CHAPTER VI

METHOD _OF FITTING THE SOME DOURLE
 EXPONENTIAL REGRESSION o

Tootill [3% 529 o ko, ) has @escribed the computat-
ional procedure for the model

2=+ BH(Y, V)

where g (hY",ﬁ is any non-linear function of y involving a
single unknown parameter Y .

Many situations in blology, epidemiology, economics
and the physical sciences yield data which can best be descri-
bed by linear combinations. '].‘h:l.s 18 particularly trns in
biological radlation, growth a.nd tracer studies.

o In this chaptex we wi.ll d;tseuss the more general .
“and complexi model centaining two unknown parameters of the _
type :

Z=4A+p3 P (¥,Y,y) and
Z=Atpx +pBAN, Gy ).

In particular, we propose the following two new curves;

‘ X _
(1) y=4+ Bldl + 1326.2 and

x x
(11) Y=&*Hx+Bldl+Pgd2 .
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Note that if 4, = 0 or }32 = 0, we get the Makeham's
modified Gomportz's curve, i,e, contalning single non-
linearity. '

This curves adequately fit the data on force of
mortality AL, or colog (probability of survivors px) .
While fitting the curves, Indira Bhanot [ /41 has used the
welghting coefficients proportiohal to 1/ A1 M)
5{_or p#}x /(1-p x)} » where 1 is the no. of persons exposed
to risk, Perhaps we can approximately use the welghts as
. proportional to lx We-have fitted one of the curves to the
Makeham's data [ 35] from ages 3 to 27 and observed that
i'b f:ltted weu.éhd no other known curve fittad so nicely -
'"-to the same data, Kholwi o Shok Lied, o

Recently S.Lipton and C.McGilchrist (217 has descri-
bed the technique for obtalning maximum likelihood estimates
for the parameters using a combination of Steven's
and Richard's [ 30 7| methods applied to the double expo-
nential case. Richard G. Cornell [ 3,4| has shown how the
method of partial totals may be used to fit linear combi=
nations of any mnnbér of exponentials to data taken at
equally spaced intgryals. This method has been applied to
speclal cases of the genéral model-before, foi instance, by
Stevens [ 377} and Croxton and Cowden L 5 7). This method
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is often useful in computing preliminary estimates for itera-
tive maximum likelihood solution i.e, if computing facilities
are not available for obtaining maximum likelihood estimates,
the method provides a systematic, consistent and relatively
simple estimation procedure,

In this chapter we will describe the method known
as internal least squares given by He. O, Hartley [ 10 7]
and Indira Bhanot [ /4 T|s This ﬁethod can be extended to any
. nuaber of exponentials. In particular, the internal regre- ..
'ssioné; of (1) and (i1) curves are oﬁtéinad' by direct °

‘summing the difference equations ¢~ - __- - = 'f;f'

;111? Vio-(dytdg) vy o +didoyy = A(1-dp) (1-d;) end

(1v)  73,~(4d5) ¥y, +41d,y, = AG1-d;) (1edg) +

H(2-d,-d,) + Hi (1-4,) (1-dj).

‘When the observations are equally spaced, the
different consequences of internal regressions due to (iii)
and (1v) are also considered.

2¢ Modified method of Internal least squares:

: —
2.1 To fit y = A + Byd] + Bydy o
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The diffgrence equation (1ii) can be réwritten as
(o1rgm%4n) = (81 4gm o) =To05,, - T8,y * 2 vee (w
where dy+d, = (2—1.'1?/ (1-:2);
dyd, = v( Y

NP ' e, = gi-z, - & heing any value, - and .
‘ff: Z- 2a/§r2-rl? g | -

Ea-.-se 13;‘ Let ;!m:e&kes values O’lﬂ;é,- oo“o.’no
Then suming (1) over the values of i from 0 to 1-2,

we have, )
i-2 i-2 ' i-2 i-2

E (e - @ )-Z(e -e,) =1 Le -T Zej_
i+ + i+ g i=0 iv2 "1 +1
120 '2 i+l i0 Al i i=0 1=0

+2(1=1)a.
ieee 04-6 , = Tplegtagteceey)-Ty(epregtesate; 1)42(1-Daters,
= rglegte tesete;) -rl( é0+e +...~+ei)+rleo+rlei
- ”a(eo""el? + r(i-l‘)a; 0~¢, «

- - - t 3
i.e. 61 e -1 1‘51‘1‘3‘1’191“'23(1 l)+b es e — (2)
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where r= ra-‘rl
bt = (1.1-2? e_l ~ (1+r) e

L
and s’l.i = %‘_ek °

Again summing equation (€.2} over the values of i from 1 to i,

we have
2_..(9 -e ) = r ZS]_ gt rl z_ei+2a 'Z_(i-l) + 1ibt

le0s e-e, "r'Z 31 1+rls,l i—r e +2a(o+1+a+...+1-13+ib°

i.e».-l 91 "'1‘ X SlO"i+rlsl i~ e (r 1}"'31(1-1)-1-1];'

or e = rS201+ rlsl.i + ai + bi + C ese (6.,3)

L
where 32.1 = 26_81. "
: wf and
b=DbhHt = 8 e

The equation (6,3) is known as the intermal regression of (i).
This equation can be solved for r, Ty 8y by and C by ordi- “
nary least squares method for fixed values of 31. 3 and So, 4

This called a regression equaﬂon of ej on 83,3y Sy, 45 1 and
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12.‘ Let the least square estimates be denoted as f, ;l’ ’é, ’l;
A .
and C, then the relatlonship between the constants are
(,,d, ) = (1~ 2L - RS 19/ (7 ),
A
A =2 - 2/\ i:\} -
_ eoe (6.4)
~ A AL . R
Vo =&+ By +By =Z+C/(lry~F) and
Y N N

=2+ DR+ VY L F D

. ) A A
The first two equations in (6.4) ~g1ves the values of dl dz

'«--and &. Knowi.ng the values of dl,d and A, We can ealeculate™
and 32 by solving the last ‘two equations.

— —the walues -of" Bl

Tmzs all the constants of the curve (1) can be obtained. A

Case 2.' Let x ¢ ot -(m—-l}, see "1,0,1,00. m. Then We have

the definitions of sl.i and 85.2.1 as

e
510 = =9 for 13,0,

$1,-1= O
Lt
8.4 %" E e for 14 -2, and

b Y
"8 T L8 Tor 1,0
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SZ."‘l =5 = 0, see (6;5)

20"" 2

S B ‘
'Sa.i = - ;Sl.i ‘for i {;-3 *

The internai :regression and the relationship between the
constants are the same as equations (6,8) and (6,4) Tesp-

ectively., Moreover we have

e = -1 -1 _ L e
- Zl A+ Bldl + Bad =2 +a‘- b>.‘+ C..

~:Ca33 33"“ Let X3 =@ + %, '(m‘m“' %’ weey "‘L’, 'h',ooqm"‘& .
Then .we have the follcwmg definitions of- Sl % -and 52.;: -a8 .

. .
Sl.xg%_ek for x )%
Slo-'k =0

' A D
gl-x = - ZBk for x !;-:-3/2 and «ee (606)
: rrm

Sz.,_; = )"_zsl.k for %

So-t = 3z,-/2 =
: N4 '
8 = - Z$1.k for x £-5/2
(Here the sumation is from %, 4 + 1, 2 + %, ees x OF

"'é" -1 ‘%, seey X + .
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The internal regression is the same as equation (6€,3) and
the relationship between the constants are given as (dl,dg)

and A same as equation (6.4), but

1 1 '
y&-&-t-Bld 1 + Bzda = z + (c-»jb/a + 314? / (l-r-rl? and
y_% -.A+Bldf+32dj=z+c- W/e + a/a .

) (c.l)z When «12~o .’m equation (:I.), the differenca equa-
tion (111) reduces to [

= v

i ,;2.‘2 '_"éohséqueﬁc;és"'éf regression equation (6.3).

1eg = 81 Tguq T4 (e

Hence the internal regreséion of the type (6.3) reduces to

o = rlsl.i +bi+C coe (€.7)

e
r 1 b and C can Acalculated by well known normal equations

obtained by consgidering S as 'fixed values. The constants

l.4
Ay By and dl can be obtained by the following relationship

~ A L
d, = 1/(1-:1)

~ ~ A

A =2 = b/rl and Py (6083
N AN R
By =C dl"'b/‘rl

A N N i
Where Ty b and C are the least squares solution of _equatiqn
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(6-7), when x ¢ 0’1,‘2’000, n or x: -m,-(m-l),...O,l-..m .
When x ¢ -m+d, ceey =3y 3,000y M=%, the constants are

A n

d, =V (1-ry)

8 =2/ R amd e (6.8')

LI ='(\3 - 3/2 .
(ce2) s When dl = 4, in difference equation (iii), then
the solution of (1ii) 1s.y_ =4 + (By + Bpx) d" and the
internal regression will be the same as (6,3}, but if in prac-
tice we have r = -ri /4, then the above mentioned can be fitted

and the relationship between the constants are same as in
section (2.1).

(Ce3) s When in practice, we find r L-ri /4, then d, and d
are complex conjugate numbers and we find from the relation
of the constants that Bl agd B2 are also complex conjugate
numberse In this czse, the regression equation is the same as

(€3}, but the curve is written as

Yx=k* 5”‘ (p cos ux + q sin/u,x‘)‘ and
the relations between the constants are

§2 =+ v = V(errp )
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tan p= w/w  or Secosp=w, dsin = v,

(dl, dz} =W+ jv

(1 /2 * 3 \m§/4>/<1-r-rl),z=\[?i,
A =2 - 2a/r.

When x's are measured.like 031925ec09l O ~MyeeeOysoelty then

p=¢ §%2a/r and q= & {tr/2 + ) €82 4orCr a/ry /v

When x's are measured like -m + -é, soey Eykyesemet, then

{(arac) r$-8aY (£+1) + 2rbS (-1)

p= 4
8r §t cos /2

and

- {(a+a) S -8al (§=1) +orb T L+1)
gr S¥ sinju/2

p.4
2.33 To fit y=A+H:;+Bld’;+BZd2 .

The difference equation (iv) can be rewritten as

(3 + 6hl + 2a' .. (609)

14gm Cpaqtm(@y = 8) =Toey - Tie,

where
A A Ay

A AN ~ N
Z - (2a+Hr2) / (ra- rl)

[
i
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N N
a' = a + 3h,

A A g
d,+dy = (27r1?/$1rr2? ’

A
dd, = 1/(1—r2? and
yl -4 = € Z belng any value.

Then summing (6.9) over the values of 1 from O to i-2, we have

1'1+rl§i+3b(i~2) (1-13 + (i-1) 2&' + bt ,

ei-ei_lf s
where r and b* are defined in (2.1}.
Again summing the above eqnation over the values of 1 from

1 to i,we have, the regression equation of e, on S_ .4 S. .4
. 1 2017 Tl.1
3

1%, 1%, and 1 as
R ; 3 s
e1 = rsg i fil.i + hi” + ai + bl +¢C soo (6.10)

where r, S

1.4’ SZoi are the same as defined in (241) and

the relationship between the‘ponstaﬁts are (when x30,142yse00)

H:-.-an\/'i-\, A
H + A=Z~QQ+H%Q/?, case (6.11)
C=e (1-8 93 and

>
>
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When x 3 ~m, "(n}"l}, see Oy ooey Iy

H=-6h/f,

H+a=2- (28+H7 )T, L ees (6412)
A, :
C = eo(l'zQ)_ and
Y A ~ ~
e ., ==«h+a=-b+C.,
When x ¢ -m + 'é', “es "a” %,’ YY) m"‘?é‘ 9
H=-60/r o
H+&=2- (28 +80)/ T,
T A AL A ) -,
e = (W8 + ¥4 + /2 + 0 / (1-B8F)) eee  (6.13)
. - - A - " B . i
and e, = (-ﬁ/a + 274 -b/2 + 6}.
< )
Note that the constants X Q} 9,'3,755 £ and 91 are the
solutions of the normal eqﬁations obﬁained by considering -
81,19 S,,1 38 fixed valuess ‘

244 s Consequences of thetregressioh equation (6,10):~
(Ce4)s= When d,=0 in equation {i1), the difference equation

(1v) reduces to Vieom 4 Tyuq = A(l-dl}m1(1-dl)+3(a-d1}.

i+l
Hence the interngl regression and the relationship between

the constants are respectively as
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2
31 = 1'13;1.1 + hi +bi+C Y (60143

and d, J/(l-i-‘l)', " ='-aﬁ/£~"l, A=z+(ﬁ+ﬁ})/:’~‘1-€/‘é\l...(‘6.15)

ell-r) = 85 when X = 0y1,2yeeell OF X = =HMyeeeyQyecellj
when X = = + Fyeee=bydyeeei=k, |
e_k= Wae - b2 +: C or & (1-?13 = /4 + /2 + é\:
d1=3/(1-"r‘1), H=-2f§/i"l, A= z;:+ (B +H - %5 /1‘-‘l eee (6,15')

(Ce5). When d, = d;, in the difference equation (1v),

then the solﬁtiin of (iv) is y =4 +Hz +(B,+B oF ya* and
the internal regressi&n vfli:'l.i be the same as (6.109, but

-if in practice, we have r = -—'i'?./é, then the above mentioned
curve can be fitted and the’ relationship between the

constants is the same as (2.2).
(Ce6)y When r + 32/4 {o, then the same argument applies
as (0.3). The curve (ii) is then broken up as

Yy =A +Hx + S (p cos /u,x + ¢ sin AL x) and the relation
-ship between the constants can easily be derived from (2.3).

Ss Numericel exampless-

3¢le Here we shall first fit the logistic curve which
was fitted by Ho0, Hartley [iolto verify our new type of
formula derived in (Ce1).



X

~546

-4ed

"305
=2eH
=166
~0e5
Qe 8
1.8
2¢5
35
45
55

y 8y TRy
5.308 1884 1277,91667
7.240 1381 | 1774491667
9,368 .1038 '431,91667

12,866 7 - 17091667
17,069 586 " =20,08333
23,192 431 - 175,08333
31.443 318 -288,08333
38 558 259 -:"3470 08333
504 156 199 -=407,08333
624948 159 -447.,08333 .
75,925 132 ~474,08333
91,972 109 -497,08333
+0Q.00004
Here 2 =
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w=1000/y

zZ

Sq.1

-1182,58335
=407 66668
-24,24999
195 ,16666
175 08333
000000
-288,08333
-635, 16666
«1042,24999
- 1489, 33332
-1963.41665
-2460.,49928

gy gy WSa N S SR S

-9074,49998

Corrected sum of squares and'prOduéts (8aS.Ps)e

X

8

Li
S, B471707.84965

X.

-23779.91619

143

Then the internal regression 1is

= («0,363123) S

e

Expected

1864.44
138294
1026.,78
765,42
573.81
433,19
330,03
254,35
198,83
158,10
128,23
106430

606,08333 and &, , = -756420833.

1760647, 32966

~20451.5

g * (- 203.40208) 1+ (-274. 596637)

Hence by the relationship of the constants, ‘the curve is
W =45,936827 + 331.684567(0,7336095)%, while Hartley has obta~

“ , <
ined the curve as W = 504 + 323.4 (0.7336)

The difference between the constants 4 and B will be due

to the dlfferent ways of obi;.a:lning A and B.
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Here Z = 0.0065248,

Twe = =0.00108075, Y WS, j = -0.00092, T uS, ; = =0,04181055,
Twx = 0.18862962, T wx-= 36,58095808.
weighted corrected S,5.P,
x xg Sll 82 ]

X 3654537695  41.90536574 -0.05647117 -0,10596896 ~0.00258384
%2 1662,28565062 ~0,03173886 ~1,60297659 0.08529805
S, 0.00010670 0.,00014647 0,00000110
Sq 0.00173022 -0,00007890

Hence the internal regression is (by applying Doolittle technigue)
_ : ) . " 2
e =(-0.,0393712)8, ,+(-0.22281618)S, _ + 0.0000231 x
+(=0,00055565) x +(=0,00368768), cel
From this, we have (dl, do)= 0.88054128 + J 0,130086295=w+jv.

By the use of the relationship between the constants (C.3), we

have the curve (1) as

£ <
y,=0.00769825 + (0.89009852) " { (~0,00409511) cos pux +

(-0,00163807) sin /’th} where M= a° 24,2%,



