
ciumm m.

9.1* M* for v » -X/£,
QjCM) « jv(«> SJ(P) * ^,<(5) Xjts).• v V

IiOt us deaot© % 1-s* < te* < Ss* < *»* the* sueoeoGive
***** 2

positive ooros of S(%)* tabor©
(9*ia) £(*> « $*(«#? ** ^(sit) ir^Cbt)* ®<a<b*

2feo Sourior-Boseol oorios

whor©

(9*1*3)



and

K(l^) * Jb * at

i
a

k « f/ ,,a \ 3?,s(akJ v
(9*1*4) * ■■¥"% ) (3l ■» -y*-*?) "Xtyj*"- ~ ~ (i «■»

TrV [v ^ V/ 0*b> V *?V
ccssrosgoadiBS to o«y fiuaetion f e 2^ [a,b] , wao first used

<

by 3?«&lfco^ ifttilo studying; the vibrations of & eylindri-*

cel aboil dnssercGd isi water* ¥o call this series as tte 

rotirior^Boasti series of fourth type (F3~XV)+

She n**t& partial esua of the series (9.1,2) is given by

(9*1*5) * \ *1 ‘m \ t f(t) ^(tjiSc) at,
fer a

•/hero

(9*1*6) V^Ct^) *
11 QjCxfc^olO Qv(t!^9al? )

■ Ml 1*11111 ■“■ 'll ,'l ■!>, Wii li1-■■*-“ -1 ■ ■^'■■1 — I nil* 1 -*-- — — II ■ il ~ — II 11 7^—

She series (9*1*2) till bo called Siooa**siramable or 

cucr&bloCXl) to a omt s, if

lim
a-«»a>

1 “ l£/ % ‘i * S.

Uhesci 3^< h^* fbe asm os tfea loft baud side ia tfe©

above liiait is denoted by '(:•:,£)*,

^Elto [%].



% (9*1 *3h
(9*1*7)

yhere

(9.1*8) Qn it^AO *

Mc’fl is also of botm&ed variation in [&*fe]9 that its

Ifeuriex**Bosoel series (9*1*2) converges to the ©tin 
I- (s<fG) + f(2r«*o) J | when y is a positive interior#

'fefe have proved45" •* is chapter Vt of the present thesis* 
certain properties of (9*1.2) regarding tfe© order of its

various classes*

la tide chanter* m onbe-nd the above tfeeoron of lilt© 
to a general case, in which ih > -1/24 0* tfe also

establish Eiess-simaabiiit^ of this series*
Oar thooreas aro as follows t

.,9*1. If f eXs3, [a*b] and la g£ bounded variation 

IE & nol^hhoarttogq gf as* ao: ^.b* then the gcrioo (9*1*2) 
comfe.rgea to the am |* {£(S40> 4 £<r~0)}#

^Sib© [9?]* ^A$pawal and Ifebcl [43$ [8l»

coefficients smd convergence, eonsideling functions of
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1BgB0asff.'9,»g. loti t e it[a»b], v> >*4/2* y/0 ggd 

lot for a <st< b« t&o lls&ts £(;g±0) arista Sftton frfeo afiffigg.

gB-iV of f 4s su^©bici.C.fO |£fesffi| (fC:»0) * £(x~0)}V

9*2* la tiie following lom&o v;o ost&aste Va(t*3e)» 

6a(t*sc/H) o&d cerfcoin integrals involtnleg thcc* $b©oc 

or© seeded to prove tbo clxsv© fhoorctas (G^* Kg* K-» • «»* 

&©aot© ouitablo positive cGsota&to depending at aoct 

upon y)*

9*4.*.

^w(fcw*at*) Qv(xfer*bw)
F{w) « IT if w.iwimw ■».ir»^-i.>ij..1r,irw.'»iar,i»M.».i».»^ & < t < 51 < b*■sM

j-hen* on tbe rectangle J**1 * t&oao vertieec; ago 

tlii* t-n£L& in the w^paLeae* w&oro < fe^j* asd £ la

H© bg. aede to toad fe&

«*(s£-t)hr| \
V(w) ** O

whore w « u+iv arid a 4SL euffielontlrr loxm

PROOF* im in the proof of theorem 6*1*

«?<t) a QyCttf*aw)

is a solution of the differential equation

^ids thoerca is snaleguous to Po^dr*s tlicorata*. refer 

•Htofeaagsli [96]* P» 414-*
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♦ (W2 * .0.

Esnee3^* sine© «?(&) i< O, m feavoy.
(9*2*1) + 0 ( -j^p-1— ) *

TTW VSW 

wlioro a4t4b and iwI«*mjd*

A1so2^i

(9*2*2) $*(*) « * *Tr «/?
when© a 4t 4b ami iwi■<*»«&*

(t-*a)itrih

tJsinis (3*2*1) and (3#2*£), w© f§©t,
C9.2.3) e(«).-aateJtotte♦ of*—^—)

rrw yU-T Iwl ) f

When I vl «»©*
% (9*2*1) mid (9*2*3) and the xnaqaalitioc (2*3*19) 

ssg obtain |
lT*-)-

* o(a~_j,

1EM2& 9*2* gbo follomap: inequalities bold tnue for
\a4sc4b» ®4t4bi

jw(9*2.4-) IV^^I ^ fglj * *M*I

1^iteMos?sh [97]# P* 10* ogn* (1*7*3)#
^Titchsmmh [W] * p* 10, ©cm* (1*7.6)*



(9.2.5)

ana

C9«2*S>

r
a

t
Va<tt3t) dt

bJ w tv+1 ytfsi) dtt
4

{sir * db: j * *>*»

mWB*

S'(ten) * » SJ(«V - »;<<*»> x"(^} *
* a *£<«%> » a^a**) tjtttj,)}

* ”1”1

XJ(«a*4
V&cre 1) S# awS.waiiiwn.ga.. «X wi.igw..

5. IT

t;ow, «w> function £ Of itess 9.1 in saoxonorsliic 

laavibg polos at w«^t b«1» S* 3* f 2bo residua at 

kQ lo gives, by*

<9.0*?)

®#<V

Ht V
Hebe©* Xdo&a 9*1:*

V&(tfx) - g^j J ^ F(w) dtr«
2^* **<D 1

■^Uafeaoa [M3]$ p* ?6* eqn* <6)*



Frogs (9*2*7), view of X&qb& %&$ (9*2*^) follow© 
In ease r. > t* Sfeo ease :-; < t follows sieroly by inter- 

changing 2s end t#

The proofs of (9*2*5) and (9*2*6) are similar to 

the proof ©f l-oasa 5*3*

tor ^ real y , v gg& a 

- fi£ »,» a <2<b}

Ite ] tva %it93£) dt * s 
n-»o» a **

SfsQQF* % (9*1*6)* nsing xeoutt&o&ce relations, t/e
ti:cts*

J tV43, ? ct,z) at *
a u

®- JjCb!^)} Q^a^ya^,)

S»3

Ifow, too fu&ctioa
2 v [ &Um^ Qu(;«r,tw) - bv;"’3' Qy(sw,aw)j

C-(w) t# S(s?)

Mo poles at sere and at Is^, kpj ««* * ote*



residue of 6(v)at k^le Qivoss by

2 v { b1’"1 - ft1'*1 aj(M^)| Q^Kly.aa^)

»£ K V ^CM^>

Osgg ftgaiat uaihs recurrence relations* the residue 

of 6(%r) at gore is @li?e»

fiv

Ills

txv*1 m) t*(bw) •* £*<bw) *

- [&JM ¥*<•*> ■«* ^(aw) lv(3m)

w~* o W {«T(jCMr) t*im) *> d*(ai3f)

Iviw
w«» O

2e
3y(b») tv(W) / J„(g») K.(aw? } 
Jw(aw) '^(w) l ^(fen) "’ M»*> iv ’•v I 4»

- 2b
#v(*v) XJ&*>
du(aw) ¥»(**).

*NM
dv(bw) tf^Clw) ?

0 [ ^(ae) tp(m)j

Vo.v ju.a
v *y«r b b ' x J

2 b / sL
l sT a.

x

b
a

u , £

v rr

w <# 2x^1



#v(aw) v ly(aW)
since, lira ■ *» «** and Xis ,,

w—>Q Jv(bw) b t**0 ¥^(154?) a

when v io not & neg&tivo integer ©r sere,

Salting r i m &n Xe&pa 9*I# he bo the contour of

integration, t*e obtain,'

J t^*1 7n(tf«) cit • i
tt 2, x, *»®iii

dw * x^*

Since,

r I;„ +C»iJ n G£w) dv
2jn*w®i

rm -(r-a)ir «*f 
4 Jo IT

2wk
4 **"%* f sfe* + fAr} «■

I 2w>l 4>r*Vv J

the 2serea follows «*
mam 9,4, (KhoU1^)***’ 11J < ivs, then

I Ii^+Id. 

Xu*!?!

dv

dv « 0(!/&)* as n-^eo*

v not. 4 nfocative

or sore and acs<to,

(9,2,8) rXliia
a«»®

L

end
rb

(9,2,9) lie?
n-»OJ

J
**

tV4,~ ? <t,3t) dt el/
*t* c*

t^^3, ?w(t,3j) dt •» \lB?+

^Khoti [55], Oh, VII, Lceko 4,
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FRGQ'Bm m fcctfe, by <9*3*7),

\ Q.,(:xw*bw)I*" %V*1 Vtt(tfx) &t *
ISt •"* -Ci 3* X

&n «dDi S(w)

^ {^4W - «r*(cw> ~

- av+1 f $^<8*0 ~ tf^Ccw) 2w3(aw) }J 4w

<9.3*10) » ^ + 2g, say.

\% the recmrroaco relations and I-onsa 9*1,
~ T . m.4

„v+X
*£ *5

Qv,<6»*.a») 
alTsC*?)Xt^oxt

r ® »Cs"*&)v
4. y G Ke» J av

^ 0 2^

va
< 5 »* XX ) ***9T »► <2s*a)

0, as &*■>►«&

for a < x#

Sicilorly, by tu&a& (9*2*1), (9*2*3), the seeussrcnee 

relations sad the ssysiptstlc es^assieoS, wo efetsdn,

X* «■
, sc*"

27ri I^-tui

s:

f i-i.
J '
%

v <*>x

^-coi

(5*2*12) » If 4- 0<|r)

W GlG<tM2.)W

(l oi&(b*a«2at)u V-,.. . ^ -2*Jaj * OU^ )

by IfOEsea 9*4*

4 OC|vl**>f<hr
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It io clear that (9*2*8) follows £zsm <9*2*10) 

to (9*2*12). 9ho lislt (9*2*9) follows £®ob (9*2*8) m&

Iroana 9*3#

£ESff3A 9*6* fag a< t4bs a<s4 Jjg, have*

f t^3* Vn(t»s:) at *» OClAO* go n*»<5&*
a

H3S01?* Frets tlio proofs of leomas 9*2 and 9*5* wo $ot9

(9*2*19) J* tv*J VB(t*x) dt * Jli» ijfc(

a L+a> «■ VVM.

rlu#«d+ s * 
-lil

jVa
H(w) dwf

vfeore

S(w)
Qv{:a?»aw)

s(w)
^+1

t''*1 w)y*(ow> -

a1'*1 { <ru+1(aw)JJ(a») - ^(sw)?^®.*)

TT vS? I » eln(l3-a)w " a cin(b~#)tt

+ OOwl”3).

Bow# fo* I IK b**a* By uoitag IneQualltios (2*3*15)»

a . „ fsail Iw ^ <
I Xi *«^do q

(9*2*14) a 0|

>}■

lies
Xjo^OD

^ ...-g&lft  I < na ft* *r
-d2ji ai»^)w lv I 4 T.^rl J %0 au
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and if IKf *b-su then

<9-p•*«* #-
rV-M rXu«&i
VLi * M 3S^a)w

She lenmG mu follows froia lonna ,9*& and (9*2*15) 

to (9*3.1$).

tUAcfi^fe, aMs Moo

mabal&e t&e Intex'vai (A*B)$ tlicm 

pB31s J t f<t) ?y,(t»s:) fit » 0# 
a«$>® A

She lems&o. follows esjactly on the line of V/ataon*^,*

by using the* incqiu&ifcios of toma %£#

WMJsisL SM MMdm IlIgBgallties |qM grag, 

|0r; &< s<cb, a e t <h9

(9*2*16) |#nCt*^)| <
cw>V> * if Xjftt

(9*2*17) |«n(t,^/R>| < U?\*

PSOCP* As in the proof of IsOseq 9*jSt If a<t <::< t>f

Xwt &£
^^(tfX/SOj » J~n‘ ~~<l-J4 fWtef

2771 3L**©i 
2*

+ a_J® aiDsLaw
TTi Jo -Si

1Weob [105], pp, 569-591.
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Kg r®
#««Hk 1
n 6

dv

2*

i’&e aam remit is true £or a <a<t <bt % m 

intejeehanse of t east x* fists proves

2e prove (9*2*17)$ tfeo contour of integration is

tmlzon to bo ths rectangle irith voices ix^i.

Sh&&* for a<t4s<i)} uo leve*

is&mm.. or gero and a< st< fe,

» v apt ,§, nomttva

<9«2«iS)

(9«2*X9)

(9.2*26)

lia 
!!«**>© "a

•SC V*4lim ] is 
n«**m -a
lim Jfe

»•*»<» S*

^(t^ss/fO at » xv ; 

^n(tss?:/a) at * J as ^ i- 

^Ct^/s) at © e



IMs Icasa follows frea Tessas sad >al*9 aafi tbs 

fact tfeat convergence implies Bims^mmoMl'lt^

9*3* fBOQg Qg ggacfflSM 9«1* By fem 9.3, we have,

4 ff(3s+0) •*• f(5>e) } «* lie K**y £<3t-©)*
a <—>©

*£

(9-3*1) > P V*(t,x) at 4

%* lia sf ^ iCisr-frO) f V (t$;c) at-
T^-^oo j, 24 /

ill CIO, lot

S^(jj) w J * $V*1 { u~^ f(t) «* 2£""V f(3£-0) } V^<t,x) at 4

0.

_ ^4 J t1^ [ f(t) - £(z*o)} v (t,3c) at
% "* **

(9*3*2) « AtBi say*

In %*iow of (9*1*3) and (9-3*1), it Is onmQh to

prove that lie C*
n«4®

% feyjHSthoois, If v£(t) «• ;gf v£(:j*0) is of bounded 

variation in a cal cjhfe©Bnfeoe&, aaj9 %**}); of &*

Hence5 for t e (x-fX+i))* wo nay write,

** 3**^ £($&Q) a S-(t) ** 0o(t),
*U G*

whore gu mid £>, arc bounded, non-negetivo increasing
*M» V*»

functions of t in (22*2:471)5 snob that 0.(s*O)»&%(3g«6)«G*
«a* £**
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$hoL’©fe>ro* for aagr gives e > 0* it is possible to 
elicoss &> Of 64 ts euob that

O < e * © 4Gg(t5 < e* for k4 14 $**6#

!f©V?*

r 2S4$ v.-B « J t *x g^Ct) vn<t«a) at *
2£
-I tV4>i gs(t) ?2l<tfs«) at ♦
X
♦ Jb ty^ f t~V £<*) ** x“V £(s»0) }v_(t*x) at
x#8 L J n

a 4- skp 4 £)&?*

% the secdEd aeon vslve thcoafec* there Pis a, 

sc 4a 422*6* such that

fX*§
B% a &}fe+8) J t ** VaCtyK) 61"

* OUAO» as &«*-»* % Xa&aa 9*6#
Siailarly,

&s « 0(l/a)* as
Co

% tee 9#?>

Bs& ©(!)* &S &«■»«»*#/
Kcneo,

(9*3*3) 3 *» o(2.)> as £*4®.
la a siailar v?dy* it eaa ho proves that*
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(9*3*4) ■& ® &{X))
She theorem io» sm?s protca fson<%3«2) to (9*3*4),

9*4* M-g «©5m 9*3. 2a vioa of &« 9.9,

.O')

.22

(2C,f) *» (f(sS40) + f (3S*0) } »

* J t^1 {t"v f(t) - JS^ f(;>£-0) ] ^(t,x/K) at 4

pl2+ J {t~v£<t) *» x~ v £(*40) 2 «L(t»x/30 at
«2 3

(9*4*1) e 2 4 2% S&y*

Giron & >0, lot ug choose 6 >0, eucfc that

] t*US!t) • K-Vf(E-0>| < 6,

&©s? x**8 <t <22* If, fioti, u, &o ei"O0Oii SO' Xsa'Go that 6 >
“la

then*

(9.4.3) !„
a $b*8 as*2

« 2^ 4 !*■> 4 X<g»f 0^4
On

Ey (9*2#26)?

J lx| «»y5*— J"* iL^i-t—f(t ).~. gf*„ j .at

It*? r S**S , _
< ~2 J |tf(t)~t 41 sT^fOsao) | atl<no a

(9*4*3) « o(2), as a«-»oo,

oinso $ is fijssd, for oisg? Given s > o«
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Also,

(9*4*4)

and

<9*4,

lh

P

&M B
'"' "a "ss-S

4 I^s |

r3£-i/a^ ^*1
<sM?y

at

4- Kp X?a S 

K-J.Q S»

as tv*a at
3B-4Aa

Sines* e is a^feitaftasy* by (9*4*2) to (9*4*5)# it

follows tlrnt*

(9*4.6) 2 « 0(1)9 as n«*a>*
S&silas&yt

(9*4*?) I* ® $(!)« aa &•£•«&#
5?he pnoof lo» &ott» eosplot© fey (9*4*1)* (9*4*6)

o^5ii (9*4,?)*

***


