CHAPTER .~ V

c
A PARTICULAR CASE OF fn(x)

©.1 INTRODUCTION

Mn interesting particular case of the class of
c
polynomials {fn(x)% introduced in Chapter II corresponds
1

to the choice \(n ='hT ¢+ This special class. of polynomiels;

_which we term as generalized lLaguerre polynomials and

e 'C
denote by Tgh(x,y,r,m) or briefly by f;(x) when
there is no ambiguity regarding other parameters, may be
expressed explicitly in the form

n/m} k  (c+rn-rmk) Nk
) Tﬁ(x,y,r,m) - zm (-¥) ?nizkil k% * ;

where m > 1 is an integer and other parametcrs are

unregtricted in general,

In view of the inverse series relation 3.2(7), it

i1s easy to see that the inverse of (1) is given by the

formula
. (n/m] k (1~o-rn)k~1(rmk—c~rn) ¢
(2) nt- T E (-3) Tt Lpome(X)



As indicated by the name, the polynomials 1,0
provide a generglization of the classical Laguerre

polynomials Lr(lOC (x)
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and its extension studied by Chandel 1_1] .
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Our interest in the class {In(x,y,r,m){ stems from

our attempt to give an extension of the expansion formula

(Erdelyi [13 )
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and the corresponding generating function for the
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coorficients B L P given by Garlits [4]
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where in (5) FA stands for Iauricella's multiple hypergeometric

-

function of p + 1 variables.

During our investigations we found that an analogue
of (4) and (6) in terms of the polynomials fn(x)

can be obtained if we particularize \Wﬁ to 1/n! and
thus we are led to the polynomials { L£(X)}. In section 5.2

of this chapter we obtain an expansion formula for the

product
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nl(al}{, yl! rlsm:) L j.np(a«_p};:? yp? rp’ m)

e
in terms of LS(X,y,r,m) and derive the gencrating
(nlgo ’e gnp)
relation for the connecting coefficients Cq

which occur in the above mentioned expansion,

Section 5,3 deals with certain recurrence relgbtions
' c
. . 1"""‘\
and other miscellaneous results associsted with gn(x).



For the sake of brevity we shall use the following

notations in the subsequent sections of this Chapter,
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5,2 THE EXPANSION FORMULA

We first observe that 5,1(1) and 5,1(2), when combined,

leads us to
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which in view of the easily derivable relation
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the right hand side of the above expression may be put in

the form
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The inner series of the last expression can be sgummed

up with the help of 2.4(8), as a result of which, we finally

get the generating relation
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where W 1is as given in 5.1(7) and
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When m = 1 the expansion (2) would reducs to
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where the coefficients DS
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the expansion formula (8) and the accompanying generating
relation (10) obviously provide extensions of 5.1(4) and
5.1(6) to which they would reduce when the various parameters
involved therein are particularized in asccordance with (12).
N W\C
5,3 ADDITIONAL RESUITS FOR |  (x,¥,r,m)
VL.n
Choosing G[z] = exp(z), the generating relation

2,1(3) becomes

oo ‘C n
ﬁ;;‘ = by (x)t .

(1) (1478 exp

=
( i+yt n=0 *n

{

Differentiating (1) k times with respect to x we get
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The right hand member of (2) when viewed through

(1), helps us put (2) in the form
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in which the comparison of " yields

kK{-c c+rk
(3) DX1L1UOJ= E:k (x), n > &k .

On the other hand if we replace r by r + s in (2)

we shall get
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or equivalently
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Next, we observe that (5) can also be put in the

alternative . form
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For k = 1, (9) particularizes to
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Further, the generating relation (1) gives us
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as a result of which we get
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Similarly, the following particular.case of the

generating relation 2.3(8)
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and now if we replace b by b+n/m in (16), we shall get

—gb=1 - b b-
(17) 1 ' (2x) = g ’f +s/m(x) T S/m(x).
o Szl Nes 1+

Other recurrence relations that follow from (1)

through its differentiated form (with respect to t) are

— C
T"‘c 7-‘\,0"'1 +T
(18) n | (x) + cmy | (x) - x (x)
+n N1 n-1
Cyred
+xymri (x) =0, nym>1l,
nw‘mnl

rQ‘c C
X L (x) - (n+1) (x) =0, 1n=0;1,,.,,m-2

n+1
C 4 C C
(19) XE~1(X) - mIm (x)~cmy K (x) =0,
—C
L (X) = 1,
O
e el
(20) (n+1) T (x) + y(n~-myemel) } (x)
n+1 n-mtl
In/m] (r) K ©
=x % Wl‘('w (~y) I (x)+(1~rm)xy
k=0 ) Y-IDK .
Mm/m -1

(r)y kT
. I =7 (-7 r (x)y, n > m.
k=0 : n-mk-m



- 68 =

Tastly, we observe that the generating relation (1)

when interpreted in the light of Taylor's theorem, leads us
to

——
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Use of Iagrange's expansion theorem (Pdlya and

Szego[ G}, p.146, Problem 207)



with %= a + tp(Y
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readily converts (23) into the mixed generating relation
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where u and v are given by
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