
CHAP® II

sons gimonsm orr giis mmnm
cmrmmmoB of a foubct amiss

x)!• It has been established. by A.* Sygsmnd that if 
£ & Lip cc(0#2tr)$ <j( > 0 , cM f is of tmsdod variation* 

then

oo(i) ]_<Kv * i^n

'A'!

Is convergent for p > 2/(«C*2) 9 ^ioro % 9 % are th® 
Fourier coefficients of tliQ function f, T}xo. conclusion (1) 

is not nooonseriiy true xiim p **

A natural question that arises in this connection 
is as to utisthor the series (1), corresponding to the 
function £, ecu be nado convergent for p » 2/<«c+g) by 

innosing sor.e stronger conditions on the faction £., t’o 
prove a theorea giving a sufficient condition for the 
convergence of the series (1) xihoa, p « 2/(^2)« Our 

theorem is*

ThoeroH 1» If f is of bounded variation and satisfiesrt»i><i-iWY^ana# *«*=»» wks — -------------------- --— t„ —- ^wr,.t. W)l,.v- mm-wiu.mWimOjui

1) Bygnund ^463 barasskieFiess \42j
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}ff(r**i)~f(35>| £ .. ... .
[3a(h)3®(h)*»*#a&,*,£ (n)J**2

Mi§go o * < > o ar4
l^h) *» logCo^r1) ,

2*>(h) a log log (g3W’2') $ ote*s 

&MI &BEL Q®Z$m <1> is SaimQE^3l 6 ® 2/(<t+2)*

Analogous extensions of tlio 'classical theorem 1*1 
23of G, Bernstein and of Its generalisation iris. Thooram !#€.,

' 2) 3)duo to 0# Ssass TOro given respectively by &• Hedor 7
and A* C* Zaanen4*.

If to tatt© < = 5 and k = 1 in theorem 1 it roducoa

to the more general fora of Zygmund’s thgoma 1*9'6)

tie have also studied the convergence of the eeriesC!) 

under different conditions* tfe prove 'the following theorems

2* Lit f(x) bo continuous nftfl periodic 1& (0,2v).

U
<1) f(x) & Lip *C (0 , Sftr)f 0 < <* £ 1 ,

% sn& \ aca
^ss& Mm sss&asi <i> saos&XE&L p > i/d-nh

As a corollary of iiicorem 2 to have the following*

3«sSl 1m a pesIMM -mi

1) Bernstein ][l] 2) f3sass \©4] S) TTodor [S2j

4) Zmncm ^44] 5) SygqtiM ^4Sj
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PgQQ.f q£_ tfifiOgOTl la ' , !’?© slioll OPOVG. tho tslOOFGO fOi4 & ~ 2a 

Wo hdVQ
oo

fCx+h)- f(s-fc) ^ S £ coo tis - On ate ns) ate nih. 

Thorofox'e
«5<5f Oo 9

(2) UA?) | f(x~k) ] Jdx ~ 4 £ ate*2 Rh ,

<5> O O
VhOJQ PB “ ^ + ^ •

Wow
2??a/r) f“"Sf(x<h>- f(x-h) 1 S0x £ 

o l
i fc(H) X2v| f ( X*»ft )~f (s-h) {ds

%fao?Q W tlosiotes tho aolttlms of eontismiiw of f* 

Putting Si s tr/CgiDj wliono II is a positive tetog©?* wo got



0

& L * 7 !*<«*?}-) -fCs>l ax
TT-6 ^ff/N 

v/EJ «y& J' 2_ * 'if6 ^ ** *(* 4 § *M
© vi—o

Since
2-fJ-)
£ IfCs ♦ ) - fCs + ^ )| £ r

*r>=o
where V is ft! jo tot cl variation of f In (o 9 2'?)9 wo hnv©

?1T
J* |f(x + «sr f<s - 2L>| dx <© &w ar 1 — n

TThoreforo it follows tfroti (2) ami (3) that '

®2. 2 «■» m.1
£ ^ sin Cnif/2!0 £ « (ir/H) VB A o
'*=/

T fence
£ P^sin2 (wr/vn) & ^(v/iJ) ? if1 «
V\=)

Putting IT » 2® 9 Whore ,ra is cm integer gnoator on equal

»2to a0 9 where > Clog 2) “*+3 and fcc.lsing into account 
only the tenia with indices n oxeoc4ing ' 3/29



we got frou tit©' last iRoqisolity

a.(4) ^ P^aln2 (wr/fP* 1) £ ^(w/S3) If 2~B

inoo Bin (titr/gP*1) > a/i/l? for 2 -Kl < n < 2®s<

t?e o'hto.ln 'W)a.
X ^ ^ <17/#) V

Heneo by the oesond eondifeion of tho Thooitm 1$

o ■DU

3-2. g
Z.^

A 3-*1 2-® *

TO-)■"-2-H
a V*/^4*^/aT+’2

How

A 2-ei(1+*<5

l«j(~/2SI) s* log (© •!• gf iTA)

!»(*>

> log *JW .2

<13-2) 1©S 8,

log log <o° + 211 w*1)

> log log 2jar

> | log {&

Til oroiom



31
'Wta.

z.

'v*-a -+i

p <
n

A 2
stC'liK)

^<a-2) Ciu-2)3

Applying HoMor Ss Inequality's t?e set

'Wl
A

itfi (krckf
. -s(l-K)p/2 s( 1-$/ 2 3

4 A 2 «

P '

£5 «sa<Gw»s^tea*
1*<£, * -i(«t*S)0/2j£e-2) log * Co-2)J 

A

<r>»2) log (es~2)

for p « S/te+2)

fhorcfor©
00 n
14 = O'® X

F2 Jj/n
^■=.tn0

QS>

A* V"
6

A
'Yn=Wo <s~25 log1** <0-2)

< 00,

ifico |on| 9 ao also ffe^j 9 docs not oKeoofl 9 It

follows that

da/ ♦ fyf) < »

Shis completes the proof of the theorem*



ss

%« Demoting I>y (£, 9 tfco aritliaotic 

mean of order n of iho partial anno of -the Ponrior sorioo
i

of £i we two

T> ,(z+li)- Cl2:-h) s 2 X (1 ~ (-Cj* sift te' * "b^eoo fcx)sin Mi»

Lot us write
"0

V3c) s <3/23 ♦ 21 a^ IhT ^ 005 ^ *

It io well hfimm that

(S) £R(n) > 0 for all n S <0 9 2v)

Consider ths identity

Tor

© 

air

<g,#r« I (£i(3c*fi)« (a-fe)J T^Cs) ds

(6) aJ[Io-sj)K&i.^+ 

0

L^Csl kst)So*>0F} I’k'^^rp -n+j) ^ -U o(iPL

Zv ^(1 - -jljsgy* )“ OiB Mi *■ 

1)
K-=-|

'fal'ino into account t;io inequality

^(6 9 (£n ) < ^C5 , f) ,

wiiiali io aft isjae&iatG consequence ©* ~tbo ronrosemtation

£r)(z) ~ (3/??) 1 2 (x ~ t) f(t) el
o ft fit

It follows from (5) and (S) tfiat 

1) F.ygOTd \4Bp p. MOj



(?) j a^(h)f £ k * f)

whore ft > 0 is independent of n and h,

Poking m ~ where '[itj denotes the largest integer <. x*. 

l-TQ have

. 33

^ 4® ^]'k\ ^ » J (1 ~ J$£ ^ 15 \ •

Since
sin Ml > 2 Jtfi/tr * h « fr/2ti $ 2. £ fc <£, n

it follows by virtn© of (6) and (0) that

nf\ r. f'yY'J(9) fSa(ir/2n)} >|E i (1 - -JjL-) ft "b, > (i?/4-m) JL k b*. *
« vc-i n*x a c* jcs.'i **■

implying HdMcr’s inequality* wo get

P P 2- - w? e
IkK « 21 (* n cr k)kM le»\ k

v*-\

1
<tl-P5 **

Cl-0)
■£ p p pI ft V

(£k) |,^:J

Therefore* it follows from (7) and (9) that
p q* 1-fi . _ _ \i1- h fe.„ £ ( i fc) (.A S3
i i, *l- —» tk*0

» 2(l-p> $ y .p
« A m m Q w(fr/2n) y •

Hence wo have



(10)

m

"VLB » (l/n) £ fc \L
ss

* 1-p , p< A n ( ^(ir/Sn) ) •

lut
n ^ - fa - 1) s x - > b,a

R*h = % '.Vi +<W“>

3inee > 0 ,

p , „ „ ^ Vl
a & n o~X . s-1

Thovc'fcre

™ P
I \ * nnr\

a1c*-2- K*i.
rS“l 7j

< 1U

'YVx 'YWIw-Z■" 5s&

ic-Q-
•» W "9 KJmiria.TMMr'.'j

K-l ^
Bains (10) astfi the fact t!iat

(Wfr/2n ,f) Sk & ®

wo have
14

K-x

^ 1**P
♦•’Hr

o£ P+1.

Honco wo dG&ac©

Unit 
ia •* oq

**\ f)
> \ i lln« -«rpSfcr
L— * R ■“ °° a

-wH
+ Unit' D-® > -<P^

k-=.x 1c
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But
Zisit 1
ni- «. _ij

0 for(«C p + p - 1)> 0 ,
£&

Therefore
oo

l f ooi. c y —,
z vpd-K) !

< 00, for p > l/Cl-Kt)

1)
2* G. TJ, Harder proved a tliooree which is connected

o) 3)
with the chain of ideas of Bernstein and 2ycrai®& •
His ilieorera is t

mmAz. i£ f e up < « o < «c £ i ,
__ i

(ii.)
00 6P-i)ft 2/<!%f ♦ |\|) < CO.

■for, every p < <

n- I ^ MmdM mslrMm sM f e lip <c ,

0 < «£ l 4

Q£>
Z
f|/0n "(|an| ♦ Jb^J) <«>„ for 0 < a£

nr»-,
For p « <*, tfoor conclusions (11) and (IS) nay mt ho tum»

4)A» Co Zmnon extend©d fhooroa A as follows?

Theorem C. if for certain 0> 0 ,

fwt.n 1,wnwwtlinn m r i ■■ iiw — gwWwwa

1) Hardy [l6j 
4) Saanon jddj

2) • Bomstoin jVj 3) 2ygraimd jj&S]
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i.

then Mia i

Q &
%(S) 2^CS)«.„3^ (ft)

(n)

n’o prove a theorem which is cm ostonaioia of theorem B.

2teQ£.on._-.4,« I£ f is a£ h^sMod ^jclgfeioa qM mM

(13) ri<6) £ « 6

Mm Mia aisKiaa (12) s&m&ssBiLSsat P = «Ci

Mo have also considered th© conditions under trMcli 

the, conclusion (12) holds for values of p > <*, Our theorems 

are 9
03

2&sg£BB-JSiL liSM ?(%) <—' (sq/2) +2 % C0G ns
^-i

|£ (i) f(x) G lip ^ 9 0 < cc £ 1 „

(li) On _ n

(Hi) w (i/z) ig ata&r Aoce-oaolng.* M

v -^(1/fi) log n « v 1
WMWnwMnfin  w   W’"H|U,»» ■ —was*--* £ H i. $'

00 p/2
2_ R ( | Sjj I ) < do9 £g£ p < 2 ec

lie have on analogous result for sine series.
oo

f(x)r-' £ Slit S45t o



(i) t(x) S MjK , 0 < cj ^ 1
Cii) ^ tl/x) M I£g£B&: &^£@S&22&» 

(ill) ^ i • ------ , n > 1

p/2
z. ® < hu ) < oo s p < s -e

r\c.i aA

$lJU m f e Idp < t o < < i i
tM. % * % cm Pisilims £Uso. Ha assess <12 >

p < 2 < »

'VXC-l

Wo also hcv0 an osstension of TboercQ 7 which ia 
eiiplogous to the ojitGHsio'a of Theorem $ give® by Sicoroa 3,

gpQQS!Oj;L_.jI»_

f°, p/2 y <0

^Z- »* "<l%l * \\\) < 00 , £gg P < 8 «,

P.mo£..Q.f J^o. IlEioriM.4.. shall prove the theorem for fc » 2» 
As f is a function of bounded variation* it follows from (4) 

that
TOa2>ri £ « 0(*/sP> s"® ;

-w_ WlH . "-2 +\

hone© by the condition (13) wo get

^ p? i
Z- rn 

'Vte-Ttv
c

<r>,"Ei(Xtcj)

^/sP) 4*fL<^Gs



3S
e 2

r e —2
\Cr>2) log (k>2)J 

Applying setwers*o feosjmlity ms obtain
'*f\
a.— y *r—■ 3 \ X/g ZS/2> P & < > I» ) 2/ n ft

^r-V»
1

Thorofor© 
*£■

I ctfS
n F

How
•w-\ -vie. a. ^

a»

n

«£^2 
n nn

'V\-\

. -tt «£ /2e g
” X4-' k- 

(a-S) log Cm-2)

c
^4-g.(»»2) log (gHS)

•>nQo O-I 2- OrtV-J

(C

</2
a P.

'Vnt'va# " 2. -v-| n

■Wl-MTLo
l* <£-

5) log

< CO *

This provos that
00 </2r~ ‘%/<r.2_ 11 < !^l * !\l > < ® *

MNtaa ife writ©

\t ~ log I: 5 k > 1 ,
a A > 0 9 /^, a ® > 0 *
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It follows isaaodiotely from the condition (i) of 

fheorom 5 that
CyoI
Sc~)
A < 00.

which inplias that the am g(x) of the convergent 
trigonometric series

°° i< ^*/2) * 2- "T“ c^s tec
it=\

is a continuous function and
♦ Af(::H g(%)

Hence w© get

OO+ £ <a
K*\

^ 4- •“-) COS It

^(aK+
(14) f<x*h>- f(z-h) + g(x+h)- g(x~h)^ “2

Lot us consider the expression
jjp>3n(h) « (l/2tr) | £ f< x+h)-f<x-h) *g (x*h)rg<x~h)J %(x) dx *

whore
•*4\'n(x) » X ife* ) (- sin tee) • .
*=M

T,

Site polynomial %Cx) will ho negative in (0 , v) and
l)positive in (v 9 2?r) 0

fairing h * <v/2a) 9 w® get

1) L. I?ojer [C
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Tl+1 t

<15) |S (ir/2a)| 1 ©x«(f f
11 ' “** K-l

< o^(f * ^>)log re * (w/2tt) 2.(1 **
K~\

For r fixed end a CgCr)* taking into account tho fact 
that A* is a slowly increasing sequence* wo haws

K*)

(16)

(1/n) S/V <, (co/n) X.'C~ * K~Tl
nn , £. \

£ (cg/n) 2- "
K«Yi

c2 nsA
n

"nI
K=|

£_ in A* n1-^ Cg A*

Since (l/s) increases slowly9 fro® (IS) end (16) wo got

(1?) |8n(?r/2n>i < c4 a<f » log n

for ail sufficiently Ians© n where eg, is on absolute 
constant independent of n»

On the other bond S^(x) being trigonometrical 

polynomial, Sn(h) cm l>© calculated by tons by tens 
integration and we have

vi-H iA*s^(h) 21 (1 ** ^f) (\ * -|f* ) sin k h
K=-t

But
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sMkh > (2/v) k h t h » (ir/2tt) » 1 £ k < n

%QPOf»PO
^ A *-Ak )

“ i^T ' ' '
K=>

*n«»if^Cv/Sn) > (2Am) ^ ’^1 - s?r 5 (a& +

drifts ia nST ? S3 > !> » VO got

nm A*S^(fr/*2n) > (3/2v m) ^ !t(s^ *► 5
v.-=\

"tn> U/2rr n) Z. K<Ot + -r* ) =
*•=•> V K

t?*ios?o p Is on Index sufficiently largo but fixed* 
From this Inequality using (17) tro obtain

da) Bf! & c5 ^ (f » lAi)los.»

oM also wo hesw©

(19) a + ,Al 
m m

< ^ - Vi + I&L >
a-?.

Taking into account that \(k >#) is a slowly 
increasing semaene©? we shall Slav© in virtue of (19)

| | Aw > I®, + _AAh
k

*£ S'irC **» 2^ *5“ |«el^3lto J

Thoroforoe

P/s . . A*. f3/^ p/« ik (fe,tfW^-) < 2*r( k B& - Is 2^-1 * !:
0/2 3/S fc-X
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Bonce
r p/2. >
1} K>

t»+1

p/s< [sif k 2^ - (k-1) *5- kp/ Vi
k-1

•1

? p/2,I K 4-

*>AZ* 1% - ar L «^)P'“ Vx

V»^iV>+i

"VA+ Str T k ’ ^p»l
Ki fe - 1

Therefore
TV)

/ p/s r c # .P/® a i \< 2w(ia 3i + 2. / <k+2,> Ite )
\ n ^ i fr~V

\/2

p/2r~ p/2 p/2 r2 r v
2_k fa^l i 3a + Sir 2_[(k+l} !:?3k

H' 1»-H
V1 p /S J+ 2. k 4
Hi K

Wow
f~ p/2 p/2 'x~C* %p/S «

lira \ k fs,?J £ 2v lira a IL * 2tf lira 2_l(k+X) j&
mco fa mo© ^ mco ^ *

? P/2,
“i' 2S?r Xln , ^ k ——

moo v>+t

Hence

r p/2, r-f2_k fsjcl £ Sir l((k*!> -|E^ + Sir
fci >+1 ►+»

oo p/2 | ^A.

m account of the fact that
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p/2
Unit f% 3,
n *** m m < A Unit n 

n m

e/a
(lAOlog n

(in virtue of (13) )

< A* Unit -lSSJ£
n ** m 4-($/2)

n

= 0 , for p < 2 «£
Again due to <18), vq have
oo p/2 t

k U^!>
M>+t

°® p/2i 2ff A V (M.) <^<3/k) log k

K=*

♦ 2v A £ k' ^ Cl/ft) log It
fc

o® p/2 N 
< g V k ^ C Ion t

:-=-^+l k

log k»y*c: ;y-ar.^jfeicnii

ntjw . l+< - Cp/2>

This eorroXotes the proof of theorem 5#

Sioilarly by considering

<<*> 'n+i= (va) + Z <i- )
K-i

cos to:

and taking A - (1/lt), \m can prove Theorem 3.
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m vA Uniting
-rA

we got

(20) Bm *» (ir/4ffi) JT It \

K-i

\ » <**> - Vx
m

Hence

k-x
P/2& Ib^

< (4/*) <Bn - Vi * ST- 5 » 81n0Q Vi- 0

'vne- 0/S ?a p/2£ (4/tr) £ k 3^ - (4/v) ]^<k-l) ^
l<ax- k-X

» p/2(4/tf>2_?t 
k-z-

SsrX-
k + 1

p/2 £ p/2 B& C4/ir) r B * (4/v) > k • k-1

Therefor® in virtue of the conclusions (7) end (9) and 
using (20) we haw

^ 0/2 p/2 , * 0/2 ,,<L A a $ (w/m) * h \ k °<X/k).It

)c=x
I-
K-=2-c M J <-((3/2)7 Mt$ [A / * j+A 2.
^ k

k

X** - (p/2)

taking limit as a *«► oo we get
COr- ff/2Z S! \
k-=.x.

< A *« # oo
XX*K - (f/2)k
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since limit 
is **■ ©

Hone®
COr- p/22> \
fca-JL-

1“’cr-’'Tp?iT'i'“'‘”55 0 * f©*8 p < 2 «c • 
ra

< ® 9 for 3 < 2 < *

fhio eoraplotes tho proof of Sheerest ?«.

Consider

G(x) » f(x) + c(s) 9

which is periodic and continuous <* Tho Courier coefficients 

of 6 arc non-megat ive 5 since
t 0a, * a > 0 9 t> + II, > 0 9 

a n a n —

oral its oo&altis of continuity £ 2 (&)« Hcneo fcfio 

ceneltioion of Tfoooven 8 follows Cross TxiooTom ?«.

3* Crimea a function f w© write

4(t) « f<3t)

A, (t) = f(s^t) - f(x-fe)

4<t> a A, A, (t) a f(s+®fe) + fCs-St)- 2f(«) 9

and, in general
Avn(t) s A, A^(t) a £. <-!)’* (g) f 9.0«l92t3f

6)77 (S/4)
Aloo vo define ^onoraXlsed taodulus of continuity of order rA

of tho function fas

4)^(6* f) a cup
|h|<6 *



A function £(n) defined in an interval (& # t>) 
is said to bo of bounded r^1 variation if for arbitrary 
values in /'Fitteotie progression, such
that a = s0 < :^ < 0*..f <s^ = Ij and for every integral 
values of n«

Z. I ^^fCx.) | & **?
h=o A

ifaQTQ

& f(S£> a ~

#*0**1* ^ »* # *

It is a well Itnmm feet that every function, tfiich
/ tilis of bounded variation*, is also of bounded r variation, 

but tb© eonvorso is not true* Sills is seen by considering 
the uoll Isiotm continuous non-differentiabl© function of 
w©ierstress vis.

03£<:s) » I b cos bn js b > 1
*V\-|

which satisfies th© condition
j£(s+h> + f(sc-h)~ 2f (s) | * 0 (h) as h - 0 uniformly

in s 9 and eonocmicntly is of 'bounded a'ofeondt variation# 
But on account of its being a non-difforcntlablo function 
it cannot h© of bounded variation in eny interval.

46

In Viet-? of the above roearl: t?o ©an cutond our 
Theoroas 1 and 4 « Moro prociooly wo tirove th© following*
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ihJJ* (i) £(x) M at
IS <0 | 2*r), -,

<ii> cdKa) < _£JL*
X* L o£4g! ?£7<^
X*r L —j

[V*> igU).,.<&y

CD is conypraent £qc p » g/<<=e*2).

& CD f<*) iii arxsasslafi ^ ssae&sfeSaa

£& CO t 2tr) ,.

c ^(ii) <Ms) 1 awggptowprr.a-

r— X’^ ”] 2\l%m 3^(6) (6)J

,£70,

0 » <$*

ExsfflO£j5iasam^L» '^tQ
/ri v/a/ ,h i

\£(s,h5 » - (lj f(3c*«ft-S®»)^f «>»*K~X) [\_J ^Cs:)

Lot
f(s)

’Whore

#.*•5* 1^,/J f(x-Xtl‘K&) * (*) f(SHEfl)< 

InsGOI
—oo

en ®

gr ' -Mi
» (1/2??) JT fCx) e fix *

©

vo obtain
COA ^ Mi -irih r inx

^h.f(x,h)i—’ 2_ c^<© -© ) a *
2*-co

«5

£ndsi using -:ooacl8o toaQUcllty vo bor/e
C90 _v- . Ml -irfc r ® „ -2?? A # %ia,2 I cn(o - G ) | < UM ! f Kfte*h)\ fix

o
and honco
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22r+lj|c^j2jg^n nj|J2r4 (i/ir) $<2M\f(x»h) dx •
*t\—i 0

Putting h = <7t/2N) where N is a positive integer greater 

than or, equal to r , we have

2Sr+1f |cn l2|sln(nir/2H}|2r< <l/ir) 5,)|2 dx

£ (3/v) <%(ir/N)J2,r| AjfCxj jdx

and hence •

22r+l]T|c |2|Bin(n 7r/2N) J2r< (l/v)&)(v/N)j,27r|4f(x,5J~)|dx.

I**'
Since sin (ror/2$T)^ l/*/2 for (U/2) < n < II » we get

-j |sj
2! cn I2' S. 2arn i|cn|2|sin(iwr/2N)|2r

,'2r <±v V

(21) < (i/ir)a(7T/H)j;2,r|A/Cx, JU|ai.
*- o »- 2W

Also
2-N-h 27T

<E- fp » dx

n«i

On a ccount of periodicity , all the integrals on the 

right hand side will have the same value* Hence
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■2N4i 2tr
X $ f i-kfCx + 2S- tfky ) | cbt
"n^t © J

.= m-r) f%(s ♦ Bf) -(M f(x £lx-
^ * \.l J Q-K

2#(22) = * I t §?> | te
0

Skoffofoi’e it follatro frm (21) snd (22) that

S7+1 £■ 2 Sir .
(sssr-tO- a Yfenl < X. * (4/<x * g2) 1 dx

immm —l ••n +»
^(r/il)^f X I A^fCit * 

o •»=•»

•^=•1 0 
•^■rr itf-h

j ds

<t 2tr ,
1r

IW-hsine© | .^f (%*%£) | £ v ? go ff io of bounded x*^1 variation#

'V'-t
ThOFOfOFQ

&MsML
!T as n > r

and hone©

-rtf g _* “Ci(23) 2Jen? i A^ir/ST), 2 .
r-v>

I!otr it follows fvom RoMor? 3 inequality tliat



00
•m%

■W.-I

(M)

'TO/ ru o
I l°nl' 4 f IM'

1*1
NT" J \ *2_

-Vl

tf* « 4*
m.p/2 T7i(X~ --J

O» d>

and honco by foXXot-rlsig tfi© nan© analysis as in the proof
of fhooren 1 smd lining the? so send condition of tho

hypothesis, I?© emiolu&o that
|P >■ oo 1 for 0 « (2/«{*2) 

l“t\l
''f'-l 

PA

l !cnl" ^
X . i \

Sine© ■ c^j * s£ ( ct*- ^

oo
£<!%! + !\! ) < no 9 for p « (2/4*2).

Proof of %'hcorozi 10. %• Carjshy<;ehimrs inequality

m get ^
' IK! s

£"ii

»fV\ "^|£. . .s )3/V v=- , \ 1/2i'W C4-^ •

In virtue of the conclusion (S3) i?e ?iav©

Ilcj < s-^3 2a/2
w-l ,2. -Vi

*^ierofore
**- p/2

n

n |enf £ Ag

i -%

af?/2
o

A<^

*2- -V-\ de/s -s=c/2
/*vj«mKB8Kg>

/ yta 1* €~/ /E3 l^fr/g ) 6r/2 )



' ^

none©

£ As.
1+Z,(n-2)Xog. Cn~3)

'h-i

oo
< h 2_

nffle.'Wo (is-2)log (n-2)

< CO.

Tmm ne cemclralo that

o>-i
p/2n <1^1 ♦ fbnj) < co, for p = <£*

Remark Is Tot the eonvergence of the series (1) it 
is sufficient that f Is of bounded r^1 variation and

T fimP ^la 31I hP '6)n (h) dll a (5 Cl) *

Since d^tb) is a non-decrcasing function
of h, tie hQTO

p/2^ jia , ia ^ ^
a1 <v/3 ) £ (2 /tr) f (h) dh ,

11 Y»
Therefore from (24) \m obtain

£
Z,e*> < JU »

■"fc'V

■n,

m/M) n P/2-„ 2 | I 4(h) dli2 ir Tfa *

(Ag/ir) 2
ta(fc-p) fh P-2 S-p

! 6^<h) h h dh

l



md hence

IK!

n(S-6) 2^’ fih- p-!
(Ap/fr) 2 2 1 <0^(h) h

X .(H
3■T

8—2Ag I" £)'(h) & fih
%'■T

^}& P/'x~ fl„„g
0 £ % I £]\ (h) h * dlio*

-rtv-tne
1 fla 0-2

A | O^(h) !>.' dh

Consequently
CO O /<^ n%|l + 1\! > < 00*

tv=-1
For the convergence of the series (12)

it is sufficient that is of hounded jfch
T variation and

1 —1—(p/2)I h
©

^(H) dh
A

0<i> .


