HAPTER ¥

We have seen Chapter IV that the efficisney is
increased than that of linear or quadratic estimator, In
this chapter, we will generalise the method of chgpter
IV. We will se2 that the over 211 efficiency is about 99%

even for n=J4, This indicate that this method is axitable

¥We have ssen In previons chapter that r, the least-

.

squares estimate of § for fitting the curve:
. . <
B{yy) = o+ OX *RS {(5.1)

is obtained by solving the polynomial equaticn

where wxir) are polynomials of degree 3n-12. In previous

chapter we have replaced wy,(r) by the function UtV s

Here ve will replace W, (w) by the function ux+rv3+rgzx'
This method ic described by Khatri [ 15 ]}in fitting the
exponential regression curve.
1. Modified method for estimating ¢.

The finection u,+rvw+rgzx is chogen to give sas
good epproximation as possible to the polynomials w_{r)

;.

in (5.2), The resulting estimate which will be denoted
b

v Ty is then one of the roots of the cubic eqguation
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Suy +ryvy +r 5 zy
K ‘r -, z X - .
T = X XX s X axy (5»8.)

Z-U v'i “T‘ 2_.v'r"> l+ 3 Z?}'X‘u 1

( Tu= yxu, =Y v,=Jxv, =3z, = ¥z, =0 D,

By the method of iteration, we can solve the above
equation {5.2), taking the Tirst es stinate of § as one, The
arithmetic is simple and the numerical computations are
not increased for the solution of r .

4 measure of the degree of approximation involved
in estimeting § by (5.3} is provided by the asympiotic
efficiency of r when vy are independent and have equal vari-
ance ({ga'ﬂnder these conditions the varisnee of r tends to

2) T . 2 2
< (1+¢7)Y (n + vt ¢z )28 Yo v+ ¢z ) (u, g+ 0v, 4+ §2, o)
X=1

P [Ttn, +gv_+ 9% 2,2 g 72

as ¢/ ﬁ, tends to zero, the corresponding veriance of

ned by substituting w, (S’) for u, + Pv + f‘z

}_J-

r is obta
in (5.4}, or more conveniently from
2 2
F a7/
r® P

wheTe Frv is the quantity defined in chapter I.
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(g) When n = 5, the Wy Vy and Zx can be chosen so that

2
+ . ( 3 .. 51
Wt TV, ria K wx.ri) . (5,53

for five different values of r,=r s Py T, and v
o} ve different values Ty=Pyy Tgs Tgs Ty 5°
When r; are taken to be 0, 0.25, 0.50, 0:75 and 1, the

values of Uy L and z can be caleculated as follows:

At §¥=0,1,1/4 and 3/4, we have the following fowr equations:

u‘w{ = plw’x (O)

u‘"{.ﬂ; + 3 = p.V (1
. X X . ’
o0 & (5@6)
+ 4+ 18== i/4)
n, VX/ 4 z}:/ 18 931‘1}{( 1/4)

- 4 FB=s 3/4)
uX+3vX/ 2+9z_ /16 P@_Wx( /43 |

x w(0) w(1/4) w(1/2) w(3/4) w(1)
1 3 3156 21 768 1
2 -4 - 373 -23 -~ 739 -1
e w s (55 7)
3 -1 ~202 ~17 ~706 -1
4 2 259 19 737 1

From equations (5.6)and (5.7), (solving for vy + 2z, from

first two and last two eguations of 5.6), we have,

Py = S7p3 - 31py
l 4 900(5-8)

)

D “.3_45?3 + 678py

2
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Now solving equation (5.6), using eguations (5.7) and

(5,8), we have the following vectors in pg and p,:

Uy Yx “x
17193~939 4 (2636'98)/3 +240p, - (358404)/3 +528f 4
-228p,+12dp, -(2623py)/3 -395p, (3812939/ 3 -404p 4
~57pg*+ 3lp, -(2522py)/3 + 70p, (3128p,)/3 7760,
114p,~ 62D, - 8411._33)/3 + 85p, (3356p4)/3 +65294_

o ¥e (5c9)

2 . .
Now let us take wu + S’vx + § g X wx( §) abt the fifthy

value of §=1/2. We have

fueri o

u tE v, vt = (%), son {5.10)

. e

Teking first two velues of uy, vy and z, from (5.9)

and substituting in equation (5,10) we will have two
equations in terms of Py D, and Dg - Thus we have the

folloying reiations
D= ~{136p.)/48990 and p,= (6735p5)/48990 .
3 2

Hence, pgy = =9, p, = 449. eee (5.1

4
Substituting these values of p, and p, in (5.92) we
have the following vectors (with arbitrary factor) unto

two decimal places:
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X UX VX Zi(
l nad 8 6:: 92 175' 17
2 4 -11.73 ~13.236
seel5s12)
3 1 24 7O "24:*4 79
4 -2 211 20.98

The efficiency of the estimate of ¥ using the values of

(5.12) is very high (over 992.99%) Tor any value of § -

(b) When n=8, the wu, v, and z_ can be chosen sc that

b

u, + Ty vt I’? 2,0 W (ri)

for four different values of T4ET T Ty and r,. The
weights at £=0.2, 0.5, 0.8 and 0.0 are :

x  w{0.2) w(0.5) w(0.8) wi0)

1 27,583 31.29 0,684 2

2 ~21.447 -17.81 -0, 309 -2

3 -22.102 ~32.64 - -0.792 =1 +..(5.13)

4 -1.787 6,45 -0.225 0

5 17.753 25,61 0.642 1

Herew we will outlined the method of caleulating the

vectors ey Ve and Z. as desecribed below:
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£0.2)

]
)
0

+0, o,
u,+0 EVX O4.ZX

1=

vos(5as14)

ft

U +0: 57V, #0252, = Dy W(0.5)

uxf-o,SthESézX

it

pd W'(Oeg}
Thus solving for an ave
us ng Ugy V, & a Z, we h

w,=p, w(0)
V.= -5, w(0.8)/3 +5pg w(0.2)/3 +4py w(0.5)-4p; w(0} ...(5,15)
Zy= 10D, w(0.8)/3 -10p, w(0.2)/3 -4p, w(0.5)+4p,w(0)

Then working as usual as described above we have the follow
-ing equation to be solved for pljpz,p3 and 1 i.e,
9131?1(0)«2013235(0923 + 16pu(0.5)~5p,uf0.8)=0  o.o (5.16)

Thus we have, pg=1e4458§2, p4=100¢859292 and

pgzo.mﬁézpl e
Thus by tsking P,=1, we have the required solution for

P9 Pgy Py aid p, as

Pl Po P b

2 4
1 0.1042 0.15065 10,5095 .

Substituting these values in (5,15), we have ‘the required
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X Yy . Vx 2y

1 2 3.67 3.83

2 ~2 -1.05 -0.65

3 -1 ~5.64 -4,40  ...(5.17)
4 0 ~0,25 ~3.37

5 1 3.27 4,89 ,

The efficiency of the estimate of ¢, using the values of
(5.17) is very high (over 99,99%) for any value of §

() When n » %, the method to determine u,, v and Z.
x3 Vo ;

s

ig similar to as described in chgpter IV. We mention
here the outlines of the method,
From the values of w (r ), w, (ry) and w (ry),

the u,, v, and Zy (with arbitrary factor) can be written as
W =ror (v ) 4T D (r )+ roq wlry) ,

vxza(r2+r3)wi(r )=-(r +r3)pu {r, )-(r rg)q'w_\ 5), and

z, = wx(rl) + o lr) + qw (r3 3

Where p and q are unknown constants to be determined from
the fourth value of §(say, r,) such that the efficiency
abt that point is maximunm,

Table 5,1 gives the values of the v, and z, for
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n=7 to 14, derived by using the values for wy(ri) with r;=0:2,

0.5 and 0.8 and maximising at ry=0. Table 5.2 gives the efi-

clency of the estimate obtained from eguation (5.3) by using

s

the values of Table 5,1 for n=14 and Table 5,3 gives the

efficiencies at § =0 and § =1 for various values of n, This

wn
i
Q
-y
n
ot
oy
&
o
jomdo
<k
[

s possible to keep the efficiency of the

estimate more than 94% for any value of § even for n=20.

Lxamples
The following data is taken from Stevens [37] .,
Xt o 2z 2 3 4 5
v 50.0 20,0 1110 1257 136,0 143.2 .
The estimate of § is obteined by solving
o o 4.5+ 60,024r + 65,464r7
56,0 + 123,745r+ 128,672r°

Teking r=i, the first sporoximate value 1s found to be 0,49,
Then teking r=0,49, we found the value of the astimate to

be 0.4782, then rext value is 0.47778. While the least
square solutlon upto three decimal places only, given in
chepter I, is »=0.478. Thus the value of the estimate

agree very closely to thes least-square solution.
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~17,26 =20,54 =11.33 -6.46 4,85 3,06
712 27 4:9 75 “'4’:0&‘?9 “24:&52 "'7& 19 13084
10.07 21,61 13.50 =-26.68 -55,98 -50,48

6.46 11,61

8585 ”‘73‘71
31.13 51.63
~-16,42 -22.02 =-1i2.81 ~7.23 =~5.€0 =4, 82
79,20 18.17 ~-35.78 -39.,57 ~16,09 752
-19.69 19,68 26.62 =86,7L -=44,01 =57.07

1.89 7.39 11.80
15991‘ 4, 14 '“‘10&94:
47,58

i
[XV]
»
V]
1]
S
e
e

~15.41 =-23,15 =14,00 =7.93 =6.00 =5.51
85,29 30,31 -29.36 -41.80 -23.79  0.52
-29,42 14.88 34,75 10,64 -27.69 ~52.69
~1.,24 3,06 8,11 11.78

18.50  11.83 0:01 ~12.%7
-27.62 6.82 35,73 43.06

~14.23 -24,01 -15,27 -8,58 =-6,28 -5.98
89,39 41,71 ~21.86 -42,27 -29.80 -6.63
-32,22  7.64 38,38 24,52 -~11.04 -42.09
-3.44 -0.13 4,09  8.63 11.66
19.00 16.21  7.57 -3.24 -14,09
-43,05 ~16.80 13.49 35.42 98,63 .
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able 5,

4 efficiencies of the estimates of Pobtained from

v

squation (5.3) using u, v, and z; of Table 5.1

For n = 14,

e % mer,
0.0 97.84
0.1 99,65
0.2 100.00
0.3 99,94
0.4 99,96
0.5 100.00
0.6 99, 96
0,7 99,95
0.8 100,00
0.9 99,76
1.0 98,74

o e i s 0 e 53 5 e e s BVt o
;
Izbls 5.3
4

% efficiencies of the estimates of Pobtained from
equation (5.3} using ug, v, and z,_ of Table 5.1

-
A

¢ o 7 8 9 10 11 12 13 14
0 99,87 99,62 99.23 - 99,02 98,68 98.29 97.97 07844
1 99,99 99,98 99,95 99.23 99.77 99,57 99.24 098,74 ,
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