CHAPTER I

Let us consider the non linear regression curve as
E(y) =w + Jx+ B9~ ,
where y's are normally distributed about the mean
L+ §x+ pe* and with a common variance 52.
Further let the observations be equally spaced. Then the jodnt

distribution of y's can be written as
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Taking the logarithm of the likelihood and differentiating

with respect to o,§ , p and § in kmem turn we have the normal

eguations:
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where a, b, b and r are the estimates of < ,& , p and

respectively and
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We can see from the above normal equation that it is difficult
to e stimate the parameters explicitly. Hence, we shall follow
the method, as described by Fisher [ ¥ 1, of calculating the
information matrix. The information matrix can be formed by
differentiating the normal equations (1.2) with respect to

ay hy b and r in turn, putting each y equal to its expected

value and changing all signs. Then we have
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It will be noted that the first, second end third column in
the block of normal equations is the first, second and third

column of terms in the information matrix multiplied by {(-a),
(-h), and (~b) respectively.

By taking the inverse of the information matrix we

find that the covariance matrix has the form
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are functions of r, being, in fact, the elements of the

reciprocal of the matrix
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Starting with the preliminary estimates a', h', b' and r' ,
insert these in the left hand side of norﬁal équations (102)
which instead of ylelding exactly zero, now take the small
values A', H', B' and R' respectively. Efficient estimates

&y hy band r aré now found by adding to the preliminary estl-

mates, the respective increments Ja, dh, &b and &r, where
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In consequence of the relation, noted above, between columns

of the block of normal equations and columns of the informa-

tion matrix, the expressions for the increment simplify to
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Hence efficient esfimates are ¢
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vhere S} = (K Y +PF Y.+ F

prtl b'Y +~F Ysl/b.

We now see that the preliminary estimates of «, &, and p are
not required which can be clearly seen from (1,9). What is
required is the preliminary estimate of § only. The estimates
of of yund € and P are then given explicitly in terms of fun-
ctions of the preliminary estimate of § and, of course, of
the observations,

If the values of x are equally spaced, it becomes
practicable to tabuiate the covariance matrix and thus to
eliminate a large portion of the arithmetical labour usually
required,

In this chapter tables are provided of the covariance
mgtrix for 5, 6, 7, 8, 9 and 10 equally spaced values of x
for ¢ =0320 (.01)0.79. |

Finally, we have to determine the sum of squares of
2
devigtions from the fitted regression curve L(y - ye) .
Since the parameters have been efficiently estimated this will
be equal to Ty° - Lyo
2
where Lyy = a¥ + hY, + by + (b Sr) ¥y voe (1:10)

In using this method caution is to be needed when the

deviations from the regression curve are expected to be very



small, because the residual sum of squares then appears as
a small difference between two large quantities and a rela~
tively small error in Z;yi s Will produce a relatively
large error in Ty - ye)g « In such cases it is advisable
to calculate each expected value, Yoo and hence to obtain

the residuals and the sum of thelr sguares.

2, Practical Procedure:
The preliminary estimate for § can be obtained graphi
=cally or can be found from the following formulae for

n =5 and © respectively.
(i) » = (yé,: - y3~y2~r=ylj)/ (y3~y2~yl+yo?.

(i1) r

il
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Then taking this value to one place of decimsl and
referring to the table for the particular value of r and n,

we find the corresponding Faa’ Fah” Fab’ Far’ th, th,

Fups be, Fbr and Frr which give the covarisnce matrix and

hence find by multiplying the covariance matrix by the column

vector (Y, Y,s Y5y Y50 , we get estimates a, hy b and b c?r;



g

we thus get $r and hence a new estimate 6f { . Iterating in
this way till convergence of r is obtained, we get estimates
of a,h,b and r.

If the prelimingry estimate is not good then we have to
go two or three cycles of iteration. So it is advantageous to
start with a farily good preliminsry estimate of r., We are,
however, of the opinion that the best practical method is to
draw a free-hand graph through the points and to determine r
from four conveniently phosen points in the graphs The effici-
encies with different methods are describe@[iﬁmaining chapters,
3. Examples: ‘

{i) To illustrate the‘method and the use of the tables
we shall consider first a theoretical exemple, Following are
the values of y corresponding to the curve y320+2x=5(0.é)X.

xt 0 1 2 3 4
¥y ¢ 15,000 19,000 22,200 24.920 27,352
The preliminsry estimate can be-found graphically or from
the formula 2 (i), We find r = 0.6. By taking r=0,6 we can
caleulate Y = 108,472, Y¥,=247,568, Y =43.3195392 and
¥5=06.185728,
The covariance matrix is now copled from the table with

n=5 and r = 0.6.



§i559.3319397 ~258.,9070663 -1551.9350739 -392,9653130|108.472
43.1511974 257.7821999 ©64.8361130 | {247,568

- 1545,5337830 390.5577927 [ | 43.3195392
100,388503361 | 96.1857280

Multiplying in turn, each ooclumn of the matrix by the column
vector on the right we find

a = 19,9826
h = 200032 -
b = 4,9807 and
b §r = 0,0045
Therefore o = =,000903 or é;/Z
T = 0.6 - ,000003
= 5.999097 , Y

Therefore y, = 19.9826 + 2,0032x - 4.9807 (0.5999)%.

We can see that the two curves are the same except for some

error which is due to the high values in the covariance matrix. !
£ii) The following data are taken from Biometrics 1951 page

253, given by Stevens [ SZ‘] .

X s o I 2 3 4 5
50.0 90,0 111.0 125.7 136.0 143.2 .

L2

y
The preliminary estimate can be found from the formula 3(i1).
We find r = 0.49, Therefore let us start with a preliminary

estimate of r = 0,5, We get ¥ = 655,2000, Y;=1949, 1000,



¥,151.4375, and ¥g=408,0250.

Thus the covariance matrix for r = 0.5 and n = 6 1s

1109.6187897 -19.7290621 -107.8929314 -41.6451082) | 655.9000
| 3.5871029  19,4492500  7.3760352 (1949.1000
L 1071618938 40.6034813| | 151.4875

16.6433802| | 408,0250

Hence a = 113.6167
h = 66,2830
b = ~63,5316
and b dr = 1.4086
_ Therefore T = 0.5 - 0,0221 = 0.4779 &

The data may now be graduated with the formula, since there is
no need to go to the second cycle of iteration,

X 3
Vo = 113.62 + 6,2830% - 63,53 (0.478)" «os (111

We have also calculated the expected values for the curve
y=X+ ] fx and for the curve {1.11) wyxBarkiexkaxuekiat
giving error sum of squares in each case, We hgve glso fitted
¥y = X+8&x +B §F by Hartley's method of Internal least
squares and the expected values by thls method is also given

in the table for comparison,
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x Obhserved Expected for Expected for ' Expected forx
y y=8 +pgt  y=«X#x+pgr  y=L+dx+ pe
By Hartlsy's By Least Square
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0 500 50,59 50,27 50,08
1 2040 838,87 89,03 89,54
2 111.0 112,78 112,90 111,6%
3  125.7 127,71 125,85 125,53
4 13660 137,03 135,26 135,43
5 143.2 142,84 143451 143,45

D GG e e VD SIS T g ¢ LT A ade W wi WD D TRy iy LD Dhaais 4t S i TR TN D A S g e TS KW il I A A XD W am e S i WD EW D b

Brror sum of
sguares @ 10.0240 26800 1.0925
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The residual sum of squares for the exponential
curve is found to be 10,0240, while residual sum of squares
for the curve (1.11) is found to be 1,0025, which shows
that the addition of a linear term improves the graduation.
If the linear part is not necessary then the estimate of &
will be negligible., This can be seen in one example as dis-

cussed in Chapter IV,
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