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i&SAU OF SwmZLiW&SGSfc G?5';IE

4*1* lot LpP[0tl] t p>l*. p oo;? real ©rooter* fee the 

class of all soarrarablo fimetiono f defined on [Ofl3f 

fore which*

In - . )l/p
(4*1*1) ]| £ ||^p o | J |f(sc)|“ x^ fix J- < m*

It is ksiocrr^* that is a tmxmh space tmsSor 

too sows defined sy (4*1 *1)* It is cosy to verify that 

La~ c 1^* for «4p| I«0^«2^ aa3, for 0<a<b»

^[a/©] * l£[fc*b]#

«l * n - _For P> 1, ||a 1, |5 ® « - Z~*L * *lp* L°9^ J ^O-OtOO

tlio coii^ucotc space for 2>;.r[C,:i]* If £ e [G*X]«

1)'hlcxits [f]
■acaon^Hui <*«*



C [0<tl] * then fgeL1 [0,1] and the folloi&oG Ooldo:

type inequality holds % - 

flJ i(u) s(a) d2£(4.1.2) < n«iL *
D*v

lot uy(t) and Yv(t) denote Boosol fimctiema of the 

first and second hinds respectively, each cf order v> > -1/2, 
denote by < do < &s O • • tho positive sores of 3 (t)»

J* cl ^ V
arraaeod in aocondinr; order cf isagaitudo* by ^ •.«
oi (•t if*(t) + hd (t) end ty y-o ^ Yo^. Ysi <.**•■ to.Goo 0&

*■' |M Ctt ,/

cv(at,bt), v/tiero 0 <a< b* end

cw(s,p) « jv(«) - «yv(p) ix
lot as define, for sol, 2,,, 3, «*• ,

Uj.Ct) Ju<t-30)

(4.1,5)
* t > 0,

nm<0) * _lic %(t)|t «*>C+

\,(t) • •/T )
f„ , t >o.

(4*1.4)

where
(4.1*3) 2*m2 = (1 -v®AaS)



aao.

yf1 &v(tYn»toye)
(4.1*6) Cp(t) ffi -—f a 4214l>a

where

<4.1*7) ,. 2 . Om 13
2 {jvgC«Ya) - ^<by0) ]

It is kaotsaa^ that ft occh of the aequoncoo 

and £ vD(t)j is an orbhonoynol seguene© on [09X] ar4 

the ooepeace ^ Gf>5C t) ] is an ©i^hanernal, oogueeee on,

0< & < b«

fdneo Jv(t) ^ , near core, «^<t), v«j)

eh.~[0}X]8 if

v #1/2 > 0, for {3 > -1 Quid 

< V# X/2)p * (3 #1>C9 for p 4*1- -

fleas QQnVQXCGt&Q of Pous'ioi'-Seasel series haa hocB

(4.1*8)

r}\studies, fc# &tc«idiofe''% Koehsta&t''5 Ge^dsair'*
Besiofloh and fonsonc0^ etc. S’of Fourier series also* this 

concept io widely Lnowtr’V
Gol'dnarr^ has shown that the systea £ ua< t)J * fores

^Ecwnes [if] | ‘Bolstoy [99] 8 fitoheassh £%]#

2\i*sg [110]- ^Sfcec&ick [64]* ^I&ehoba&t [3C],

^Gol'daen [36]. ^Eeaodofc and Baesosc [13 ]$ [14]* 

*^2ifc&haarcfe [9©]| Sdtja^ds [29]*



an orfchonorool basis in the epe.cc- ?i ^[0,1] , p >1,
i*

-1 < p < i5-l* He ban also proved that if p does not lie in 
this range, then there exists a function in Is^[Ofl], 

whoso Pourior-Posool expansion corresponding to tMs 

cysten diverges#
In this chapter, wo establish similar re salts for

the orbiioiiornai secnencos | vr,(t) j end {c^Ct)J* to cloo 

prove the convergence in tho 2^~—sorra of the sotjuGnce of 
partial sues of tUo Bird series (l;i:-ll),

<4*1#9) f(x) rsJ vo(*>* 04 2-4 1,

where li/t * V > 0 or g = O, and
bo 3 J~ f<^> vQ(t) at,.

corrsspoadiss to f e 3^- [0,1], [the integral os the right 

oakos sons a on account of: the estimate (4*6*3), which is 
proved later in this chaptor-J *

Per the Pourier-Boscel scries of third typo (X’B-SH)

(4,1.10) f(n) ^ ) % Ca(x), 0< 0.4X4 b,

where
rbcl ^ J f(t) e^ct) at,
a

corresponding to any function f c Irjji^b], p >1, it has



been derived toot the series (4*1*10) converges in the 
XP-nems^^ to in ease l<p6S*

v'/e prove the £o32euinc thooreno: 

tjMXdZU 4*1* iiie spates [v^Ct)J ft&ggso a basis In the 

Banach space 1^- [Qtlj * ufasgo p > Xf -1 < 0 < p-X, v > -1/2* 

reE-QnSf-J 4*5* Bor y > -1/2 asu fc L;,p£o0l] i> P>19

—X < { 5 < p—X|
<4*1*11) lin J1 I £(;:) - G 

a •» ® 0
<x,S)/ 1? l3 -i <-.sr tbr o u,

where ijLCx.f) is tfco partial cud of (4.1*,9)WWH.WiBw-.-irww, y-i ^ * * wnnrw goMws.***. annuli 111—i* **rw*KifM'»'Hinn’iw g»v i:m «n«M» u ^ ^

I-ilTgOJlBH 4*3* Shore ei-ilsto a function £' e *m———■, iim ninni wntnuKiwgaot* ii .iij ihi.>ii|Wmi n>ii—>«» w> «w»anre.M».'t*iiw*iifwr»ii<»»» Q jj**# J r

whoao Bind series diverges in MvLjl/*-norn,

gKECSES: 4*4* ger p>Xs if p >p~X or if p<~l* then 

there in a function in 3 whoso Blni series divorces,wr^mmmwma. «MW» «** nmm mmrm L-j U * “* * tmmmmammm — wsrtnww*. MiMqnmNiW' ■w<w«»ni i«.uwMft,<w

Xtenarls 4*1* It ray be noted that the oyster (4*1.;3) 

is a particular caoo of (4.1*4)„ when <£• « Of and when, 

y «1/2 ox' -1/2 9 (4*1*4) reduces to trigonccotrig system* 

Hones cur theorem 4*1 to 4.4 generalise- the results on 

g.D-1 suM S’ourior-trirjosienotric series#
SHSGghn 4*3# gfc,e svotOD f<L(fc)} foras on artbonomal 

basis in the space Z^[anbl 3 0< a< b, p >1, y >-1/2.

^Consone [80]* $h* 1.
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raaSQHSK 4.S. if £ e # bj #. 0< a< fc, and

v>^-t/2» then
lin J" | £<::) - Tn(x9f)jp Ox # 0, 

n**»cc a
whore 3L(x»£) is the n-tb partial sun of the' oorieo (4.110),
«n«rr-r-.-l-T-nmr * ▼ * «m q'jimww 4mie*m wMiwwa tnn.M—» ami namriM 'ftmi.iwixMWM.il,—rn» ^

4*2. She partial mass S^Cs-^f) of (4.1.9) arc gives by

n
(4.2*1)

where

<:$:,£) a > bp vp(::) «. J f(t) Un(fc5:?dt. fl «*:
if',■w rr

. a_. *>
,K ^ ^ \ 2 ^ ofy(tKn) dyCz^)
(4*2.2)0„(t.sc) *» ) —““'.■y •-"'W" ■’••*%’•"»L- V vo V + W< \s>

“ *n<V W ^nl)

rSn+ £® ^gjr w 0(v9x) J ($w)(4,2.3) un(t*3-s) - ~rj --- .——-™ dwt
a aa- JDn“ ioo hl,*{w) 4 h<,(w)

when Ck t <: e < 1, anf.

(4,2.4) Vn(t,z) a
1 jV2,5® VS£ v; 0(n9t) Ju(im)B *■

y

B„*-£ao 4 h ff^Cw) &VJ,

when O < r. <c t < 1, where

r
(4.2.3)

f(w#:.0 « Ck±(h> ) ^ (wt-0 - w0,>(w*;i),

{ #j<W*50 « *Jy<v) 1v(kW>) - ^(sw) YjC»)* 0»&

V
0O(W*»)« <3■ €w) rvCsw) “ J <sw) *.-<*)♦
« v’+A v y y *rA

1)/Watson [103]* P® 6C2«



(4*2.?) o a*

noore ' has sliov.Ti that 

(4*2*6) a STf + Q 4 K(^)/a%

where
/&7r + (2v + i )tt/4, Ul^O*

I^TT ■f (c y «1 ) 7T /4, i£ ( » G$ 

fe is an tctogo*?, positive, Rotative os* eea?o oa3 

roiuaino bounded fes sufficiently large a*

V/o, nay therefore, choose for large n,
(4*2*8)

She n~tfc partial cun ©f series P&-XXX, i.e*
series (4*1*10), is @3von 1&T

(4*2*9) f<t) En(t,:0 dt,

3>ft « B7T 4 (2 v + 3 ) TT/4*

whore 3 -2.
(4*2*10) .

,y.

hmwtmmmol
17 v^Ty-jr ^y(aTn)evCKvr,1>Ym)ov(tym,bvD)
ilOagta^i^ijaninwiaii.i^iirtwn^inH'^nMyflMiaaWii^pt.-'i-i runtnwMwtfwiyjn wriygi^M',, if.n.i

«04 - V^j
^ contour integration^

rB„4 x<5&V^£ S 
(4*2*11) liL(h,2£) ** ii”i^e"IT ~n ** B-i©

n

w cv(:»7,aw) c (twtbKr)

where 0< o< x <t<b and yn< B& <y ^•
If 0< a<t <:c<h, thou sazi&t.are to he interchanged 

in the integrand on the right hand side in (4*2*11)*

8).sit^ikore [6?]m
must*



>3.GG«*»

A)In view of Ksyler - * wo

<4*2*12)

© nay tako* for large a,

% “ *-rra

4*3* 9lio following lenriQo as?© respired to complete 

the proofs ®£ our tfoeoreoo |jr^f Kg* • ** ole*. denote 

suitable positive const oats depending upon p? fi end ^

nw1*! «w I *I *■
3XKKA 4*1, CGol^cloan2^)* tot £ s Lpp[p*i]f p>l,

|3 <p~l$ and lot F<:e) * J*‘/f(t)/dt* Sfeon 1QP £C*lJ»

and

O.s.l) lli^llp,p < % llf|lp,p‘
X&SKA 4*2* (Gol'dnon2))# tot £ cl<f;p[0*i]9 p>1*

p*|
«1 < {3 < p~X§ and lot G(n) a J JLLX fit* 9hen <3 e top [0*11’ ^ K*t p L. W J
ond
(4*3*2) 61 4 %Mp,p*

jkw./i'4'W >
, *dson2^), If £ e Ip [C flJ , p > 1 ond

0(n) * J~ et j tfcon c e t*p[o»l] end IJelL ^ KnllflU
0 v 4-* J sf

liP-KP^ 4*4-. lot £ s I«p£o.9b] and let

I?<K») * J dtc
a

*211011n 9 s#j>9b] end ||t?|j 4 i|f|j
w

•^Kayler [?2] s p* £9$ Also refer lemma 2.4 of this thesis* 
‘“^Gol’dsan [56]#
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ffffopg1. lie have,

ts 0^si4b~a.

How? the lonro folio*, jo fi?om Lonsiia 4*2•

To prove theorems 4.1 oxul 4.2, t;o boou to study the

behavior of b (t,:;) is tho rectangle 0 <»:<!, 0 c t < 1.
4b**

lie eliooso, for any s (0,1), :•: 15 a positive 

integer n, oooli that

(4.3.3) > v<^l*

I&tl-JA 4.3. Lot 0 <ar <2/11.. 0 < t <4/1),.,. Shea 

(4.3.4) 0'u(t$5t)| ^ “si*

IT10GP. Let t-< Por u lying on B^-ieo to 2n+

i lcd,. , ,mt Ax), .(2),
£\<w?s;)| ° | '(w) II ^ '(xw) *• Hj* (xw) (w)

(4.3.3)

arxl oirilerly,

(4*3.6) [ $%<$?,%}

% «
(1-8-51V/

! tfj i/S

(l-x)lvl
< *t> ’
P*»_ Bwtrrpw

v/

;haro w« s +lVf «a> < v < qd.

on (4*2.3)? (4.3*3) and (4.3*6), v.-o obtain,

(4.3.?) |0(w*x)| ^
z e(lHSC)|V|

-^wafcson [103]? 05 3.61* 18*31.



•1C2-

for n o £v. ~cd < ir < m*

* f 1Again* froo tlio 2.Tiocmai±txQtjr^ *

Jtirl
t.(4.3*8) Uv(vrt)| o

4 ~^r *

gtkX

(4.5.9) ,(»)| > ^ ©
_j*.

ivi

foa? u a B,.+£v, |wl -»®, wo- have*
£a

c^io) I irrTuT^tWiurl ^ %o ^0

Iw (4*2.5). (4.5*7)* (4*3.8) end (4.3*10)*, wo bow

liavo t
|t;n(tsK)| 4 ly Kg i^0 "CD _

, e dv
0

< lln %*
by (4*3*3). 2e < ts tlion (4*8*4) io used instead oi 

(4*8,3) and (4*3*4) follows*

mi-;A 4*6* |0£ S/Ba < 2 < 1. l/\ < t < 1,

(4.3*11) 0^(4,::) «*• {1 + 0 (V*1) 1

tvfcc-ro

$

(4*3*18) » p
^ / cin (:r-*t) 2)„ sin (2-;c-t) I),B

. oia (svt)7*/* ain <»*t) 71 fi
+ 0 <ratffesagy> * 0(1)*

^‘Jatcon [103 ]» P* 584*,



HlOQ-ff* uaissg acyaptotic

1
b Jv(u) + £w ^(w)' £ y*»r eoo <y« * OOwf*)y-rr 3F«s ■3U

(foerofosro, if fc<s* tfecn fey <4*2 „3>, (4*3*11) is true

Lose

(4*3.15) iyt,x) - gfj fhi42-® /sssgr 0(W|®> Ju<tv;) dy

L)., «*<3Di - vir' tt * *oos (y •» •?$■«* ♦£*•)

VfilCnO l / 0*

p\Austin, uqisg tho follouiag asymptotic ospanoicnc y»

Jy(G) » (l3z eos£s~®>« Qs D2Ji(s-a)J „

*iy(s) es v^* oi» (&»a) 4- <2S GOG (gSK$) j *

wborc |s| > 1$ Gat (2v + l>7r/4 and

(4*3*14) P„ =» 1 •¥ OCibi”2), r, K11 /
'.f* ^ c* l

1+ OClsf® )J 1

170 obtain £s*om (4*2*5)*

(4*3*15) 0^(w#x) 2 f
TTt; *sM L coo (l*s)y «* B J

end

(4.3*16) 0P(ysK) O .JL*. (a cin (l-s)w * B coo (l-s)y f
4- ' ttv vs C

whose

(405-l?) A . % Q.m ~ Q%f Pmf, and 3 - P„ Pw ♦ Q*

^ttotcon [103] ^ Q ?*21: 'G-oX’dcan [5G]•

atramnNiH



**I©k

TV'son (4*3*14) to (4*3*1?)9 \iQ £Ot,

A P "1$V-?** oatwi-2),
t?w 2W U

(4,3*18) \
BP^, *> X * 0 C | tu(

/
a « O (Ittti ~2) s c®&

Slieroforog froo (4<,3<»3}# $>#2‘*X5)? (4*3*16) one 

(4*3,18),

V

R/r>o . p* 6£(?;f::) Ju(tw) « j~lw oos <l*-s)w
VSTT

l sMl^E-ssMJsissl „( let1 *v
«. r SSSl^llLSM^sal I «.

,u13 t; J

— ih.4-iv) Gin(l«5?)t; cos (ln;~a) <*

1T*>' ^14
{iO»*x»w> .

1 ’

ukoro

(4, >'*19) ||i(t*sf»)| 4 e ,

for t;« ])„+iv9 «*od < v < ©• .Zil

21iox*ofore 9 froa (4*3*33),

(4*3*80) 0^(1/1^») 65 Xg * ^*3 t^|.®

(tt'^O j)

Uhoi?C



>*3.GS**

r

(4.3*23.)
<

% a ttX j-
'XL* ia>

Si
<*1® Si

cpb(1hk)i-? corjCtt-yg) -

lo « 7T ’3 <^-A irn *tf?ai Ms-a)m 35 xt? sint^aX
n

2 72 ** »i> IT 3,

%

rlL 4-X
At. <=

V.

:M.

b ~£®
p(tvs»v)
w II*unwi^lnriMillrfr^T-1 -

fc4* t/"
fit?#

How 9 if 3,/Bfi <C t < x/2* tiioft K~i ?■ i:/S9 a© that

feoD <4*3*19)*

l%|^ s10 1 aia
-f.
i?CU dY“N

IT*^

If s/2 4 fc < ::* fthon feona (4*3*5)*

fc«3 r* OIM6 rfr

s

fiasco, £'os? 1/B <t <:: < i9.

(4.3*22) J,f, < -I ‘-di I ^*»

'3i‘ :t

end

e?
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Siirthes'i

X « (x»t) 8ia{(l~:s-t)w»«} au
2w*i3£t 1^*1® wain(w~a)

%5 (»**) fV^ <d&{U««*t)v~a}

27Ti22t rn&m 
a

* XJjj ♦ I|| S83T«
, . f ® JU-SC^(-4)v

2*1 J £----- ------------- fly
2 TT Xt 0

%e

a

and |X£| 4 if < °*

treating 2| eimtlaziy, wo csft*.

C^.3*25) 3U m of w*r4sr""Tt V*^ VxtSg (2-s:-t) /

*9"BT JV1® ~TOT^r-aM +

ir. “16 Jn £dnl(l~x**1i)w + &} _4 S'Tri Sj-ioD Tl'Trnrw,si5'w^a>'rl11,111 fiw

* *| ♦ X|»

is treated iia© X|| and we cfctalB,

23^*1®

IS o ..........^-^1
\&t»s (s+t)



xa » •JMl 
x3 2rri

’IL +i© cog C Xw «* "5“ •» *j|r? aw

•»!,© tf cos vtt . 2TL
23 4

^ y_N

||&0^e ft a X-r*t'J,

« 0<v»n }*

by Uataoa^^, oi&co «1 < ?t < 1

<7Aaoro.1 ore ,

(4*3*24) X3 * °(S
■fc B^ (ss+t) (2*»3>*1j)

oxBinaXly, mcias t-bo integral'' ,

4* Q(X)f

<30
(4.2*25) eoBfo.'hv

«*&)
d%r «

TT

oinl(l *» X)
■X 4 X <1 X

v;o obtain, ift view of (4*2*8),

X

(4*2*26)

X1 13 SIT i
Bn ti®

[coa(( l«x+ft )w ~aj*

& *»zm
* cogf(i-rc-t )tf * a}]..-■"»&

'Ll cvA •ni t

C&Il(2wC5«t)DOT
2 IT

•HD
£P3jU&gr$& av 4.

COOh X"

oisC^—'b)Dn f ® cocb, (3>^t)v' .,
COOl": 1? =*"* Civ”

sin (&»t)IL cin (2-j>t) B„
. -v. , * *■

j?3 —iMMiy iinw.,'Wi'’«nriiii *g»

2 ai& (s>»fc)? 2 oiii (s*K&)Tr/2

•^Uatsos. jlOj], is* 587« ^tfoitt&ker m.& Uatcon [X05j,

p. £61, S5K. 24*



“X08"*

From (4,3.20) to (4,3*24) end <4*3*20)9 the loom 

follows for t < x, In case t, :r and t arc merely to bo 

interchanged,

XTOA 4*7* For 0 < :: < 2/»n, 4/Ba < t < 1,

(4.5,2?) |«te(t,x)l « Kjg a?*1'8 f1 Snv+1/2,

onfl for 2/2^ <; x < 1* 0 < t < 1/Bn*

(4.5.28) I 0 (t^c) | 4 K,„ t"+1/2 E*1 B„v+1/£ < ip.

BXiCF. tfe provo (4.3.27)» In this es.00, for net 

end w w 13 +iv,

k,(*ei 4 °slvl

Horace* by (4.2.4), <4.3,7) and (4,3*10)*

aa(t,x)| 4 ngl kU4'1/<<
J

Q& **k o C2^+l)/4

**4J)

x o dv

(4,3*29)

< P(Bv *$)/%■„ v+1/2 L^+%/\[Bn

*JSn a-(t-K)v dv + J® vv4l/2 6"(t-::)vaJ
0 ®n J

2c*.% SiUGG t~3£ > t/2, 1:0 \mVQ 

(4.3*30) J" 15 av < 2T" < §■

u
t»

“^Jatoon [103]* 3 3*33.*
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v+l/2 .
J v e
3

n „ v+a/2 -tv/26ir 4 J V e Si?

(4.3*31)

n

4 t •**3/2

(4*3-2?) follouo Sscffl (4*3.59) to (4o3«*pD- (4*3*20)
can be proved la a siriiXas* noraey*

4*4. raioeg o?.4.1. % ©oiicsa3^* it is

enough to cIjou that
(4.^.1) ll^i)llptfs 4

for all £ sL^fp^ljf*

lot f slpFs DM lot 0cs<2/Bn* r&oa by (4.2*1)*

|^a(S5*3-)l ^ S **C/B i ^

n

(4.4.2) *» 0t 4 soy'*

(4.3*4) CJiCi (4«X#r,')s

o'2 ^ K
IUIL n 1 J4/I>n t'P# at

3 a "-"PrP l
<i+0)/p

at ]
1/d*

4 l:24 % f|in •>*.(4*4*3)

Agodn, 1>y (4*9*27) and (4*1.2)6 wo sioilarly have.

0^i li,i. £* ■#?»
v+l/B Tt v 4-1/2 „ £»,, * (0*M/P

~n Im,psp a

^Follard [77], *>. 361j



■~uc*

(4*4*4) / r-<C *-
lMl r, (m)/P

% (4*4*2) to (404*4) 5 uo obtain.,

r2/0„
si' ds 4- ^515 IWIp^p*'(4*4*5) J ■

0
1 >1

now, lot 2/b^ < 25 < X* Slier.,

( rl/IL
3\Ax%£) * ( J n +

0

I1.. ) «

2/^ '
?<t) dt

(4*4*6) » c?7(sc) + 04(-)* soy.

By (4-*3*28) end Botina 4*2,

r x(4,'U?) I J " f<J5(E)|P 3(’ to j- 4 Eao llfl|0tP,

J3

A/P

S/lL

AXco, by 'beaao. 4*6,

(4*4*8) o,,(2-:) «
% f1 oi»(:r-fc)l3_
5* J **-*»•» £(t) dt ❖
2 1/D GinCjx-t)7!^

uIies*o

i?(x) | 4 1
2 £(t) dt

J3, cis(2-«-fc)2n

2/-).. oinCx+t)71^

„ r3, dt
* ‘“*29 i sT-TlL 4

•3*/ £4

fl^ J I £(t)[ U
*-C 1 ✓?> 'J»/ <A'«4

(4*4*9) « (s) 4* rp0(x) * ~r>(::), cay,
*2* 4m ^



*•*23.3.*“

Sow,

S1(*0 4 ICrjrt J
r1

1/13^ X + *
&fc.

hence, bj- Lgsxio 4,2,

J1 , p ^
I ~t(:0 '• sP ds 4 iC llflr n. 

2/B^ 1 a 1 P*!‘J

ri/2 if(t)i
o<a) 4 £|Z J

«.4r .£•/,n %/h. U
tit + K

f1 Mi3Lat
J f\ _ ,d„

n 1/2 2~X*&

(4*4*11) = t^(2c) ❖ tHCsOb o&y*

Kaldno an crvaluatica na.oi3.ar to (4*4*4), wo obtain,

S1 u<fj
2/Pa ' £

1(22)1- x{J fix 4 lw| ^2-P+l llfll^p

(4*4*12) 4 K^j ||ill|5p, oinco p < p-l<

Also, by 2*snaa 4*3,

J1 i^c*)|IVte 
2/V

p /r1A' + rx \ x(t / y ^
\2/B. 1/2/

£&
X / f1 l£(t)/

Ji/2 2«x*t
I?

dt >:'■ dscP



*>1X2**

Since* by (4*1*2),

||£llz < II ill,3
{J
^ o

3./r'% ) '**/ lx r> I z&z
v o

^ K31llfl,p5P>

and by Locra 4*3*
1fX . t>Ji |cte>l*

<3*/ £*•

Wj p J.

els 4 Swn J I £(:-:)! 
^ 1/2

»
Sm«J>

4

f,P

=33 I1, IfWI® *P to

iiiii33 "*up5fi«

\tq obtain*

(4*4.1^) J1 |^C:t)l
2/S„ 1 * 1

y „i> tiy. < Jf^ |l£lp
** w 4 -34 |PHptp*

n
bdsnilcxly, 

■1Ji r ID f)(?»(«) * Kf5 &5E 4 IL*a (Ifll* fl* 
2/®n 1 * 1 •/' Pty

Ps?ozi (4*4*9) to (4*4*14) * it follows that

(4.4*15) {J | *5(^)1 
U/iL

p X* OJC 4 % (lfllp#r;*.

fas? 2/iL < k<1* 0 <t<X/IL* uo havo r&*»fc > s/2#* j&X * n*

bo t&at by Zovsia 4*1,

2/2,,

1
2 j

'1’^a £&n(3s-$)2, 1/P

n
— f(t) dfc 

sin/: >t) 71/2 /Hr1blu

/ f-f*
j1 (fA* * Vp

**1 2/Bn \ 0



^£ k36 i
i%/p

P /B4**/
(4*4*16} 4 ^Tf? fl^Hr)90*

Thaa, £soa (4,4*6) to <4*4.8)f (4*4*25) sad (4*4.26),

it £q21o£»3 tbofc for* 2/1)^ < ;c < 2,

(4.4*2?) Sn(r.sf) » J siaCs-t)] *n
2 0 oinO^t)7^, f(t) fit 4 Wa(s:)

yflOS1©

(4*4*28 > IW1P o fis < e38 Wlptfr*

l-oinc (4*2*8), li wo act f a „ wo obtain,
^ f* oin(s«t)£n 
2 0 sin(:r«t)% f(t) fit <= ooo yx f

0 a(x,b) £(t) coo ft fit 4

(4.4*19) 4 olxiys /I ,.,(-,t) £(1j) aiisyt dt +0 ^
f1 sin(S«*t)f f - ,

4 ——-- f*(t> COOj(s.4*5 )Tr(ji-t)fdt,

vfiieo’o ^ fionotoo olio Siriehlot hevnol for tie
rc/urior--triGOoor.otric ecrico*

Sron Harfiy-ldttlewoofi^^ and E.I.Sefecnko^, it it 
true that the functions o.i tho claca 32,^[o9x1 can bo

^ ^iorfiy-bittlouood [45 ]4 ~h)ahQnl:o [lo]»



•3.X4**
espoodod fey tho M^ostoaofaAo syetoea {yl* c^a-nss} ami.
{l » ySf COC1TS3K j * Hougq* tfe© partial o%ma of tfco Fourier 
series of oucfe c inaction aifcfc roopoet t& these qyofceaa 
satisfy t.ho inequality ( 4,4*1)«.

Sfeas, ires (4*4,5) and (4,4,17) to (4,4*19)* (4*4*1) 

is rawed, '5M.S psrevco tbo tfeooroD*
4*5* m ca? 4*2, % ¥<*3®^* if

rXJ f(t) V (t) at a ©*0 D E?5=3 X * <3? * • % * »

for ary function £* tfe.cn f io a nail function, Fence, In 
vioo of Stieoron 4.1, it follow* tliat (v^Ct)} is a cenplot© 
ortfeonorcci feen-»n ±
X(^[©®ll* ri%is proves (4,1,11),
u

oesae in [G,l], berneo» it is cloned in

4*0, In or&es* to prove Slteorens 4*5 and 4*4, the 
rollo’f;iB0 loccoo arc gIoq requireds

lSi'4 4*8, (Go^doon2^# lot w > *4/2, Shon- the

following; relations ere trues
1 lvA/«

*v
(4.6*1) J~ jsl/S j (3a )p g! 

G k*
—p/S

p >X§
GTid

) J* |KV2 sfj <te^ ^-P/2 losV(4,0*4.,

for {:• « *4* p>X*
^Yotmc; [112]., 8 9* 2h®l*amm [36]*



•iix**

Per v^-1/2 and a cufi■aghwtoBwr-Bf’ilwww^iViiiw cmnww * *•*-“■*“'

follet&srt ootioatoc cr-a tract*KB***GCM*aMtfSV*flMB3M0fcCMVN* IwmMWWCimiMftlWxt1 SO, ' i 4Mj*taal6a**

(4*6*3)

and

(4*6*4)

|tr j| ~ It P>-1* p>Xf
*-> p'fij

MvaMpfp ^ (log |3«~1* p>X*

OF* Uc Isavo £®cm {4,1*5)® ^ ogIbs asymptotic

expansions' 9
r-j

° ^ MV8) -™-^k ataso^-a)*

S
* cinsa„rto + * 'a ms

0(^3}

{dn£(^«s) •»*

^ coa(^Q**a) sinCfc^-cj)
W

p v
TUK

(^eG«5) ° | 3. 4- 0(hQ~^)J »
211

How* (4*£*3) follows froa (4*6*1) and (4*6*5)* 

Cisilarly, (4*G*4) follows fro® (4*6*2) mid (4*6*5)*

J-SCOP OP muslim 4*5* l?er each n»l* 2, 3.? ***9 

v" (t) a X> -Ii)*, the space cosdiigeito to ,*», aacl acneo9
S *■**!. ' p**«fc

defines a linear functional on the ope.ee 2..^^* 2?lmo, by

(4*6*4), {vr, | is o sentience of linear functionalc on 

iihoao nomn fern an aabeiiedou set* 3y Banach--

^bat-soa [lOj]* l>* 199*



/

fc&eiBhau© t&eomr'f thorn mi&ta a .function £ c X^^-% 

duck that tU© jDinl-KJOofficiosiwO corresponding; to £Q do 

not foro a bounded coQuonee#

lionco, the oeseral tens of ttio Fdni corioc of £
v1

docs not tend to sera in the X>faio proves tho 

divc£t3©n.ee of tfco *>ini series, for £ *-

Beearl: dor 0 > p*»l„ to Iiavo vQsL^[09l] 9 *;e

have (v 1/2) p + <p~l) « P > 0.#

HICCg OF dUECKdi 4,4, I£ p >1* (3 > p-1, then

Iv^i^5 Q Hence, the eonclnoioa of the tkoeron follotro 

froa fheoren 4*3*

J?or (> 4, *»1* either { v^ j 'doss 

&r?t or it tozr.'B a basic, for 1,^- 

boeia .for Lnt'^\ then for f3 4 «1,
fj

the tfhoorec follows frors tko case

not Sotg a bools for 

• If { Va | £0££20 Q 

p* > Sliorcforo,

|3> p*X and Shooreo 4*3*

#*r/* 2ko follocitss hoctsas are uoed in proving 

Siooroas 4.5 e®& 4,6s
4.3.0»2^ Fez* 5cft e [a»b]9 0 <a <b*

C4«?a) | | ^ k39 fai

and for x,t e [a,b] t x$tf

1 Baylor [95] 6
*M8r»Ml»i^M«ii1W»<liWrl*K«,"Wli|IIWl*M*HHlW to'WmWtfr tjmuMllJUnr>iKnwl:rrfffl«ili<IIW—Mwrt^ WlplOfttW—I iMHWfliMfclll

C 4*4* ^ffibis thecia* Ck. 211, Iioceo.
3*4*



(4.7*2)

41?-

K>|lLCt*a:)| 4 -*** ♦
I « 1 !•$*_«►»It-srl

4*11* !?og a^£!i/2a < :: < b, g*IvTsb < t < b» 

ti«b-a9 H2.1HHE*
<4*7»3> I^Ct#32) « {l4- OCB^1) j

where

(4.7*4) inCt,K) »
2

3iE (t*ae)] oiu(2b-t-K)lixn
{Ua) e‘iafg§-'n/2 (b-a) sin

SSCQC*, By (2*3*14) and (2*3*13)» wo too for

G < X < t < feg

u CpCEWjGw) cv(tw^bw) g o.£n(si:«*&)w sin(fo**t>)w 
c^Cg^SwT** rr y^cf cinC ixOw

x(i+ o(£^)L
L V iwi

S'bonoforc, £t;os (4*2*11)* wo cseij, (4*7*3)» v/aoro

fll -id®
1

2 IT i

1
2TT i

Hi*

2 oin( 3-mOw oin(b~t)w
eiiid^ajw "aw<niirt*.nwr*'i

2L.+2.®n

2l**1cs5

{GOS(lK*G«t-2£)w -
COC( b“3.-t+^)u]

,M»»«»MWiw»»i’«riw>!i i<fcj nwiifcimiiwinrLi i»«t

sin { b~a)«
(iW

(4*?«5) « 2^ ♦ 225 cv&*

By (4.2*12) aoa (4.5.23)* 

cin(t~:-?:)Bv, r®

2 2 TT
fw 22£^j^S^plLav

ccgMd-5J'F



016-

(4.7.G)
^ OlB CtMK)Bz
2 (b*»a) sin|§g--7T/2

m

S&cilorly, 

(4*7*7) X,
^ sin (2b-4>

SCb-Qjsin^a.^-
a

Silo locco, soy, foXlouc fro«. (4*7*5) to (4,7*7), 

ia ocoe a<^4t4b* The eaoo a-ct^-i-x 1> can be treated 

in- a citiilan \.;cy bj' an iBborefoerigo- of t and sr*

H&Cff pg XlbXGBR 4,5. As in the p?oef of Midoroca 4,1,

xt io onourb. to piwo tbot

(4.7.6) II Vn(s,£)llp 4 %0 l|f lip.

For g < :s <p Q'f-ca/S^p k «* b-a.9

/ rti44h/IL rb \15L<*,*> 4 ( J ♦ J ) |^C'fe> sn€t,x) at
i n 1 V a a+WB^/ 1 0 1

(4*7,9) o o^Cx) * o6(b), ooy*

Bf tom 4*10 on& nol6os?*o inequality, wo oct#

<te(*) 4 % %nl/p II $11
3© that.

il/pr a+Zh/JiA p(4*7.10) ) J " ** I" ^ %*
V

Also-, by (4.7*2),

i>y j

b
njL/ 'S* /Ti V “ XUT'i’B/

&t«

^PolloM [77], p*361* Eduards [29], Vol. II, § 12*10*1.



By too feaeorci; of i;*I&G£3E

(4.7*11) n nGg(;z) j “ &!

1/p

4 L^sj 11^1 Ip*

Shoroforo, by {4.7.9) to (4*7.22), for o < sr

(4.7.22) 77
,1/PrC&2h/Bm ,„

■'J n |2n<s,f)|- ax f 4 i;t.A mp.I a

Ecw* foa? c-42l?/l7 <c x < b,

( ra-s-i/l^ rb *
*.<“•«« - *J ?<b) at

a

(4*7*33) •* <3»(£) v a.7te) t say.

As ia (4*7.22),

(4.7.14) ]jB. . {Oyi-Of 1/p

c+2b/i
dX 4 %5MP.

n

Jllc©9 by j&e&na 4,11,

■b Dill (t«X>3„

uaero

■----x-$— £(t) at 4 t («)t
&• j rt^Ti Ssst-Tr/ ^ a

a
0«) cing§--%

~n<x) « - »
■s*ls/3n (t-i:)!

51,

(b-a) <&»§■§•■%
f(t) it

2
C-rf vJ

Gin (2b*.t-*x)B.

G'j'b/^aCfc-s) oin t»4-^r #taM»2£raMMflM #TT/9

a - a
f(t) at,

^I&oas [79 ]t llorilj ami lAZtlomoU [45]* t>. 370%



**120-
By a siEtiiar evc&mtieR, using Xaneo. 4.4, wo obtain,

2/p
J I V TJ(4.7.16) pf |t_<s)/'c’ &c 4 1W, IlfIL*
a+2h/IL 1 n 1 ^ p

Collecting <4.7*15) to (4*7*16) * it folloifo, for 

a+2VBn < 55 < b9 that.

(4.7.1?) ^<x,f> «^ f A B< V> at + irn<%),

more
<4.7.

ft il/P
a+2h/A rn(3or ax f < %1| slip,

n
and ^ represents tfeo Piriclalot k&sml for ttee«5i

I?ou2?icr-tri«3cnoi:]ot;ric aeries ia [a9bj*

iii© tfeooros, new, follows ao Sbeores 4.2, fey (4.7*22), 

(4.7*27) orA (4.7.18).

SHTjq Slie orthonoztial sequence

-[0^(31)} io ooKpleto in lP+ homo it is cloned in X^*,

f* * -ft* 2, p>2* Bow, if 2 <p4S, p'^2,. so
Jr

conpiebeneoo in iP inplicc coDplotoaoos in iP * Xeio
nrovoo bfc© thooreo.

* ♦ «r


