
CHAPTER - V

A PARTICULAR CASE OP f°(x)

5.1 BFTRODUCTIOH

An interesting particular case of the class of 
polynomials Ifn(x)^ introduced in Chapter II corresponds 

to the choice . This special class-- of polynomials

which we term as generalized Laguerre polynomials and 
denote by T?°(x,y,r,m) or briefly by I£(x) when

there is no ambiguity regarding other parameters, may be 
expressed explicitly in the form

(1)
&AQ k (c+m-rmk)-^ n-mic
A (-y) ~TS^TT k— x

where m >_ 1 is an integer and other parameters are 
unrestricted in general.

In view of the inverse series relation 3.2(7), it 
is easy to see that the inverse of (l) is given by the 
formula

(2) &/m]
k=0

k(-y)
(l-c-m)^ ^(rmk-c-m) 

—^ - - —
c■^n~mk^x^ **
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As indicated "by the name, the polynomials i.n(x)
provide a genei’alization of the classical Laguerre 

(a)

(3)
and its extension studied by Chandel [l] .

<x> -

(a)
In (x) =

(l+a)n
n!

n (~n) r2 r r xr=0 (l+a)r r!

Our interest in the class |I^n(x,y,r,m) |“ stems from

our attempt to give an extension of the expansion formula 
(Erdelyi [l'l )

(a.,)

L1
, % ll; S5 n1+...+n .(4) 1^ (alX) ... I* (a x) = ' E B \\*)

P ^ s=0 °

with

(5)' Br
C11!5 * * * ?nt>) (cti+l)n (ctp+l)

P 'n
nl! P_V

.PA(p+l,~ni,... ,_np,-s; cc^+l,...,ap+l,|3+l;ais ... ,3^,1)

and the corresponding generating function for the
5***5 *&p )

coefficients B 1 given by Carlitz [^3
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(6) OO

2 4
n.j=0

(n. >.
2
V0

B.
,n ) * p' K, n

u„ . u. P

(1-^)
-a^-l

(1-Up)
-ap-i

S'*1*1

alullx1+ 1-u, . 4-
a u -P- P.
l~u_

S+s+ll j[_'^ l-u^ ■+ • • « +
luJL1~

where in (5) stands for Lauricella's multiple hypergeometric 

function of p + 1 variables.

During our investigations we found that an analogue
oof (4) and (6) in terms of the polynomials f (x) 

can be obtained if we particularize ~VE to l/n! and

thus we are led to the polynomials In section 5.2

of this 

product

chapter we obtain an expansion formula for the

v v m)

in terms of ls(x,y,r?m) and derive the generating

relation for the connecting coefficients C
(nl,•••9np)

which occur in the above mentioned expansion.

Section 5.3 deals with certa,in recurrence relations 

and other miscellaneous results associated with Pjx).
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lor the sake of brevity we shall use the following 

notations in the subsequent sections of this Chapter.

(?)

n2 ^ ^ 

^"1 ^ ^2 * • * + fcp ^ K

P1i/1SJ= ni> i = Jja/rni = n* ,|N/mJ= N

W
al U1 a uP P

(l+yiul) 1 (1+ypup)rp

5.2 THE EXPANSION POBMULA

We first observe that 5.1(l) and 5.1(2), when combined, 

leads us to

1—v
I
i

'1 -°P
(a^x,y^,ri,m) , " (a.^Xjy^,r^jHi)

“P P P!
~nP

nl

- rk^=0

*

*nP
2

kp=0

? , „, nr“k3 kj-
(oJ+rjn. - (_y.).1

k.! (n. - ink.)» 
<J J J

N -JC (M-mE)! (-y) (l-c~rN+rmK)g 1 (rms-c-rN+rraK)

Jo ■ TV ‘-----------------

r
lN-~mK-ms

(x)
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which in view of the easily derivable relation

r r 
I

s=0 k=0
m r-4e(1) t 2
k=0 s=0

■>&,). _ y t A( r. r-k-s.kls! • “ _ ~ „ (r-k-s)!

gives us

(2) n„
(a^^jy^jr^jin) »,» n P <V’yP’Vm)

P
U* (n^,,,.*n )
2 o„

s=0

c
(x).

iiJ+mst*aiiT

, (n. ?, ,n )where the coefficients C 1 P are given by

(3) C.
( 21^ 9 • • • 9 hp )

nd“Ellcj '
in (05+rdVrjmVvaa (-yP'

*i=o kp=ojji “
* * J nel n i ?1 p

E Z
J»1

. (-.y)^ ‘'K'“S ! (l-c-rtomK)^*^^ (’■c-rms-rN+rmh*)
(N -K-s)!

Hence
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oo co (n^...,^) n1

(4) 2 ... 2 C
nl=0 np=0

nP m “C1
Uj ... Up =(i+y1u1)

m “cp co oo IT! “s(c+rms+rW-rmN )(l~c-rN)w*
(i+y^u ) s ... s — H-s~l

'p p' n., =0 n_=0 ... n^! (IT'- s)!
LV P P

n

(-D
tr-s-i f H Ul 1

i / mxri 1
\ d+y^) J

nP

\ ... i
/ a u f P.P-
\ ( ^•+^p"up ^m 3? P

~c1 -C,„ m J- m. P(1+Vi) d+yp V

oo ■ £ 
n=ms

(l-c~ra)n*-s_i(c+rms+m-rmnlf) ^*_s n*_a_t ^ 
(n*- s)!

Now since

oo ^ oo m—1
(5) 2 A(n,n ) = 2 2 A(mn+j5n)

n=ms n=s j=0

m-1 oo
=2 2 A(mn + ms + j,n + s)5

j=0 4=0

the right hand side of the above expression may he put in 
the form
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. m”0! , m,~°P- ms
(l+ylUl) ... (l+ypWp) w

El-1 j co
2 W X

j=0 n=0
c + rms + rn 
c+rms+rj+rmn

c + rms + rj + non

n
(y1*”1)n

The imaer series of the last expression can he summed 
up with the help of 2,4(8), as a result of which, we finally 

get the generating relation

«> co (n1,...,np) n1
(6) 2 ... 2 C u.

nP
n1 =0 n =0 1 * * *

(l+y^) 0l ... (l+y u“) 1J w“B 1-. 'if* n-c m. P rm
'P P

¥/here W is as given in 5.1(7) and

rm m(7) = 1 + ylj W

1 - Wh

(8)

When m = 1 the expansion (2) would reduce to 

(a1x,y1,r1,l) ...
__ci

n„

c- —x P:.
(apx,yp,rpS1)

-n_
II ( « 5 )

2 Da _ n s s=Q
(Xjysr5l) 5
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where the coefficients D„(n^,,Up) are given by

(n1,.,.,n ) n n
(9) D P' “1 "P :

= 2 ... 2k.=0 k =0■** Jr

k. n.D D(cd+rPd)nrkj aj ^
lc.!(n3 -k3)!

K-sK!(~y) (-c-rs)(1-c-rK)
(K-s)!

K-s-1 ,

and the generating relation (6) would simplify to 

00 oo * • * ,np) n1(10) 2 ... 2 I) u- ... u
n1=0 n =0 x p
x p

■p

“ 1 ... (i+ypUp) p s c-s-rsu r

where TJ and ¥ are defined by

(11)
U = alUl a„ u

+ .,. +(l+y1u1) (!+ypUp) P

Y = 1 + y P Y .

In view of the relation
(a)^ <x> <x+l (-x,-l,l,l)

•n
(12)
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the expansion formula (8) and the accompanying generating 

relation (10) obviously provide extensions of 5.1(4) and 

5.1(6) to which they would reduce when the various parameters 

involved therein are particularized in accordance with. (12).

c5.3 ADDITIONAL RESULTS FOR [ (x,y,r,m)
J"n

Choosing G jyQ = exp(z), the generating relation 

2.1(3) becomes

The right hand member of (2) when viewed through 

(1), helps us put (2) in the form

Differentiating (l) k times with respect to x we get

(2)

n__
9
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in which the comparison of tn yields

(3) D
x

-p,c | y—, o+rk
| (x)> = (x), n > k

J %-k

On the other hand if we replace r by r + s in (2) 

we shall get

co 1c ! pc 1 n
(4) £ D i\ (x,y,r+s,m)> t

n=k [ '-n J

= (l+ytm) exp
-c xt

(l+jrfc111)nu r+s

or equivalently

(5) = t ~P (x,y,r+s,in)
n=0 In

c+sk

n=0 in

k
(i+ytni)(fT5Tif ’

n+k

/ nn rk(i+yt )

00 (n-k/mj c+sk 

=2 2 (x,y,r+s,m)
n=k j=0 J-n-k-mj

(rk). . j n------- 3—(-y)J t
j!

which yields the interesting relation

k f pc "j
(6) Dx 1 L (x,y,r+s,m)>

k
)
x { *n j

£n^k/m] (rk)-. j -^c+sk

= 2 ~Tt (“7) j ' (x,y,r+s,m)
0=0 J' J-n-k-ng

For k = 1, (6) reduces to
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(7) D
x

(x,y,r+s,m)
(r)^ (-y)5 

=ijr

---- ( c+s
(x,y,r+s,m),

Jn-l-mj

whereas, for s=0sy(6) yields

n-k/m (rk). j
- £ ^(.y)

3=0 •>' rc (x).In-k-mj

Next, we observe that (5) can also he put in the 

alternative - form

rk oo k r~,-sc a
(1+yt ) E Dx S in (x,y,r+s,m)jt

n=k

= E 
n=0

c+sk
(x,y, r+s,m)tn+k

n

or
In-k/mJ k f-pc 

n=k j=0 X “

. o (-rk), 3 n
v y -t) ' (x,y,r+s,m)l —rp-’H-y) t

J ” ' in-mi J d ’

00 c+sk 
2 j (x,y, r+ssm)t

n=k in-k
n

which leads to
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(9) c+sk
(x,y,r+s,m)

n-k

fn—k/m’l (-rk). (-y)^ k f t~'C i Nt~ ^ J J- V J> i) i i (x,y,r+s,m)[, n > k ,
3=0 j! x » -n-mj

> <

> i .. t

For k _ 1, (9) particularizes to

rc+s (x,y,r+s,m) -
ii-1

, ,,
3=0

(~y)J d
n-m j

(x, y»r+s,in.) ■«

oo(11) 2 
n=0

Further, the generating relation (l) gives us 

-Cl+C2+* #,+ck

n

n(x^+. ,,, +x^) t

+ . • . +Cj^.)
=(l+ytm) exp

(x1+ ... +Xk)t
/ in. r(i + yt )

The right hand side of (11) may he expressed in the form

OO2 n
2

2 “k-1 "1 >r—x "k-1 t-^Ts.... £ r (xi> •••! t.if'
nk=0 n~n2 ‘lnk-l-nk Xn=0 np=o n3=0 nk=o -ui~ng (xv)tn

as a'result of which we get
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(12)
-Pl+ '*' *+ck

(x-,4- ...+xk) =. E
T"'Ck

'XL 1^. . .+1^=11 X1

[ (xk).
k

In. particular if e, c± = c» xi = x, i = 1,V.. ,k v >

(12) simplifies to

(13) - | (kx)
-n 1^4* • • . + xk=n

(x) « « • (x)' .

p

Similarly, the following particular,case of the 

generating relation 2.3(8)

QC ^
i

n=0 ^n

c-n/m
n(14) E | (x) t = (l-ytm) exj>

c-1 r-l/m
xfc'(i-ytm)

leads us to

(15)
5^+.. .+bk+l~k~n/iri

(x1+..«+xk)
n

i^+...+ik=n

Xi-ilA -pVV“
(x^)... £. (xk),

which on putting k=2, b^bg, x1=xg and replacing n by 2n 

gives

(16)
_2b-i-2n/m

(2x)
2n il+ig=2n

bf-if/m

(x) (*),
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and now if we replace b by b+n/m in (16), we shall get

-,2b-1

2n
(1?) | ' (2x) = 2 |

1 ^ s=-n J-n-s

n b+s/m .b-s/m
' (x).(x) T~
J rn+s

Other recurrence relations that follow from (l) 

through its differentiated form (with respect to t) are

(18) nP (x) +
__ c-fl —t c+r

cmy | " (x) - x
n

In-:
m

(x)
n-l

(19)

__ ^o+r+1
+xymr (x) = 0 , n >_ m >_ 1,

rT---- X
(x) - (n+1) (x)

in+l

T~\ C -r-'vC -r^C
X Wl(x) “ (x)“cmy • 1 (x)

0 , n=0 m-2

0

(x) = 1.

(20) (n+1)
n+l

(x) + y(n-m-5-cm+l) (x)
hi-m+l

k-i[n/ml (r). x
x £ ~rr,— (-y) 1 (x)+(l~rm)xy

-Ln-mkk=0 Id

fn/mj -1
• £ 

fc=0

(r)k k
-rr

n~mlc-m
(x), n > m.
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Lastly, we observe that the generating relation (l) 

when interpreted in the light of Taylor's theorem, leads us 
’ to

(21) T (x) 
'n

n1 ** (' m~T Dt |(1+3^ ) exP xt
■f, ,mNr (1+yt )

:t=o
and therefore,

(22) c+«-nP (x+nz)
Ln

1 n 
n! t

(l+ytm) exp xt
(l+ytm)r

l
(l+ytm) exp zt....

mNr(1+yt )
ln

t=o

so that,

CO f ” Tr \(23) £ j (x+ns)t
n=0' n

c+ <+n oo , n
n=0 n!

nDt f(t)[<£(t)

t*=0
where for convenience.

f(t) = (l+ytm) exp-c xt
m%r(1+yt )

4‘(t) = (l+ytm) exp zt
nur(1+yt ;

Use of Lagrange's expansion theorem (Polya and 
SzegofuK , p.146, Problem 207)
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(24) f(y
1-t 4>r(-%) = f(a) + 2

n=l
f(a)

n

with a + t !|>CCs) *

readily converts (23) into the mixed generating relation 

__c+tr-noo ”f t Jl

(25) - £ (x + nz)t
n=0

v“c exp(xu/vr)
* — ....................i-i .......................  , ' 1 '' : .....................................  J_. -9

i „~1 -r f.r "m'-i)1 - u | -<rmyu v + zv |l~mryu v j-

where u and v are given by

(26) u = tv""6*" exp(uz/vr) , v = (l + yum) *


