CHAPTER II
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COUVERGENCE OF A POURITR SURIDG

1. It hog boen ostahliishod by As z;,*gmmm thot if
£ 6 Lip K(027)g € > 0 5 ond © 4o of boundod variation,

thon

5 ne: B
(1) ) Uyl # 1yl

"=
1o convorgent for B > 2/(«+2) , vhore oy 5 Yy ore the
Touricr eocfficimba of the function f. The conclusien (1)

is not nocossnrily truc vhen § = 2/(<2),

4 noturnl guostion thot ardscs in this eonnoction
i3 ag to vhothor tho serdes (1), corrvogponding to the
function £, can be mado convergont for ¢ = 2/(a+2) by
irmooing sone stronger eonditions on the Cunetion . Yo
prove o theoren givine o sufficlont eondition fop the
convorgonee of the sorles (1) vhon £ = 8/(42). Oup

thoaron 4ot

Incoreon 1. If £ is of bounded varistion ond aoticfics

Tho condiblon:

1) Zygmand |46  Vorasshiowicz (42
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| £lzsn)-2(zd & ¢ h

[-—1(51)1 (h‘)a P .l! (i’ )J %2

where €¢> 0 4« 20 gnd

14(h) = lag(e‘!‘h"l)

1,(h) = log log (@@m“}') g OLCey
then the gerdog (1) is convorgont for 68 = 2/(<+2),

Minlogous o %msienﬂ of tho cl@méeol thooron L.1
of 8, Torangte inﬁ ord of 1ts poneralizotion vig. Thoorem T.6.

due to 0. S%saszzﬁ} were glven rcmpcc‘isiveiy by L zﬁa&era)

and A. Ca Zacmené) .

IWwve ke = 0 and k = 1 in Theooren 1 it roducoes

) , : 5)
to the more gonernl fora of Typmmdls theorem L.68° .

e have algoe studled the converpence of thoe geries(l)

undor difforent conditions. Ve prove thoe follouving thoorons

Theorem 2. Lot €(x) ho sontinwous nud nopledic in (0,27).
it
(1) #(x) 6 Wip L (D, 27)y 0K &1
{i1) ey ond b, ore pogiilve,
Ehan tho geriss (1) gonvercez for £ > 1/{14t).

Aa a corollary of Thoorom 2 woe have the follovings
, b

Theooren. 8.  Let g(x) bo o rerlodie ond gonbinuong

-

1) Rornstein (1] 2) Szdsz (84] 3) tedor  |22]
4) Zecmen  |44] 5) Zygmumd (28]
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function in (0 20) pad -
(29 ]

[ . i
() ~ (a /2)+ ¥ (om cos az br; ain nx)

~ny

ond fonote by ©,(8) thn g‘;@g‘l‘n}uﬁ#g{t abinnity of .
e (1) w\cﬁﬁ}‘(w(f‘jg&n)“%gb” hng

%

(11) =) gntisfleg the conditiong of Ihooron B

thon o0 ¢ .0
= topd? -+ 150" | \

eonvorpag for £ > /(3sg),

Feoof of thonven d. . e shall wrove the thoorem f‘m* k=2

o have ,
flath)= £ls-h) ~ 2 Z (b, coc ns - gy oin nx) oin rh.

Thercfore )
A | 2 S 2 L2
(2)  (Wr)§ [flxm)- £lx-h)]%ax = = 4) B oin®” nho,
"y -
vhore 'E’Q ‘3; + hﬁ .
Tiow o
(W) § Gelaind- ) [ Pam ¢ 2 otw) 5’ "Jotuam)-elaen) |ax
2] .

vhors W donotes $ho podulus of continuiby of £

Pukting h = /(1) vhore 1T is o positive intopor, we gob
3) (3/7) R e - T * as

£ L 0o 5’ Tlete & m}.. £l = &.ﬂ ax ,



and
D
i felx e 2oy - £z - 5| ax
ar .
saf Irts + 2= - p(x)} ax
2N+ (m_-_x)qyﬂ .
5 £(x + =) - £(=)] ax
= nze ’Y\H‘/N ! - £z ! ¢
/1T 2N ) '
g ! folz + B v w otz + B #)] ax .
L =0
Since
2N-}
Yo tet + Ty L px 4 D5 v,
m=0

wvhere V  is tho tobtzl voriotion of £ 4n (o0 5 27), wo hnve

Qr
Folflz + ) - £lx = Ty o
Il m - fx =~ o)) ax g

goo°

Thorefore it followrg fron (2) ond (B) thnd -

(7]
2 -
Y B osin® (aw/@) & @ (e WL
T3y
Tlence
N L2 d
Z f;;'si:‘s?* (nw/T1) § D=/ V §2 o
~M=t

Putting 11 = ot s Whore m io on inlomor spoator or equol

-2
to m, , vhore i, 2 (log @) 48 ond tohing inbe nccount

only the torns vith indices n oxeccdling S W,



wo geb fron the lost Inoquolity

ol £ 1 . -
(2) S Poin® (n/2” ) g Otasd™ v 2

’h:‘z\—\

H
“ .g.l =3
dince  sin (a/e%) > IME gor e <£ng?

wve ehbain .
= 2 1) Tl
Z £ 0) (‘}?/2‘ ) va @

S
Heneo Ly the oecond eondition of tho Thooron 1
o I -
n = g
— L+ & +3
-5 [t oy ]
< A 2%(1*@0

Eﬁ(r/emnf;""ﬁ (rydy |2

Liow
L, (/2% = log (o + 2 7y
D,
> log o

= (p=2) log 8,

1oz log (o + 28 )

u

12( /)

-y

> oz log &

)%’ iog (m -~ 2 ,

Thorofore
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Apnlying Holdor's inequality, wo get

N

W ~ ™ B

S e g2, S \\TF
cus (5 )" (&)
5 ,

| 1)
4 ;g.,__ om(+)6/2 gﬂil"@” 2)
[(_sfa-aﬁ ) 105" (me2) J(Q{%&m p/2
= A ‘
2

+ £
(=2} 1@5;1 (e~2)

for p = 2/(4+2) .

Therefore
Z E‘E = Z 2
=, M2 )
o>
& e

- £
TET () 1@@3’*, {m=2)

L s

b+ e

Since !anlg-’ y oo algo [ " 4 doco not omcecd P 4 1%

follova thot
CUapl” + 15,17) < .

Thig comnlcobog the proof of tho thoorens
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troof of Theoren 2., Donobing by 6, » tho orithmotie

meon of order n of tho nerticl simg of the Pourder sorics

1
of £; we hovo

W
Enlmth)=Ednn) = 2 KZ (3 = Eor) (ony, oin tor & bhms ke doin M.
=

Iot ug write
g) = 2) < 1=
Tn( {1/ M( Zh—-f)e@;z?;m.
It 1o well Dnowm Bhat '
(8) % (x) 20 for 211l =€ (0, 2r) . ‘
Connidor the iﬁanﬁity

Splhd = .E’ f&,(z&h)o @(:M’z}z Tl dx

o
| -k K] dlac
(8) =2 ﬁ Z_(l—ﬁ)( Oy Sonker + Ly lat KR SoaK N [J..-)-\};:U +)Co'3‘< <]
=) . ‘
m
“%Z "‘l”‘f} Tﬂisi»: MR e
K=

Teking into aceournt the :z.am_zml;ﬁ.ﬁyﬁ

W6 46n) g W 4 £
valch ic an imnediate congsagquones of tho re@reseﬁfzaﬁi@ﬁ
Cotsr) = (1) f 'ifcn(sz - %) £(8) at ,

1% foll g from (5), and (G) thab

1) Zypmwd |48, pe 148 ]
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where U > 0 4o indencndent of n ond h.

Taking = "-[ ] vhero ):x_j derotes the largest inbtegor £ %

we hoave
7 E Der 3 2
8 g & S R S L
@ g5~ 2 kb & 7w 2 - k.
Sinceg

ginkh 2 2kw/r,h=1v/2n,4 1< ksin,
it follovs by virtue of (8) and (B) that

N 1)
(9) !Sn(?rf% i 2e2r o > (1= ..2...) X b, > (w/Am} kZ 3 S
=

K=y ﬁ""l 4

Applying "61ldcrts incguality, wo ot

™\ g N 1'_,3
kb = Py 0F )
k%\ hz“' k=\ bi‘

3 1
s k (Izlﬁg) =g )
k=

7 Iz .
5. @‘l L) 2‘:—; j }

Thercofore, it follous feem (7) end (9) thak

~ Yol B
Zi’bI < (2 ® @<Am03(“%;%f}>

x=) Yoy

2(1-3)
= ﬁ' @ F}( 50(”/"‘1?.5)

fence wvo have
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(10) B, = (/) D % by,

¥y

¢ 1f g
$ an (D/m))o
Tt

2 B,
bm 5-’ Bﬂ -3 ml * rﬁ.ﬂm *
Thorofore
~ ™\ A
o o By
- ¥ L 4 P WY
Z b!z £ Z z‘l’k Z B‘knl ; Z =i
K= K=o K= k=2
e,
¢ n+ s %o,
k=1l &

Hodng (10) ond the fack that

(‘;’(ﬂlén » £) )g; < an i

wo hove

' . o e
Z B S opay— ot e 2 B

K= o] <] k=3 1
Horneo wo dedune

™y

6 o “n-} 1
14t k£ 1init ¥ ¢ 4+ 1imit i
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g
i 2 =0for(®p+p=-1)>0,
m - 0 m,(P'!‘c&'ig s 1)
Thorofére
oo
Db o § ek
K=2. kﬁ( <t

< @, f@rg;:»rz(mc}a

2o Go T, ‘imz*dyl) proved o theorori wileh ig conncetod
o 3
with the chain of ideaz of E%amzz)tein“‘) ond 2 nymmwﬁ) .

lig thoeoren is ¢
m@f87:13%9040:< » Ebon

(i1) Z x{p“ a Clogl + lBgl) < oo,

M=y
for gvery B < < .

Theorga Be If £ ig of dounded vavintlon and € € Lip < ,
0 < < “é 1 9 ﬁ?{@lg
[+>24
F%/?
(2) ) n Ael + a2 <ewy  for p
"oy
Por g = «, the coneinolens (11) ard (I2) may not be ture.

Ay Co Zaaﬁené) eztonded Thooron A og followss

Theorgn €. If for cortoin €2 0,

1) Hordy [16] 2). Nerastotn [L]  8) Zygmuna [46]
4) Zoonen [44)
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&
V(8 g e
14(5) 1(8)eeet (5)

thion $ho gerieg (1) comverpes for § = <.

e prove a thoeoren which iz an oxbonging of Theoron B,
Thooron 4. I£ £ ip of Poundod werdcklon opd soblsfics

ghe eondition

«
(13) O(8) < cb
1+& 42
|22(8)25(8) 00y, ()]

then thie sordeg (12) g(gﬁwﬂ,gé foy 0 = .

e hiove clgso connidored the conditions under vhiech

the concliugion (12) holde for voluos of § > <. Our theorens
are !

. ) ! w
Theorem 8. Lot £(x) ~ (2o/2) + 3 g, oo nx .
mz)

IP (L) Fx)Cldp ko 0< LT,

(13) O

9

(1i1) W(1/%) ig glevly inexonsing, then
oo
8/2 :
n (fe, {)<mw, for p<24.,
Mz

Ve hovo an anslogoug rosult for sine sories.

oo
Thooren 8., Lot f(x)~ ) h, simmx .

~Mzy



(11) YW/ ig gloviy “mrwng-’* N,

(131) B, 2 "mfyﬁ) s 021 oluon

< pr2 A
Zn ( hxnl YJEooy Top B € 9K
)

o .

3 . Te, I fEWnd, 04KL1,
ond, o, s by czo posibive, fhop Bho sordos (A0
eonverros fop § < 2« .

e 2ls? hove an orbonglon of Thoovon 7 vhich i

civon by Theoren 3.

wd

onplogous o the onbonsion of Theoran 8

oon

Thooron B, ndep Sin hmothonis of Shogrem 3.

E a/2
oo el + oD <@, fop p < 2 <
~M=z)

Proof of the Thoorem 4. We shall nrove the thooren For k = 2.
As '35 a functlon ©F bounded veriation, 18 Fellowa from (4)
thot

> By & e 0w/ 2T

W=
wnee by the cendld (13) we got :
A (1)
ey
2 . 2“"3‘3 l'?-&
D - R -
M ™

" me _A¥E Rt
H (/e B (/) |
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* " o W2 o
s <= 2.1/2 /2
Z p g (> Y e
n eyl n
~ol Mty
e - o /2
4 e 2 .
e <
(2) log (=)
Thorofore
L
Z ev,P o
e . . - »
Z % n s TTTIHE
Mg ‘ (m-2) Loz (=)
Tow
[« - 2N 0
Z /2 = Z”' ec/?;?
N I S
Ny ey T2
Co
5 . 2
i+
o (2e2) log  (ae2)
< ®
This wrovos thab
S e v
n (3%3 + !bﬂl) < .
n=\

Ve write
«Ak
Ao

Proof of Thoorem S.

e
L

De/x) togk » B> 1y

L]

40, A, =n>0.

3
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It follous immodintely from the conditien (1) of

Thearenm 5 thet

A
<o,

N8

"
PR 1
—

which impliesg that the oum g(x) of the convergont
tripononictrie saries
<)
(A/2) + ) 2 cos kx
=\
iz 2 econtinmions furction and

. * =
flx)+ glx) o ..;?.w%utm + z (a.k + -—)—‘E“—) cog kx .
k=t

Rence we cotb

- = (o A s B
(34) £lxn)=- Ploen) + plxn)= glz=h)~ -2;@\0“ k)swkx
2)

Let us eonglder the ezoression
8y(h) = (1/2m) § gﬂ’(s«:mﬁuf’(x-»h)*-g(x‘%’h)-eg(sz-h)j Tp(x) dx 4
&

whors
ni\

T,(x) = kz (1= K5~ ) (- sin kx) o

aal

The polynoninl Tp(x) vill bo negetive in (0, )  ond

nooitive in (7w , 2??)1)0

Taltdne b = (#/20) ; ve got

1) L. Pejer )&
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M+

(18) fs (wem| & ey olry gkNonn + (- %)5\%3“’““(%>
ke

3

L equlf, %)log n 4+ (/2n) Z(l - ﬁ%))‘k

K=y
For r fized cnd ¢, = enlr)y toking into account tho fact
that A« 18 o glowly ineronsing scquonce, wo hoeve

i) "
W DA & leg/m 2 Ax
K2l K2

a1) IQ‘P.AK
| ¢ lea/n) 2 e
(1) =n
m
€a nt 3
=) A

< B 5" A 0T = g An -
since (/%) imereonses slowly, Srom (18) ord (10) wvo mot
a7 Islw/end] & ey ©F 3 <E) 10z n

for all sufficiontly larme n  where e& iz on obgolute

constont indeperdert of n,

On the othepr hond ’i‘n(x) heing drigonometrical
polynonial, &,(h) con be eeleuloted hy torm by torn
dntegration and we have

M+

A
Sp(h) = Z (3‘-“3%) (ak * 1;5’) sin k& h .
K=t

Tut
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" stakh 2 (/M khn,h=(win) ,L1Lkgn
Theroforo

. a¥
, : » A
(/o) 2 (2/m) ; R I
Taking @ = % 9 n>p ., wopet

Sp(r/2n) 2 (/27 w) > ey, + %\:\;)

=y

> (Werm) D e, 2% )= R, ,
\‘-‘-‘-\) % k" -

whore p i3 an index oufflciontly lorpe but fizod.
Trom this incauelidy using (17}  uo obbein

(1) B, £ ey @ (£ 5 WmNeg.n

ond olso ve hove

1 Aw S
(19) o + L 2By = N, o a:jﬁ}w),

Toling into cccount thet A« (k 2 1) is o gloviy

imercooing coousnee, weo sholl hove in virtue of (19)
_ Ax
l%;'"wél‘» g o v o5

< onlB, ~ B 4+ &-311 )

Theraforey

/2 3/2 /2 0 /3
kﬁ (!ak!‘-.-vd%? < a2 if B, -‘;{@ %o * z:ﬂ gk-i )



. & .

pl2 p/2 6/
- gan | “"1 f
¢fze 1 mo- e B e w Ml
Nanee
g/2 - /2
LA D W
o Pt
S p/2 i B/2 _ ,
<2 Z;:‘ KTy, - 20 % (1) R g
™ 8/2
var S W Bl
PN k=1
p/2 = 6/2
£2r{n B + ) (1) A1),
. i Ph ? i‘?‘l )
Thorefore
o 52 /2
st fa) < - B, + 2w S_f(k»s»:t} 2!5 |
P b+ &
+ 2; ks ﬁ%}
|23
Tow
pl2 -
wm Sk Cla] € 2w lm n + 2% 2in Z(km "
wﬂeaé%1 k | itiare o2 gm 100 bng b4 z
o pl2
roran > % ds
Liggs s B 28
fenee
[e 2]
8/2 pad B2 g §/2 2 )
¥ Qe £ 27 )l0eD) + o f_:z; £
it ak PH{ ‘ﬁ!&z b+

on acceount of the fact that



fgain

K=p+!

2

R/
n B £ Alimit n (i/adiog n
n - @

(in virtuo of (18} )

¢ aunmit Jlosm
- w ﬂc('{ﬁf 2)

= 0, forpg<24q,

due to (18), wo have

b3

N /2 2 2
Y ey g eea Y on " @am 105k

k=p

T P2 _
+ erd )y k(1K) log k

le=p) k

£/2 ,
B O/ lor k.
k

"
£
8

=P+

oo R

! log &
S c tp ¥
kZ;‘ 2 - () ’

< o 5 for <2 .

This complates the proof of thoorom D

Sinilorly by considering

g n¥) 1
T (x) = (1/2) + KZ (1= H ) coo nx

and boking )\ = (1/k); wo con prove Theoreon 6.



Proof of Thoorerm 7. ik ing

-
(20) By = (n/4m) > % Yy
K=l
wve pob
b, = (4/7) (Bm ey a.ﬁm.,a,)
< @/ (hy - Tyt i_l'lif——) , oince B_y2 0
Hcam‘ca
/2 ~ ™ /2 /
i kw b, £ @/ }: kg B, - (4/m) 2(3«.-1) el
k=2 K=a. k=2
A 2 I
v (47 \Z f L_:ki,li

/2 B
S m o 3.+ (a/m) Z 20
K=o k=

Thorefore in virtue of tha conclugions (7) end (9) ond

uging (20} we have

w  8/2 /2 wop/2
Sk 4 &mﬁ/ O m/m) + ' _,kﬁ o $7).9)

k=2 =20, k

n "wiﬁal’ﬁf uwi
* 144 - (g/m

taking 1init no i~ 0 wo et
[ o] oo

are vee
DEm & Z

s

K=o

T1e = (7/2)
k



sires  1imid .n.,c?.:.;‘(%?%sm =0, for P<L2< .

Ao
n
Honce
T g/2 A
Pk by & @, for B2,
Ko

Talp complotes the proof of Thooren 7.

Proof of Thooren 8. Congidor

Glz) = £x) + plz) ,
‘which 13 periodic ond contimuous. The Pouvricr coefficlents
of € are pon-nogotive, ginco
' '

¥
a +

ond 1ts oodulus of continuity € 2 (6). Honee the

conclngion of Theoren 8 Pollowy fron Theovenm 7.
3, Glven o function £ wo urito

ety = £l
Ate) = flzet) - £lx-t) |
A(e) = A A (£) = £lx+2e)+ £{z-28)~ 28(z) ,
ond, iv me”éﬂl
A = A A (t) = Kgbiwl)zg (g} £ €x+(rﬂ~2§:)i;3 o 251523y 00

O34, th "
Algo wo de‘f’:baé’ r ef#t;’ alized nmodulus of continuity of orvdor »

of tho fuanction 5

\CO (8, £) = sup £lszh)
? lh": 'A i i
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A funetion £02) dofined in on Intorvel (& 5 b)
Is goid to bo of bounded » h vordotion 47 for crbhitrary
volues ¥, Ty eeceos Ty IR rpitlmatie proproosion, mich
that o = By £ oy £ osses @ % T b ong for overy integral

volaos of Ny

-
21 A, £z} £ 15
waore ‘
A g¢- - Y -
£(xy) £( rziﬂ} £( ‘{i} \

seoeen 5 Geew

Agtz) = 4 £lg,,) - A =) .

It i3 n well Lnown frob thalt avory function, videh
is of bounded variation, is olgo of boundod x-th" variotion,

bt the convergo is not truo. Fhis io geen by eongidoring
the voll Imown continuous non-difforcntiable function of

Uoleratrosa vig,

@ - ‘
)= ) b ee:azfsbnxg >3 .

"z

virich nodloficg the condition

{ftzn) + fan)= 20(x)] = Ow) as b = 0 uniformly
in x , ond comsogquenbly s of boundod sovend tariobion.
- Put on occounk of its being o non=iiffurcontinble fupction

it eormod be of bounded veriotion in ony intervol.

In vigy of the ohove pounarh ve enm onbond our

Theokomg 1 and 4 . Moro prosisely we nrove tho followings
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Thooten Os I (1) £0x) ig of bonnded £ yapsotion

in (0, 27)y
%

(11) On(8) § el = T
[11(3) lr;(&’atn.-k (&ﬂ

ther the goriep (1) g gonvorcosk for ¢ = 2/(<#2).

Thoorer 10, If (1) £x) ig of benmded r° wopiotion
tn (0, 8m)

(11) On(s) £ - 0. 8% $E7%
‘ 1+ £ 2
(2289 108) 000ty (8)

then tha gories (12) gonvergos £or § = <.
_. Proof of Thooven 8. Vo wwite
r LR
A, £(zyh) = £{x+rh) - f:!.) f(xﬂ@vﬁa)ﬂ«ﬂ(-&) /.z:i ) =)

* oees? @.,) 2(n=rh¥ih) + @ ) £la-ghle

Lok o )
D .
whore
> T einu
op = (Maw) [ fz) e ax .
o
we obbtein

A 2 inh ~inh » inx
n £{xz,h) ~ Z cﬁ(a‘ - ) e ¢

—Cco

Than vaing Tosacl?s dnogquelity ve hove

ink -ivih P D Do
..é\; | eyl e ma 1 ¢ s § dugt ,,z:a.ﬂ
2
ond heneo
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2215 o, 12 (s | g (1/m) f Tt a4, £(z0) |2 ax .

n=}
Putting h = (7/2N) where N i1s a positive integer greater

than or equal to r , we have
& 2 or 2
27T*LY loy | lstn(am/am |2 (/m) 5771 A Gy )| ax
kg 2 150
$ Q/m QI 48Cx, F)lax
and hence -
221""3-210 | !sin(n 1r/21\}')! & (1/7) &),L(W/N)gzwmhf(x,-g-g-»)ldx.

--H

Siﬁce sin (nw/2N)> 1/¥2 for (N/2) < n ¥ N , we get

22r+1 .
Z[ cy |2 g 02Tl Z[c 2| sin(nm/on) | 2F
‘21" N,H __.-H
. s p 2T T
(21) £ (1/#)&0&_(17'/@5 14,£(x, gﬁ-—)ldx.
Also
2N-h 2
»\Z A 14,8¢x # 3T 5 =) ax
=)
"aN-Rk
Z f !f( ’T ’”T) ()Diuw‘n.ﬁ.yq_‘})_t)a} -\-(h 1+ -—-v"——“;)\‘i&
M2y

On a ccount of periodicity , all the integrals on the

right hand side will have the same value. Hence
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Q%—:h o
§ T,z
a0 Atz + H-ofg ) | @

2 3 ar - - h
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