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8*1* Let for feF[atb], 14p < co, tbo integral 

oodnluc of ooBtJinnity of £ be aonotod fej?

©
11/P

, a)rj(8^f ) » eup ] J | f(x £ h) - £(») I
- ©4&4 6 (_ G

uboro 2 io even and periodic wits. period 2(b»a)*. 

Let no define, .for v ^.-.1/2 v

Ov(®#0) ® 3^(cs) S'yCfJ) — «yCi3) Yvia)m

Snppooe a-,< 02,0 bbo sncooGoivo positive
«A ^

soros or $ X1 < ^M3<.&gr4*#* ci2*o tlsono of tbo ftmotios

H t and y 4V.,< »•• ora of cv(at«b&)9
#2

•i/ner-e G<a<t>*
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Xsot uo conei&or*,
9v(t) » for t >€4

Imlml 9 (0) « XitB 9^(t)| y t-»C+

(8,1*2) 0^ (t) *» v^T a 4 t? 4 t>*

She aoriee 

(8*1,3)
Q3r*Mw—'/ ^ 0 4 5i ^ 318

SoT

(£•1,4)

(C,l,5)

b„ 9 (5-A„)« 0 4 21 41* s®€l

<£><*>. 0^4,0,
n«»,

for arbitrary cooffieiontn a^ onflL ^ oro called 

Soosol cerioa of tho firsts oeeon<l ami third typo, 

rocpoctivoly »
SorroGt-ondisr] to cry £ s tfoo nor-ioo (8*1*3)

and < 8,1,4) oro Potirle^Cooscl oorieo of firofc and second
tj OG (UXS—X a;
oro sitter, by

(8.1,6) Oy, *
£4*

&B&

mtk FB-SX), respectively, if tbo coofficioafca

’’“V+I^eP 0 f(t) &**
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B.1.7) bQ «

4 l1 *<*> 9„Cti\)
Civ

<L
JpCOp s>Vi '■' ' wy ''"m

,», - 4 13** 1*2*#***
C jf -a *v v"®'

Similarly* for £ ef/jja^b],, tho series (8*1 #5) Is 

called iduxdcxVBaeeel sorloo of third type (FB-2I1)* if

iS -In L*<nV„> Ib ?Ct> cfT5Ct) «
(8*2*8) d^ » *—*»

tt yb
a

2 jVCayp - ^(byBj |

a«l, 2* 3, # • « *

8*2* hot 4<\<4*x* lot vn<\<yml» Qfeoa,, 

wo set, for real r >09 arid arbitrary functioa f 9

(8.2.1) 8a*<sf£) « ^ (;

mSl*
X

4>S 3£»
\

a// ^ )

and

(8*2*2) 3?/(zt£) O
a

•l t-J

4 *• * ■" I
d«a v n 7

!sl ) a
»—» I a„ CL (r.)»£1 S

IVfabcx’aldL ' liaG proved certain tlieor-OLio ouncoraij^ 

the aparozisation of iUOBSHEoane (8*2*1) ai:d the oos*voa>» 

Soace of series PS-I* Saberadi^ has gloved dollar 

properties for She eeriea P2«XX*

la this <?iiapter5 v?o osteal g-oborsld * o thooroao to 

ser-ioo r3»2II ond csfcablich gqpo ooro iaterost-inc tSieorcma 

regarding convergence of tala oorieo*

Do,Safeorold. [ 92 ]» ^aberolrf. £92]°
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Tho follot-iisr; ttoSo-eo&o have boon pz-avod (Ej 8 Kg* 

JU, •«» , denote suitable positive eoaotonts dopeaeint; 

at dost upon r aad W oaly)^*

£K£€H‘.K 6»10 Lot g bo a nositive laate&Qg g

r >vi>5/28 v ^ -1/S9 v/0 • Snepooo tlaat £ eC[aftj] 

£’(a) « f('o) «

ock r_r(::*£)~£(:K) 4 E. 60(l/atf),
a 4 sc 4b 1 B i i.

Efc© £©3.1ei'/iii3 corollary follows itnnediat©l;p 

CQIItliL&l;!' 1£ f e A~ra«'b]» G<«4l* than,

| S^Csi*!*) - £(::)( a O (»*“*% »*>«

8»S« let |> - |> < a < 19 jp42*

If f(q) * f<b) a e, thorn

^ KJ p
ii/p

Oiy±mzt?p * sa

ps'’•'’rnity'" '2feo follot'-iiic two ttacoromo of Bosaoteia type gb& 

gySGueS; b$poJJ arc easily established as particular 

eases of Ihcorea 8*2, ay substituting p*l and p«2, 

"•espoetivoly $
•s^IILOE;:: ,8*5* If Is / fcubl « 1/2 < eg < X® X4P4 2*

£(q) » f(b) « 0, than tho copies P3-IXX ooiwogg&g absolutely 

and unifos-g?!?? &gb [attfoj#

^Agpeauol & Patol £ G]* fc'Sasy [12],p* XS&* ],p*X6X*
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mixmi 6.4. It Sc A :Ja*h\ » 0< C5<15 f(a) »£<b) «-Of
then the coefficients (8.1.8) fcavo too order ndvoa by

^ ® OC^""**)* as m-»qp«

la particalGv. tfeo aorioo FB-1X1 eQ&vosreoa absolutelygoaww* trcrwuw .«l».i,'.’rt:nfci..n w< • «k>4MMmmrmi MMtowNMMMMam* «wmWK»q»^H'<wi turn «wmi.Mi.«HM'n .11—iri! .Kill iM.

and tmiforul.y In [G9b] *
fOSCHH-l S«3» .’.-U'opogo that £ & #LVo]» « is even pad

porlodlc of ported 3(b-a), 14p< ®* Shea.
/ rb . „ n ]3-/p(8.2.5) H to j 4 % {cop<l/m,*)

wfaoro asj, g9 jt, ... 9 and

UprCM> * r a-fo v$ TJ | f(k) j ~ i/p rb~fi JJ&sl
a I ♦ * J . j, .r J L a*k> |(s£-a)x d2=: V

4- 6s?+l
J'0-6 ) -,2teX-f a, l1/P +
g*5 I Cb-rf*1! J

4- 6 | j ^J^-P ds
:+S

Vp

*{j° I «s)|P to
•I*

1/p
b*6

la T2agtt£ulmv.0)if f io of bonded variation ovco«MMM Mi Will* matOC* «3MW ChM**. rtW'OlMQ.WIH WfcW. ftU—MlWIMM

[af b]s and if £ & Os9b] , then 
’to 
a
fib*(8.2.4) J PJ^CsEjf) «f(s:)Jdx o Q(l/n)» ac E-»g)t



g>2<S4£)« 0<8a), gs &«»©** 0 < o: < 1, and 

I f(t‘4-a) | + |£(l>«t)l «* 0(ta~1/2)» as t-^0+,

(ii)

(8,2.5)
-5 r-

(6.2.S)

&G 21«S>®.

'!> o

a
•a ^
a

'(s»£) «■ £(«) fix
1/2

gsaa^n a,c, itQt f e ;/“[a9b|» 2? >,y*g/a9 -1/2,

V / O* and lo' r fcufa.w ,Ol3

xT1/2 {^2Cl/ntf) * U2^(3,/ntf) j < <©.

Chon tine cericc gB-lxX ooggosrxmdiap; to £ opnvorBQM 
absolutely and iaMforsiy In [a9hj|*

8.?. 1'Ot f eorc.b] to a fun&tion of bonnetedwTmintir^irwrniiyirwrr«!li/hbt^ rTVir-rr L 9 -* Meats** •#** ««#** «<nwu<tJi>»i— hi'Wiii—i

variation over [a/a] ouch tlasafr £(a-> * S(b) a 0. If. 0 

EQgooror,
ODJ~~ ir1 { bj u/m*>} < ®»

tfeon the sos?ioo FS-EEI ooagonroa&lng: to f Gom’cmoot^Maun^oi .■ nmUMWiMUlim T y.i I „ UtHIM fiirn tv t^tWIT i *H JiM. UBtaKaHMWMfiHMKiiMKMfMKMa



Saberski^ hm ala© etudioft tfeo Fdess moors,

<6,2«?) « [X
4 ®
“% J °a ^yC^y*
4a

eorreeposdiBg to tbo Basse! socles (S.1.5) fox* &>0* Wa* 
farther, study in this chapter t&o typieol Eicos sioaas,

SJ
(0.2.8) Q^fe)

T.^ \ (y)'**% Idjg Os <X>a &4»4b»

c©^responding to the Bessel series (8.1.5) for a > 0.
l&enever tbs series (8.1*5) is the series liKSXX of 

a function 1*, the Fleas seems (8.2.0) is denoted by

(x,£).

Our farther tbeesorsi ere as follows 

53320lg3H 8.8. lot (8.1.5) M Hg. tM&6& gB«%%% of 
feC [a*b] f £(&) « f(b) »0. If v > ~l/2, y jl 0#

(4) for 0< a < If

(8.2.9) max I &■%■:,£)-£(r.) I 4 E* ■ <*> (Z/n%Z')9 n 
a<x4b ™

and (ii) for
(8.2.10) Esax j £!%■:*£) - £(%) I 4 % • d) (2&B& £), n^l,

&4 3S4b 1

^tabersIdL [92].
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Sho foIlowisG oorollarioo follow imn the above

thccroo s

OQRC3&A83r 8*6,1* If ft A [a.b]. 0<a<l9 

£(a) «£<b) »0, then
,2s&s I Q_8(3c*f)'*f<s5| » OCa**® )* as a«»cp*

&4:t4b 1

CTOfogLABy 6.8* S. If fe C[atb] gM £(g) « f(b) » 0,

then for V >«X/2# y/0* e>0. the tsoical Hidaa eemis«jcsiaMCM>ac» ■nuW'Mwpii * * 9 * T ¥ <sjHMN» u^faNwMMMtWMawnsHW rawiww,w..'m —wnnirumTMwn

^aCxff) eomterGoa tgMfegol?! to £(s) in [atb3*

€6IIQXtLfi|gy 8*8*3* Lot £ s # [ntb] * X 4 p < ®* Shon fog

y>-X/2, y / 0 sad «> 0* 

r b , ^
(8*2*11) J ||ELa3:$£)«-£(3:)J~ ds «**»> 0-, go

SE20Ilv*n 8*9* If the sorioc (6*1*5) is the Fourier-*»'«'miwiiiiimMfiw »wii .**iHd5»**» aatawr c,f *»■' wwtwwwwwtut* * ** ^ i>*Wn ^ii»mwp»

hesool series of third ts»o for Is#* 1 m« and if
iinwniinHrn^ii ^iin wirt mr»n—i irmira atnwiinwOii* tMSmm » ^ - V m,wrw o**«

v > <*-1/2 * v/0, © < e < I* then
Y0 i„ «J |<i*(x,f)*£<s)|p to

a 1

1/p

(8.2*12)

where n^l* andwnam«MK» / v aiMiinn

4 ^(l/aa,£) *

£Cl/n,f)],t* U*o
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>1/1?+s"M"71 ^ \ ♦ 6(i!6,i’fe5/p *•j x/p

. a*6 1 Cb-s)r 

'222GK5; 8.1C-. A nococcass? and sufficient condition»ww n»r»<** mat nww.iagm tvf-atay? iwnjimiw

for fcbo series (0*1*5) to bo Sbo PQurdGr«£eooel seriesiB»nMr H*m4rnm "■■S£.*rr.f ^ w «k*s*» «saw*i wwvrHBWx «aa*» ■w.i^.l<wv7».>»*FTati.'iifci»uw.mii»i wmM.ngrr* «ra»«Mtw*?wwgn

/>,*}* 28SMli2£L ££i ^ 9M ^^^2*

lia Qjj^Ca) * £(«)*■(8t2#ip)

urdfosed.:;- in [a9b]*

SISISiSiJsllA 2M g£g|£& <e.i*5) £M geidas |

Si. £ function f sos* f g lr * I< p < (S>9 i£ and only if

r 1?(8*2.14) lira J | C^®(x) - £(s) | <fc£ * 0t'
n-»® a

or

(8.2*15)

gcsaoetivoly*

J |Q^(:s)|P cte < oe»,
sap

a > X a

g!;£XIC7 0.12* lot leTFa*b1. 0<d<l, ^>~X/25
v> G and IQv

in *1/2 l * y^d/n^f)} < ®.
M 4. J

ffheas fcho oorioc of £ converges aboolatoly

mMfigafcL Hi !>•&]•

glg&fOl 8.15. lot G |a«b“] fee a function, of bounded
<sm.*•»**» u. * «J WBjarw os ^«rnAwcwrwfa*wmw»» <w»a» rn’Siwwi'BrfTiii—
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yar&afcion ggeg ouch bfco* £{a) * f(b) * Q. |f» £2gg8SS£*

(8.2*16)
1/8*• £ Cl>CX&%£) j- < a>, 0 <<?<!,

thoft tbo series gg—IXZ of £ eonvognoa absolutely and 

unifoacnly is [ast>J*

SSnXSgP 8.14.^ If £ e li2[a,b] sad £ e ^^[o^bD ,

V > -1/3, y/C, then tUo gcacAeo !?D-XII ocawogggoo i^fcggls

aa& absolutely s£ien 1/2 < a < 1*

A bfeOGsroo, ecraersds^ FgusIgs? g©2?l©3 coaffioapondiag 

to a fur&tloa of li pscfodts <slaa& /^s[a,b3» bos bom 

discussed iia tbo Appon&in (S Golf)*

8*3* 9ti6 Eiocs Docrno fop (8*2.2) can bo

represented in tho follotvirc- for-u;

(8.3*1) Par(n,f) « J° £<*) dt,

t»i:cro

n_

a

O \1? *2 *3 OCl \ —d. „ C. ~CZ/
- T!? \ " *13 l£3* a1 ■* •**-w 1 "•*■----- ------------ ---------

2L*“
3
*r

TT<= £f (aV-.) C„ (t)"ta.

R rr
» vsrt? 1

2 V* VCafn)
■■■'■■ ■■....... ~u

(8.5*2)

li-
V y 2 {jp(ava> - V;Ct>va)] 

X cy(sya,bv0) ey(teva,l3yc)i

^■^/iCiyaav.Til [l], ’jwr,rw^<iw« i



©ns folloi'/ing ICBaaQO' oso needed to prow the ©looreos

8,1 to 8*78

lO-g-'A 8a2.* K rise aeB^aogatiw Intoctor.* then

(8*3*5) |«/C*fs)| for s.4g^.b« G^t4t>» n>l

g(8*5*4) l©Je(t,s:)l 4 -y >~iL;.s:«r,, for t,:t e [afb3, n>3„,

t f* 52*

IHOCh* Let

» 71 v \/:rt ( 1’
^2 cyC^5atf) CyCtw^bw)
' ' " w*»*nci—>i*i «ft-iiWitimfTry.m«*****iri *wr»<i»—mmnwinan

ov(aw,bw)

\ikoso i^G^:r^fc4 b*

As isi the proof of lonao 2*6, tho rociduo of rCw) 

ot t?« 7 io c±veii tg

V©F 1
]£\* tt5 yb2 ^2<°yn> ■yO^.^)

ra 2
*n

2 {*/«*„> - JVZ(^„)}

Honcc, if ue toJsc the rectangle , as in lesna 8*3, 

so be the contour of integration, t;o shall how,,

(8*5*3) fz::) » sAr 
fi v 2tt i

(-3 -idco \ n i-CfeO at?5
«*a.C3D

fceosuoo, .l-’(o) being an odd fy.aetie-n of *?, its integral

totuces -i© and ±gd vaniatioD, and ciiioo hij :.:a ►>,

(8*3*6) |r(u)| 4 © -(t-z)lvl 1
Br

t/aero w a adv lies es tiio above rectangle, m bare,



lio 
B«*» <3D

f£L$8iJ n P(*0 dw

Bou, t®' (8.3.5) oad (6.3.6}, it! 5oU«bo tin*

I < %5; !|-f q-C^Ov av +

<^-)2r sJ

, au 5S/2 f
Ug «fc»twMaeiM3V*. ..\r*r(t*;0 

. ' i

n

r <&>
E^r(t-te)r

3? ~n -u o da ♦

XT Q u du

» S4::<$

on eeeoisnt of Loona 2*4*

SiDilc:2?l5% If a4t<K 4b9 by ois. intcrelioago of r 

and t, (G.;.>•**} follows la tMs cgoo*

So consider any ::„t z Cb>b]9 lot ua$ not;, ta!:o 
■$© t^g the rsetoaale With vortices at &2Lit Sl *£_.!# By 
Lanza. 5*2,

js-O)! «. oc-|~>. us

Heneo.

IBAi~ 13 P(t?) dw
'±11.1 

t%
^ %0 %®



■and

IB*♦El5*ii ©
T4 —,Ti 4

J) GW 4. UO ^B*'

410Wg

LSm B«S» Lot f^(t) « t e [G»b] , Thot

eivon £>>!« wo bevc* fog %c (tufol**»iM>.M«aai*3>tara ' * cKti&t g>wMaij»w»niaV «*mmhw ^ w 0J*

Pns(x,f1)~£1(::)l 4 _i41" 3.»i + K■3§

a <b-K)J (;!*»£&)

ISO®* fiisiso

J tv+1 e^tr^br ) at . Kr~ 1 ^x(tr0> s„t*>0
Q

} nv+L f
- Jv<b>h> W(b7n}j - ~ {J«l(ovo5 Y^p?

Jt,{bs1 **ijX

& (/ dvCa?D) - ay Jy(bfs) ]
TrY0*“ <V°Ya)

babcon^* it t&ltwQ^ by sad (0*3*2) tUc«fc

n f> \ 3?
P ^ 

fi *3

«p> i
Vg lx

ft I n ^CGVm) 9by }
fy* I 3J ^ by — J\ / w - C<^e>

* [ b“ <^t«*vn) “ 0^

Lr3t !20 dofiso,

G(w) a 2 VrT ( 3l «*• «***•■«•
a/-

1/ u
b cv(swvatt) - q CyCa&nbw)

u o (aw,bw)

Dtbataon X03J« Pm ??$ equation (IS).
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BeoiStio of C(v;) at is
2 \3?

*7<a?J - J, a
n / ~v ''■♦o*' ~v '-*tD

Aloe, tfee rosiduo of 6(w) at %?«0 la oivon by

)

2 V$£ lin 
' w*i»0

b CyCsi^m/) «ay
c^Cet'itbw)

* nV ^

SS 2#
.V w Vh a

b1* / xu bv
<***»* .O^—ra a« «n*NN«

... „ . _v/s:v hv

i sr J lb x j

av teu
a

ca
iSxv*l/g

ixnoG1).

Xio &v _ _. ^(a^) *.
%* $ end Xa4a »•—•»■.«■-. w £

%;-»0 Jv<btr) b w**0 1^<by) a'

v

•CMH» At

vhon v is not a negative icfcoc©:? os* scro*

ConoideafiaG the roetangXo jf** , as in Lqebq 2*5* t 

bo tile conteas* of integration $, t?o not; obtain*

£1U^sf-j) * 4 ^
** ***» a; 11 PBn+Wl

17 %■ 3 «

benee g

p r ZL +®i
J n G(w)JT3 _<*vS2tt1 B^ -<JKL

dt;.

^Bebedov [6S]-* p»* 104, 154, 13%
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•C
TT

r mI ■nflHJlr

r> H
%

,^1/2

B53T
%3L

Shio kwod the Xosca*

X£ll-M- CL.5« If 2s Xo a SJOSilTD iBfcGft&ff «' r >v+2/2% thenIIIIKIII *11 ir.n wtjr.iii».1nlraiii.-gi4i6iWiin *MM W**m» -«M* WtwaKiMifiiwuw HiHii W,w«m»»OTi7 / ® nniiijii —.*■»«

J5a
^C&ts) at I 4 -isr-rxa

»* (3£«a)r 2355 *

fog ice [a4"l/i2,b«X/n]*

I3CCg?« lot a < d <»< b-X/n* oad let

fg{t) a -fc^X/r,^ £or. G4 i- 4d,

« fo;> d < fc 4 b*

‘2hon, mine to be fcbo Dane as is learn &»£»
v ' JL w

• a rb\ Sj>(t) £*(%)

a d / Itv*> V4X/2

x dt> ™^r /j” £j(t) %r(t9:i) clb ->

,^x/s

iiosicc* €£/ l.Qnna Q01 and 8*2*

%? r<SE^)-f2(s) 4 4v^X/a „
11 *" 1 l 3? b*1* Csr-4)2'AMMnfcM ^ X ! ■*!*

^v+3,/2 ^XX
S^X rl3T *



yboao

I« J | |©/<t,s>| dt
(frK*d/n rZt r 22*1/3 fb ^
N J *s*J *J *J J1 - (t/:r:)~Id s~3./& 3; sc+l/a J

x | © r(t*:0 | Sfe «

© «L«[X + x2 + *3 + %*
J^y XsQDCCL Q«X$

X, ^ *8 r
4/n J?~X *.2>X—-%*» dfc ^ •?»■xr d [35«td

lgf 1^ and % aim oca bo ovalmtod in tho ooao v/o^9
and xjo obt-ois.

*» OCjg^» ao n«*<x>«
tShomSom9

Vn*(:z,£s)-£s(r.)\ 4

<Go.?)

4"iXsO|f 

T>"a
(S««?*.8)

^*1/2 lie nmutjtmm -ArnrOs-a)~ ns
il If.

a a L (b*»:~:}^‘,>A (a-a)MMftRlM

I^C::**,,) ty*i/S ©ar(t|S) dt 4*

v*l/2 / J*
* er a *- ) at -1



By (©#5*?)* (8*3«S) -oad JjOisaa 8*18 t;o got*

S t% ajhs*| $*a

rar (:c-d)

K.
1 i ""11 "12A oi:i0Birni'*0mmmmatmttt*mm 1 CM*xiMna«n«Mini*«n«M» «jy ftrtwniH w np iS»<niiii rw Jflpo

i&ero 0 < a< &< 2: 4b«4yhg

Saldnc: liiiiit a a €«■*>

D'5-l/B4 K 4b~l/zi.

a 9 tho ler.x?a goto ae&vod*

S*4» SECOI? (X? SJEOBBn 8*1, llG' llGVO,

~ £ (ar) J {£(fc)~£<s0} ^(tgK) 4$ +
o

<8*4*3.) » * VBC&)S say*

Aloe,
| i’Ct) » f (x) 14 a> < Jt«s | sf •)

(£*4*2) ^ (nlt~&l*X) t*J(l/n$£)p

and By Boaaa 8*1,

fb _ fc| f r X»l/a rX*l/g rb ], _ .
J |«a Ct,s)|dt « r J + J , +J pE Ct,3:)|
a

(8*4*^)

' Shorol'osi'Og

s~X/r :mCL/»-

O T.“
4 __ii + 2F? = Ifjg, aay.
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i*e*t
<a*4«») |oa(*>| « e19-

Jurthor, fcy (8.4,2). (8.4.3) acS the condition f(a) ■ 

• t<l>) « C» in ease 64 » 4 &*&/». fc-1/B.s k 4 b, we have, 

(8,4,5) |Tb<*)/ < Zgg cj(1/M)»

In- mm &+l/n < n < fe-X/n* l$r lease. 8*3*
^ >■ «. K(x)•*»£(&)/,|7nfe)| 4 %4-y 5^C

l*{s> ~£(a)l
aaf

(§»4«6) ^ W(l/jjjf5*

(8*4*1) and (8*4*4) to (8*4*6)* the theeron ie* 

seif* proved*

8*5* HBflQg 61? ggKasffiaAg* % the theorem ©f heat 
apjawsicatioa15 mt Ear3H'ra1'0 2»letiens>,

(8.5.1) 8 rh 24 J I tM ~ P *6c*f) I &$»
a w

8

*w*
so that hs? Cerollcs.^ 8*1*1*

aW<ro<®8 [35]* P* 132*
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Hots?* % Hdl-2.es?iftefisiolity and ($*S«2),
ri O^’l
“As**- ?rr 1 a,p 4 .....rffU,-..Z_ I ts|

1:

?C£* L*bC, 19 29 ft##. otc*«

Siaoo,

as
CD lUgk*1

ftCaASkuShMi

r eU\J «
*#A 1

ct*a+jL li**
^a| *

tfe© j^osialt# &dw* follows iDsedietoly Sre© (8*5<3)<

C8*€>#2?5 X«j *t* ) oay ##2# £»
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Iq <0
• OA-l/n f f rsz+l/n rb \

j (J *rr~fa* * J ^ ^ j | £<fc) - £<a) I l®n~(bfx) I x
a 2£«S*l/ftJ

I p IMP
X l &:

,1)

4 I11 * %2

vcim-r, liomm. 8*1 and eigcpand - ft 

a+l/a J j’l/n

£l*»X

r

^*11 4
—ra+l/a f rl/n , 7 ^

J ] J | f(K-Mi) » £<x)| du f cte
q ^ g«k: -'

i/l>

r

4 Hiii*
1/1

- , J. -1/a l a«u 

1/n f r a+l/ii
0 la

4 2 o^d/a,^)*

Xn a similar uoy,

£(;»?a) - £(s:)| dx f tin *?•

£(x+a) - £<:-:•) I ~ c!s

r 4
nr j

fe-a-l/» f rmXM r> |X/p
J j£(&m) -f(s)| “ 63;? x

X/si
~7

f

 !}■**& o-u, P| £<;m*) - £ (a) | ^ &cT ~§§j*
a u

Kn r(b~a)
^ :? %a/a,« prau

n
4 Sgg bj'(!/&*$)<

^Sfergaunfi [ug], Vol*2„ p.« 19* iao$tielifcy <9*12),



Sherofora,

CS.6*5) Xx 4 6J0<l/htf)*

oiaixasiy,
(8*0*4) I5 4 Fm LO^(l/n^f).

can. bo treated by siting it in the farm

j "O-I/S.
&*X/b

r 2--4/B ' fX pK-J-l/B rb \

J- *LJ,a 3S

X If
1/P(t) ** f(&>|' |©^Cft92E)| dt (■“ &&

4)..'and v;c obtain, by uoing Leona 8*2 and SyGnimd"* • , 

(8*6*5) 2bs 4 Co~(l/s,f)#1
It, sow# follows Sson (8*6.5) to (8*6.5) that.

(8*6*6) 1 4 £5 Cail/n§£},
C*r ‘ '

(8*6*7) 4 I| * 2J> 4- IS , say*

ay (S*4.;>),

(8*6*0) x£ 4 (1 + I^g) | JC e
Q±l/n

l52ycsimd [llfj, Vol.I, p. 19, isoenality (9.12>*

»
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(S*6.9) m\ 4 <1 * !ile)

AlaOf l^.-'Lozjrna 8*3,

/ rt> *f J £Cx)|p d2
l b-X/n 1

^ 4 J p
J&2? a*2/&

(8,6*10) . As ^ffc-Va 
3fta* ntX/a 3H1

1/p

* n/p
f ❖

fk. / \^1M IJS^lP aj. I
a l W» k 1 J

1/p

(8.2,3), sou, follows £*?os (8*6*1) sad (8*6*6) 1?o
(6,6*10)*

If f is of bonadcd variation, ib io bounded* Moreover, 
s ^[a^b] oaa ^\(l/n,f) a 0<!/&)? as &*»&>*■

«oneo, 
•bJ I */<«.*> ** f(2t) |da: « O (X/n), act n-»- sd«

Ms laws (6*2,4),
Purthcr, (8*2*3) inplios febat

vi^a/a,!9) 4 a a
^28 * '■«*1 siaSSaa•5^

1 n*<4* wi|<a.jli I Ugpw^ —iMJr «
'«&****!**> >$*

,3?**G4X
or* ySS=5a #+4*
♦ k-i£l. + .a2L
s ySSa ySa «3

C8,6*n) « Oir~a)«



SfeOtt (8*6*11) end (8*2*33* (8*2*63 follows* She 
bheorees is*, now, ©Qmi&otoly proved*

8*7* gROpg OF SMSH 8*6*. In view of option (2*3. 14), 

'> (v)Sq ^(t) * OCi/Tja)* as m-»oo#

Hence, in order to provo the thodrea* it is enough
TOto show the convergence of XJd^l*

As in the proof of Sheer©® 0*2* wo have* by Sheoren 8*5*.
f *J& « VS

> |a_ r ■/ r i
I eMMNBit $C8*7*i) ov % [cJ2(X/ntf> ♦ t//(l/n*f) }

Sotting

by (8*7*13* wo

2

^nl ^ %7 &
»

4 VM>*%£*(&/&*£)}
< »*

in view of the hypothesis* Shis provos the theorem#

XW L»3* P* 157*



mmt m mmnpzc.Q*?* aq *» tho os tfhoosoa ©*g, 

*T>*n 4 I ’ |f(20-3?n*<M>|S ^

C

< 11 f(:i) - ?arte,£)|| m \ £(x) ~ (sf£)| &

4 Kx 0)(l/n,f). OCl/a>f

by ZUhco&cn 8*1 oiid (8*2*4) of Cheeseo 8*5*

Che root of the' proof io sitailas* to Chooi!©m 6*6.

8*8* 2ho typical Ciocr, eioobb given by (3*2*8), 

c or r ecpQn&lng to a fsmetisa £, can bo written is the 

foXXevi&s fora s

p ©(8*C*1) C^®Cs,f) « J f(t) 0ns(1?t2-r) &t, 0 4 5t'4b,

wacsre

(8*8*2) fLa(tfz) *
a

o f"A TB“]na*0a^ft«aL-x
J I 1 * *«*«** I «.Wi»*»nm»W<«w*» A

x eufaya,b7E> c/^tby^.

Clio follotii&G loiasao arc rccjiairod to psrove tbo 

ihoceens 6.8 •* 8.13s

Ss& v>-!/£. S&gfl.

(i) for1 a> 0,

(8*8*3) ] 0/(t9>:)| 4 bII^q, t,xe[a,b], m>l|

(ii) fo£ 0<ct4l$

(8*8*4) ^
tt | W|

e [a,b] , t jfx, a>l?



and (Hi) fog m >1

(8*6.5) 4 ^ £2 j~0. £ D] £ t 2?* )| Jl ^ 3* #
a 1 SI I twit I4,

SsOOli, lot

o(w). vsr(i-^^vs<“*“3 e“ctw,te)
T? &j
"a '

visor© a 4 a < t 4 b.

2bsn0 gs in tlio p?oof of 'Lemma 3*lt

• 3^* 1®
B

<B*8.6)

J B &w *1*
Ba- i®

*- {t’s> ” atl

. j£|.
* Sir i ti '*

^rar f** W<»1 ey(:n??fGw) d^(tvvbw)
k-'“1»S» 1 pmhj iiiwftjiMin PiiiBw. wmwffwi«awi->iiiB>iiw 11>■ KKimiiicnr—»mmmwm—mphpi

4 J ** -~GDi Ea cv(aw#bw)

AlSO* fog 0<cs4l» 
(B^+vi)*

<8.C.?}

and fog a >1,

•p’s2»,
hr a

4 K^1 r~ffi * -9> < V < CD 9

(8*8.8) 3.
(Bn+g£)£i

a a
<

\vi 4 a

cs
31 r^~ * w> v

Hi

SUo loom ®evr follows from ^8.6) to (8.0*8)« 1b 0 

v/esy oioilar to Xsoooa 8*1*

fibe following letsdb follows eaoily fs?am Lowm cVi-s

XtEf-g-ia 8*!3» For y ^ —1/2, y jf © anid any sc > ©.# 

r bJ j I sit 4 ^52? Sis C'asbl* n>l*
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Sb© following lonaae cob bo proved by techniques 
aii-dlar to those used in leanas 8*2 and 8*51

mma 8*6* Let fjCt) • ty4,1/a |g£ t € [a*b]* -1/2*

Vjf G. Shea (i) for G<« 42* a <&< b* a >1,

(8.8.9) U,hUhMl 4 ‘-f {-L-g* ,

and (ii) £©g a >2, a <s:< b, a >3.*

(8.8,10) ^m(x§£x)»it(r0

m-m a*y* she

i^-l/2* y jlo*
follo^iagg eatlnafceo are i?alid fog

(i) if 0<«< 1* a<2£< b* &>lt
Ce.sai) |(b at ~i|<

(ii) if a»l* a < 2?< b* n> 1*
(8*8.12) .J 0Eff(t*a) dt <*••! 4 -|p* ^^ a 

a >1*

(8*8.15)

(iii) if 1 < a< 2, b< x< b,

r 0*a<t*s) * - *i < % {*& * î.

* 1°(x-a)“ * »°(bae
end (iv) |£ «> 2* o<±<b* a>lt

(8.8.14)
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0*% HIQfeg eg gKB&GfSI 8»S» L'o taltO,^ C£n«m4MMfiaailEsaeMi>MMNaMMMCMeaiMiBMm±jiaw«4hBMS>HHM(anKyMEMStwti “

<^®(jttf) - It::) « J {£<t)-f<s)} at ♦
Gi

♦ f(x) / J15 CsC**k) at - a
1 a u 

® 0nfe) 4* V <s)t say#
tfji *4

Fes? 0< <x< 3.*

Jf(t) •£{k)| 4 LO <l/a®#£) { &® |t«»ac{ + X }9

c© that by Lotrios 8*4 and 8®5, t?o obtain*

<C i;^ co<i/a®*f)t a 4 ss 4 b*

Aloe, by aoi-ag Leoaa 8®?» for* 25 s [a^l/atb»l/n]f ao 

is tlio proof of ibeorori 8,1,

|Vn(as)| 4 !%o cD(l/nc9£)9

md for a455 <G+2./af fe-X/a <s4bf the saac io tmo by 

Leona G,5*

Hobcq (8*2#9) is proved®



I£ g»2, by tobies tbc isoonality
<£j(l£ip^f) <£g&~* jwj+a) »

(0*2,10) in proved in a oioilsr oey*

Sbo treatnont 3 in can© c: >1, in aleo cimilar,

flic proof of theorem 8,9 is similar bo tlvo proof of 

fheorcn 8,9*

8,10* 55006? Cl? %5BQH3B 8,10, She necooolfry of tlie 

condition (8,2*13) follo'oo £roo Corollary 8,8,2,

Tor- bta© sufficiency parb® m have* by usAnc (8*2,6)
(v:and the oriiiorjcnaliby of tbo soqtjonoo cj, /(5£> ,

' vjfeero

In view of (8.2*12)® by tolling limit a© m-»co in 

(S.IObI), wo obtain®

rb
(8,10*2) & « bn J £(n) 0" (x) <3s» oalt 2,**, ,

U *w Q U

(8,10.2) crbibit bho coofficionto dQ in the sorieo 

(8*1*2) as tlio PE-211 coefficients of f, bonce, tfeo 

tlieorom is proved.
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Sail# STtCCff G? £IIG02Evi 8*11# let no consider the 

ooaieo (6*1*5) do the oor-ieo I/B-IXl of i‘ g I^5[a9b3s I < p < ®.
Shea

,b, , |PJ |t5ca(:5,*)l dat r
a

f ff

a l\a

fh ffrz'&l/n rs#>l/n rb \
♦ + J IX

J s-l/n ::+X/n /

-> vj X/p
x Jf(t)| IC^CtvOj dtr tis

(S.Xl.X) 4 % + d s- S-sC^7,

If ©<.£24* ls then bj? 2ioeao 8*4,

ft*
©»

f

a

f rsc-x/a |f(t)|
j \ ipidwiaMJMin mipimfcla feXijF1 ms

P
f sis

i/p

4 XV^r^
n«MMte

as
yb-a

1/a

{f

[ u*a
| £(:2~u) j* $3£

)l/p 
► T

%n *IL.
If

If a >19 then a haq 'jo bo £>oplccod ^ it 00 the

£es? ell a > 0* wo ’aiVOt

(8,11*2) 11 < li£
nvS.

lip, eafl

(8*11*5) % < r. 'p*

la a oinilaap

(8,11,4) 2 r% < Up.

{Zho noeesoity Of tl~:G ecmlifeion (8*2*15) follows

feon (8*;11,1) to ( Ball,4) ft
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prove the sufficiency$ lot no consider* .

' 00 « J G ®<t) dt»
£i Cl *”*

©mn 12?E | is o cognosce of uniformly absolutely 
eoatijsaous fuactiOB&t fee if s>0 bo given, and

II % Up ^ %3*

then \Mcm shd to aay oysfcea S of

intervals (a. *h-) in [a*b] uiieoo total length does mt«»u J*
oBceed o.,

e«
In q eiedlGB v;oy> it con fee iih&m that the functions 

p^ are of hounded variation and their complete vai'intion.® 
arc bounded* ttosaco* by Kelley's theorem1^t there ic a 

cnesccraoiiGo { F L nliieh emvorgeo poinbwioc to a function
l I*|* J

F of bounded variation* Prom ftlso UBi£ox& absolute eosti- 
fasity of it follouo that P io absolutely continttouo
on £a,t>]* Ponce, vie boy cet,

£(b) « ff1 Cb)9 a 4 b 4 b*
1^3ary [n]* p* 30*



How,

J CLa(*) te » 1 -
a ' Js

r
a s

fe) ci^te) as

m
Jb SU(x) «»*
& ^ Q

so that; as in the of ‘ffaooroo 8*2.0,

•b (v)4n « lim bm J C<&(>:) €L (x) &£
0 B*»OS ° G n n

o - b J 3?Cs) C& *(x) a$£,9
^ a w

\/hero the limit os the rifjbt is tabesi tb&cmgh fcfeo oub- 

oequoaoe { ^ j caly.

Sbottofose-* by integration by jsorfcfi*
rbdQ « b^ 8‘ ^5 &s

fb fw^« b* f(s) <2„ '(x) 4x*
4& £5£1

Siaally, since /%, ®(x) j sonvovgo® almost ov©*y«»
IS

Where to £(&}* «e obtain? hgr Mtoufe Jscaassa*

jb l$(z)lP a* ^ MU /* j %®<z)lp as 4 %/,
a b «*► oss a ' **ts 1

so that £ eX,^[is,fb]t arJ, tbe proof of $u£ 

pletod*

■fioioacy lo com—
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X& ease '£ e [a*b] 9 tbo necessity of tbs condition 
(8*2*14) follows iron Corollary 6*8*3* She oilS'flcaoacf 

fssrts ae^* bo proved as ia ease of Ir>

■' ffibooroms 8*12 and 8*13 can bo proved ia a isagr 

similar to SMeros© 8*6 m&

8*12* .w:<X*g Qg gjiSCBBK 8*14* Bci5*Klioti‘tj? Ms proved

4 j£*that i

(8*12.1)

y+.
« AaLa»W# y>G#

«* 4v)<s>-f^
S3

0<n~a)# 
vfcen Oc 1* 
0(i2SiL)4
Chen or® 1*

In fact i (8*12*1) is elso trues for V > -1/2* v / 6* 
She thso3?s% noc* follows Smn (8*12*1)* asiag the

sas?o technique as ia tfeo proof of Sfeeorem 8.2*

8*13* -AH^TSIS.*. Wo eonoifies? the apodal «g$o v »l/2* 
% tbo idontit^"^*

(8*13*1) b<2ygl(®tP) *

i;o eaa write

V*—1(8*13*2) ^ £-* ^ Cn ^

^Sfeofci [$$], Cfe. 13* S^«ttbae» [103] * S 3*4,



Also* if V ® £1/2* wo bevo* faros (2*3*13)* 
(8.13*3) VB * 9 for larg© n*

Using to we obtain..
os(8*33*4) *(*) {% OQB §S£ *8* b0 sili jg* |

wtioro
2(to*a)€Lai& <(8*13,3) a * ----and“ n rr^ yF

b « » «•»'■■•»•’. “mnmu&Mi&m », lU ^
Bonce* (S;»X3*4) ^presents a Notaries? scries coararos* 

ponding to £ in [a*b], wliicli is absolutely and ordforaly 
convergent vaA&& the conditions of Sbserca 8*4* Sfbe 
following Sheoroa is* tte>r©f,er©$ easily eetafelisbeds

EQjg&i 8*13* lot £ a jk,aD*.*b] $ 0 <& <-1* f (et) « £(b) * 0*
and let Its Fourier dories be rearegontoi bg. (8*53*4).^ 
fhen its goirder coefficients (8,33*3) have tM order

Bj, - OCl/tt®*1), &n - OCl/n0*1).
series (8*13*4) £

**»


