

which on simplifying yields the following result.

oo n(7) 2 Pn(a1 + np1, ... ,ar + npr ; x)t
30=0

h(T,) vrfi s n l| (1
o=i

m

m r m -l1 - m Xj 2 S- v, (1 - v.%i ) 
i=l

where is given by (6).

This proves that pn(a1+np1,«. ., ar+npr;x) G f\}/]

; onvers ely, let p (6- (n),.. „ ,6 (n) ;x) efYj*•ir l'""7 ’' “ 7“r'
Clearly from the definition (3) it follows that 
pn(05...50;x) = p (x) is of degree n in at having 
the form,

, _N / \ _ n n~m(8) p (x) = x + C_ _ x +...,+ C,-nx~" ”n,n 1 “n^n-m n,o

Let
_ n _ n-m(9) pn(61(n),...,6r(n)ix) = x + x +. . • +0,ns o

As
oo n^ P-^( *^1 3 * • * J CC„ s x)t
n=0

H(t)\f/ (x S (t T| / (1 - v.t )
" o=i

m -a.
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= 2 p (x)t
n=0

n

oo oo
*Z ... 2

nl=0 nx=0

(“l^ *•• ^ar^nr ^ 
n_T , . / £"f ~ vi ••

y. m T. n. n i ir , 1 d* Tr t »

(10)
oo £n/mj 

= 2 2 
n=0 33^=0

Ln/riD
nj0 P“-*f (X)

(a ) KUlJn1 (ar)„

V v„ n !r

n n
Tr t ,

(10) gives us

Pj^(6^(u) 5 ... j6^,(n.) 51)

= Pn(x)+(S1(n)v1+ .. +6r(n)Yr)Pn_m(X)+..

which on making use of (8) and (9) yields

Cn,n s'" + 0„,n-m ^ •••

n= 0vivix + J C +Cn,n ] nsn-m ^ n-m,n.
n-m-m (6i(n)vi+* * *+6r(n)vr)f x +...

and therefore

(12) CL „ = C
n,n n,n

(13) Gn,n~m ^n,n-m+ Ch-m<,n-m (^i(n)vi+* * *+Sr(n)vr )*
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Denoting

r. v , n C
n - uh-m

n,n-m 0. 5n,n
and

Vn an.n-m
n V tln~m wn,n

it follows that

r — r n xn n C
v-n-m

rurnn-m 7." , „ , .cn~ i!sl(n>V •••+8r(n)vJ

Next, use of the identity,

(14) 7n - rn = (im - %) + C^E) (r,2m 2mrc ) - (r„ - r v m • m
nand the relation 0n^n = "V'n aQ hQ gives,

6i(n)vi + •.. -J- 6r(n)vr = (6^(m)v^+., .+6r(m)vr) 

+ (^) jS1(2m)v1+ ...+6r(2m)vr - 81(m)v1 - ...

6r(m)vr

and hence we are led to

6-j(n)v. = + (SgS)

for each j = 1,2, ..., r , that is,

(15) 5j(n) = 26. (m) + ----S^zm).J 3 m Jv
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Thus by choosing 6^(n) as given by (45),

(j=l,... ,r) are linear in n and the proof of the 

theorem is completed.

7.4 APPLICATIONS

,.. c(I) Consider generalized Laguerre polynomials ]"n (x)

possessing the generating relation 5.3(1'). Obviously,

(x) G [exp] and thus from above Theorem 8 wo may conclude

COROLLARY 1:

___6(n)

G fexpj . if and only if 6(n) Is linear in n.

(ii) The polynomials (x) may be generalized further .

by the defining relation

(c,.....c )co l5 5 p' n m -cn ™
(!) s 1 ' - - — 1 ' C

UccO _[
-u. m -C(x)t = (1 + y t ) 1 ,..(1+y t ) p

P

exp
xt "1

m>Ld+yt 5 J

Clearly

(C-j c )
P'

n
(x) G' [exp~| and hence
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OO'ROTiT.A'RY 2:
•v—(^) 5 • * » s 6p (n)

(x) 6 £expl if and only if each 
~n -w

Sj(n), (d=1j...sp) is linear in n.

Por P-2S m_l, y^=-l» y2=l, c-j_ = ct+1, cg=(3* y=-l, r=l

and on replacing x by _x vio obtain Corollary (5) of Thakare 
and Madhckar £fj.
..... . _ c(ill) It is evident that fn(x) given by 2.1(3) 6 {VJ which 
leads to the result •
COROLLARY 3: 

6(n)

(2)

'n G IgJ if and only if 8(n) is 1mear in n.

(iv) As in (ii), fn(x) may be generalized as

2 f 
n=0

® p 3 • • • 1 Op

n (x)tn

= (l+yitm) Cl ,.,(l+y/)‘CP
P G xt

(1+yt )

On application of Theorem 8, this yields the result

COROLLARY 4:

61(n)J sSp(n)
(x) e Qrl if and only if each

= 1, jp) is linear in n.
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(v) The polynomials 'gn(x,r,l) corresponding to the
ccase s = 1 of gn(xsr,s) studied by R. Panda [i] , 

defined by 2.l(l) e R0 . Therefore,

C 0R011ABY 51
6(n)

gn (x,r,l) e \JaJ if and only if §(n) is

linear in n.


