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7■1 Application of Meyer's Lav and Kick's Lav to orthorhombic 

crystal i_ d-AHT

From the hardness point of viev, there are tvo vays of 
studying empirically the mechanical response of a material 

to the applied load:

i) Variation of applied load (p in gm) vith diagonal length (d 
in jjm) of the indentation mark;

ii) Variation of hardness (H in kg/sqmm) represented by hardness 
number, vith applied load.

In this chapter, it is proposed to discuss quantitatively the 
variation of applied load with diagonal length of the indentation 
mark produced by a knoop indenter on prism, sphenoidal and 
cleavage faces of synthetic single crystals of ammonium hydrogen 
d-tartrate (d-AHT). For ball and pyramidal indenters, two 

empirical lavs are suggested. They are as follows: (i) Meyer’s
law & ii) Kick’s law.

7 -1 (a) Meyer’s Law:

On the basis of experimental observations, Meyer (1908) had given 
a relation between applied load and the diameter of the 
indentation mark produced by a ball indenter, viz. for a given 
diameter of a ball indenter, the variation of the applied load (p 
in gm) with the diameter of the indentation mark, (d in Jim) is 
given by the following empirical relation:

P = ad*1 ........... (7.1)
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where "a” and ”n” are constants for a given material. The above

expression symbolically represents Meyer's law (1). ”n” varies 
from about 2.0 to 2.5 depending on the condition of the material. 
It has a higher value for a fully softened state and decreases 

with the degree of cold working given to the specimen. The value 
of ”n" can be considered as the capacity for work hardening (2).

(b) Kick's Law;

Kick (1885) (3) has given a formula connecting applied load with 
diagonal length of The indentation mark produced by an indenter. 
It is given by :

P = ad*1 ..... ....... (7.1)

where "a” is termed the "standard hardness” of the material for 
an indenter of fixed diameter and ”n" is an exponent giving a 
measure of the variation in hardness as a function of "p” or ”d”. 
It has been shown that in case of Vicker’s microhardness, ”n” is 
equal to 2 (Kick's Law, 1885) for all indenters that give 
geometrically similar impressions. Hanemann and Schultz (1941) 
(4) from their observations concluded that in the low load region 
”n” generally has a value less than 2. Onitsch (1947) (5) found 
such low values of ”n” (1 to 2) by observing variation of 
hardness with load while Grodzinski (1952) (6) found variation of 
”n” values from 1.3 to 4.9; the value of ”n” was nearly found to 
be 1.8.
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Since the applied load value (P) in the above formula is a 
product of two quantities, the change in the values of "n” for a 

constant ”d" is accompanied by a change in the values of ”a”, the 

standard hardness of the material. Hence, these values thus 

obtained were expected to yield constant results but actual 
results obtained by different workers revealed disparities 
amounting to 30-50%. These disparities may be attributed to the 
following reasons:

1) Equation P = adn is not valid;
2) Microstructures exercise considerable influence on

measurements involving very small indentations;
3) The experimental errors due to mechanical polishing, 

preparation of specimen, vibrations, loading rate, indenter 
shape, measurement of impression, etc., affect the hardness 
determinations considerably.

In the present case, the microhardness refers to the applied 
loads ranging from the lowest possible load to maximum load of 
200 gms. Further, in what follows the term ’’hardness” and 
"microhardness” of crystals are used to indicate the same 
meaning. d-AHT will be used to indicate ammonium hydrogen d- 
tartrate single crystals. In the tables the measured and
calculated quantities are given upto three places after decimal, 
as the calculations were carried out by the use of mathematical 
tables/ calculators. However, the accuracy is upto the first 
figure after the decimal place. This value is normally
considered during discussion. The present work is taken up with
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the express purpose of critically re- examining the Meyer’s Law

and Kick’s Law 
synthetic single 
work reported

by systematically studying microhardness of 

crystals of d-AHT. It is an extension of the 
by earlier workers in this laboratory

(7,8,9,10.11).

7.1 (c) Experimental:

Single crystals of d-AHT grown from gel by the method described 
in Chapter IV were used for the present study. The study was 
carried out on as-grown faces and cleavage faces of d-AHT. 
Freshly cleaved crystals and clean, smooth, as- grown faces of 
d-AHT having 2 mm thickness were fixed on glass plates with an 
adhesive. The levelling of the specimen was tested by using a 
table microscope. The hardness tester described in Chapter VI 
was used to produce indentations by using rhomb-based knoop 
pyramidal indenter. The filar micrometer eyepiece was used to 

measure the surface dimensions of the indentation marks. In 
order to avoid the influence of one indentation mark on the 
other, the distance between two consecutive indentations was 
maintained at least four times the diagonal length of the 
indentation mark, the indentation time for all specimens was kept 
15 seconds. The load was varied from 1.25 gras to 160 gras. Care 

was taken to see that errors introduced during the work of 
indentation and measurements were avoided or minimized. The 
indentation marks were produced for different orientations of the 
longer diagonal of the Knoop indenter with respect to directions 
[001] on a fresh cleavage plane (010) and m (110) surface and in
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case of z(lll) face alone on© of the ©dees parallel to [100]. 
These orientations were designated by angle ”A" between the 

reference direction [001] and the longer diaeonal of knoop 
indentation mark in case of cleavage (010) and m(110) and along 
one of the edges parallel to |^10cT}‘ in case of z(lll) face.

The different faces for which measurements were made are:
I the sphenoidal faces : -

1) z(lll)
2) z(IlT)

II the prism faces m(110) and
III the cleavage faces, (010)
The different angles in degrees for which measurements were made 

are :
0,10,20,30, 40 ... 180 in steps of 10

(a) sphenoidal faces; 2(111) : 0 - o180

(b) sphenoidal faces; 2(111) ; 0 - 180°

Prism face; xn(HO) t 0 - 180*

I Cleavage; ( 010); 0 -
0

180

Due to non-availability of a hot stage and corresponding optical
components of microscope to be used with it in hardness tester,

othe indentation work was carried out at room temperature (303 K) 
for studying the variations of hardness with load. For these 
experiments, crystals of approximately equal sizes were used.

7.1 (d) Observations:
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The longer diagonals of the knoop indentation marks produced by 

various loads for different orientations of indenter were 
measured. It is assumed that there is negligible elastic 
recovery in the major diagonal direction compared to the minor 

diagonal direction when the indenter is removed (12). Several 

sets consisting of a large number of observations on as-grown 
faces and freshly cleaved faces of synthetic d-AHT single 
crystals indented by various loads at room temperature for 
different orientations of indenter were taken and a typical set 
of observations, recorded in table 7.1 a,b,c,d were studied 
graphically by plotting log d versus log P (Fig. 7.1(a)i-vi, 

(b)i-vi, (c)i-vi, (d)i-v) for different A’s where P is the load 
In gma, "A” ia the Angle in degrees, ”d” is the average value of 
the longer diagonal length of the indentation mark in microns.

7■1 (6) Results and Discussions:

i) Straight 1ine plot of log p vs log d:

Taking logarithms on both sides of the equation representing 
Meyer’s law for ball indenter or Kick’s law for pyramidal 
indenter yields:

log P = log a + n log d .. (7.2)

The values of constants ”a” and ”n" can thus be determined from a 
graph of log d versus log P, Since the relation between log P 

and log d is linear, the graph is a straight line the slope of 
this line gives the value of ”n” and the intercept on log P axis 

gives the value of log a and hence "a”. For all indenters that
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give geometrically similar shapes (impressions), Pleyer s 
Law/Kick’s law postulates a constant value of ”n” viz. n = 2. 

This implies a constant hardness value for all loads according to 

the definition of knoop hardness number (KHN).

A careful study of the graphs (log d vs log P) shows that there 
are two clearly recognizable straight lines for all faces 
including cleavage faces of d-AHT synthetic single crystals of 
different slopes meeting at a kink, which is obtained at a load 
of about 30 gms for all faces and all orientations.

The first part of the straight line corresponding to observations 
taken at low loads upto the kink at room temperature has slope 
(nl) of higher value whereas for the second part of the straight 
line for higher load the slope (n2) has values around or nearly 
equal to 2. Since ”n” values are different in different regions 
of the graphs of log d versus log p, being greater in the first 

region, the ”a” values also vary in two regions being less in the 
first region of low loads and more in second region of high 
loads. For Knoop indentation on different faces of d-AHT; the 
values of "n" and "a” are recorded in Table (7.1) a,b,c,d.

It may be remarked that several workers have reported visible 
scattering in ”n” values, e.g. Hanemann and Schultz (4), Onitsch 
(5), Grodzinski (6). However, none has reported the splitting of 
graphs into two straight lines and their characteristics. The 
study of the variation of load with diagonal length of Vickers 
indentation mark on faces of different types (c-,m-,d-, and o-
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faces) of natural and synthetic barite crystals (13) has shown 

very clearly the existence of two distinctly recognizable 
straight lines of the graph of log d versus log p. Later, Mehta 
(14), Shah (7), and Acharya (8) verified the splitting of the 
graph of log d versus log p on CaC03, Zn, TGS, KBr, NaCl and KC1 
crystals. In the present investigation the author has verified 
for d-AHT, the splitting of the graph into two regions using 
Knoop pyramidal indenter, The splitting varies with the 
oreintation of the indenter with respect to the crystal lattice. 
It is thus certain that the splitting of the graph into two 
straight lines in natural and is due to varied reactions of the 
crystal surfaces to different applied loads used for producing 

indentations.

7.1 (f) Modification in Kick's law and Meyer * s law;

The analysis of hardness data based on Kick’s law and Meyer’s law
postulates a constant value for n, viz. 2, for all indenters and

for all geo metrically similar impressions. Schultz and Hanemann
(4) supported the above analysis by proposing that hardness
number and macrohardness values are comparable. However, Kick’s
law represented by equation (7.1) has not received wide
acceptance on account of the fact that ”n” usually has a value
less thain 2. Hays and Kendall (16) attempted to overcome this

*difficulty by assuming that a resistance to deformation could be 
evaluated by considering it as a Newtonian resistance pressure of 
the specimen itself. They assumed that a part of the applied 
load is used in overcoming a resistance/pressure ”W” which
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depends on the nature of the material under test. It is further 

understood that ”U" does not allow any plastic deformation. 

Hence according to them the effective load which produces 

indentation and therefore plastic deformation is (P-U) for which 

the variation is proportional to the square of the diagonal

length of the indentation mark, i.e. d . Thus modified Kick’s

law according to the above understanding is :

P-U = bdn ....  (7.3)

or
log (P-U) = log b + 2 log d ... (7.4)

where ”b" is a constant, likely to be the characteristic of the

material and the exponent of ”d” is 2. Since the factor ”U” 

allows the limiting case to prevail where microhardness is 

independent of load, ”n” should turn out to be 2. Elimination of 

P frpm equation 7.1 and 7.3 yields the value of ”U” :

W = adn ~ bd2 ..........(7.5)

or
dn = b/ad2 + U/a .......  (7.6)

The equations (7.2),(7.4) and (7.6) can be used to verify
experimentally the validity of modified Kick’s law (7, 3) and

assumption for the existence of resistance/pressure ”U” by

plotting graphs based on experimental observations. Thus by the
plot of log d vs log P (Figs. 7.1,a,b,c,d) one can obtain the
values of exponent ”n” and standard hardness ”a” as follows
(cf.Figs. 7.1 a--d):
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Slope = n
Intercept = log a
or a = Antilog (intercept) ... (7.7)
Using the value of ”n" from the above, a graph of dn vs d2 (

Figs. 7.2 (a)i-vi, (b)i-vi ,(c)i-vi, (d)i-vi) can be plotted.

The plot indicates it to be a straight line graph with the slope 

and intercept given by :

Slope « b/a
Intercept = U/a ( cf Figs. 7.2, a,b,c,d)
Hence b = a x slope

W = a x Intercept .....  (7.8)

where the value of ”a” obtained from (7.7) is substituted on the 
right hand side of (7.8). The values of b and U obtained above 
can be substituted in (7.4) for a plot of log (P-U) Vs log d
(Figs 7.3, (a)i-iii, (b)i-vi ,(c)i-vi, (d)i-vi). The slope 03 of
this graph should be 2 which in turn should establish the 
validity of modified Kick’s law. This is indeed found to be the 
case for the present study of cleavage faces and as-grown faces 
of synthetic single crystals of d-AHT in the HLR. Modified 
Kick's law was also found valid for Calcite (18).

The graph of log d Vs log P (cf Figs. 7.1 a,b,c,d) consists of 
two recognizable straight lines with different slopes nj and T12 

and intercepts ax and a2 for low load region (LLR) and high load 
region (HLR) respectively. Hence for d- AHT crystals, 
corresponding to two straight lines representing effects of LLR
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and HLR, there should be two values of b and U viz. bj, Ulf b2, 

Uz. This was found to be so for calcite crystals also (18).

In the present case for all faces and for all orientations it was 

found that modified Kick's law was not applicable in the low load 

region.

The values for n2, 

as-grown faces and 

given in Table (7.2

n,3, U2, b2 and 
cleavage faces 

a f b f c j d ) .

a2 for the HLR of hardness of 

of d-AHT single crystals are

7-1 ) Variation of standard

orientation;

hardness and exponent with

In order to determine the relative importance of various factors 

affecting the values of ”a” and ”n", the study was carried out 

for various orientations of indenter and crystal surfaces at room 

temperature. It is obvious from table 7.1 that the values of aj

and nj for LLR show comparatively large dif f erences for all

orientations (A) of the indenter and f or all faces of the

crystal. Further their variations appear to have no clear
relation with A whereas a2 and n2 values obtained from the second

part of the graph are independent of A. In view of these
observations it is not possible to develop with certainty
empirical relations between these variables.

Application of modified Kick's law should 

in the exponent of ”d” . The variations

values aj and a2 replaced by b^ and bZ
considered. Since modified Kick’s law is

eliminate the variation 

of standard hardness 

with A will now be 

not applicable in the
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low load region, b^ and wj^ values are not possible due to the
non-linear plot of dn Vs d2 . The comparison of hz and 

for different but constant A indicate that bg values 
times greater than &z values. ”n2” and ”n3” values 
significantly different from 2. This suggests that

a2 values 

are many 
are not 
modified

Kick’s law is valid for HLR of hardness for as- grown and 

cleavage faces of d-AHT.

It is reported that ”n” represents the capacity of workhardening 
of the crystal specimen and that a higher value (>2) of "n” 
indicates the fully softened state and a lower value the degree 
of cold-working of the specimen (2). Symbolically for d-AHT 
single crystals this can be represented in a tabular form:

Region Meyer’s/Kick’s laws Modified Kick’s law
Exponent Intercept Exponent Intercept

LLR n>2 a^ low not valid
HLR n>2 a2 high nss Z b2 high

It is clear from the above that the physical meaning of a fully 
softened state and degree of cold-working cannot be 
quantitatively deduced from the observations on applied load and 
dimension of the indentation mark. The indentation does produce 
plastic deformation and cold-working alongwith some elastic 
recovery. However, the above data is insufficient to explain the 
physics of static indentation hardness. It further implies that 
there are several factors such as surface energy, concentration 
of different types of impurities and imperfections and their 
interactions, effect of penetration of indenter in the surface
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and propagation of stress waves alone different directions in the
crystal, anisotropy, etc. which operate in a way unpredictable 

from the present study and are responsible for experimentally 

observed deviations in the analysis.

A careful study of the values of n3 and U2 (Table 7.2, a,b,c,d) 
for different but constant values of A reveals surprising 
results. The modified nj values are more or less equal to 2 for

dif f erent orientations of all the different as- grown and
cleavage faces. Further, for all the values of ’’A”s the
resistance pressure values "W2” are negative. This means that
the resistance/pressure which is not assumed to produce plastic 
deformation helps applied load (HLR) in producing plastic 
deformation.

This interpretation defeats the very purpose of assuming 
resistance/pressure. Hence, this implied meaning cannot be 

accepted. This (negative value) can be understood in terms of 
reactions of the surface layers and bulk material of this 
crystal. The negative W2 values in the HLR suggest that modified 
Kick’s law is not applicable to HLR of hardness of d-AHT single 
crystals. Further modfied values of n3 namely 2 indicate that 
while considering the applicability of modified Kick’s law, more 
weightage should be given to the negative values of ”U2” and less 
to "n3” values.

The above discussion suggests that for n = 2 and finite 
resistance/pressure the Meyer’s law/Kick’s law is independent of 
the geometrical nature of the indenter. However, it should be
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remarked that optical study of raicrostructures 
surfaces by high resolution microscopy indicate that 

for different applied loads and fixed orientations 

but not identical.

of indented 

indentations 

are similar

The ciibove analysis indicates that Kick's law and modified Kick's 
law are not fully applicable to all crystals (Barite, Calcite, 
sodium nitrate, Zn, TGS, KBr, KC1 and d-AHT) studied in this 
laboratory. For most of the cases, the modified Kick’s law is 
not valid in LLR due to the non- linear plot between dn Vs d^. 

Further for some crystals "U” values are negative (e.g. d-AHT, 
Calcite, etc.). In the application of Kick’s law, the variation 
in ”n” and ”a” are not fully explainable in LLR and HLR regions 
of plots of log d Vs log P, It is therefore, necessary to study 
the experimental observations on load and indentation mark by 
considering the whole plot of log d Vs log P as a curve and 
applying the standard curve-fitting method. This assumes that 
the plot is continuous, Further this also supports the 
attributions made in section 7.1(b) while discussing the 
disparities reported by earlier workers.

1-1 (h) Curvilinear plots between diagonal length and applied
load;

In the earlier analysis, the plot of log d Vs log 
two straight lines with a kink in between them, 
desirable to have a plot of ”d” Vs P, so that the 
fitting method can be easily applied. Fig 7.4

P consisted of
Instead it is
standard curve

shows one o f
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the typical plots of D Vs P. The curve passing through the points 

is plot of observed readings and the slightly curved straight 

line is the best fit for the observation. A careful analysis of 

the plot (19) indicates it to be a quadratic equation:

D = AF2 + BP + C . ----- (7.9)

where A,B,C are constants obtained from the following 

equations:(19)

4
i

A + &i B
n
JAi C =

hZYkXk....
\

... (7.10)

n ,, Zxk
i

A +
h -LZXk
l

B +
*1I*k
1

C =
nZYkXk .... . . . (7.11)

nK\
A + nZxk

t
B + N C =

nTvk ....
\

. . . (7.12)

where k denoted the number of the observation and N, the total

number of observations,. The values of A,B & C for different

faces and dif f erent orientations are recorded in Table .7.3

a, b , c , d.

In the actual work, load was applied to the indenter to produce 

indentation mark of longer diagonal length ”d”. The length was 

measured by a filar micrometer eyepiece. By introducing the 

values of A,B & C and putting the values of different loads in 

the equation (7.9)^ D values were calculated and a comparison of 

calculated D values with experimenally observed D values were 

made and the percentage deviation from the calculated D values 

were found. This is given in Table 7.4 for some orientations on 
all faces. Further this percentage variation is made for
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equations i) P = ad” and ii) D = AP + BP + C. It is clear 

from the table that the percentage variations for i) is more than 

the corresponding variations for ii). Hence the obvious 
Conclusion is that experimental observations are graphically 

better represented by the curvilinear plot and the expression

ii).

To verify the values of the constants A,B and C, the equation 

used was :

Di = AP,2 + BP, + C . . . . . (7. 13)

d2 * A + BP„ + C . . 2- . . . (7 . 14)

subtracting (7.13) - (7.14)
Di - D2 = A(P,2 -^2)+ B(P, - ^)

= A tP, + ^ + B (P, - ^
the equation on simplifying becomes,
(Di - D2)/(Pl - P2) = A (Pt + P2) + B .. (7.15)

which gives a straight line whose intercept is B and slope is A. 
These values were compared with the calculated values of A & B 
(Fig 7.5 (a)i,(b)i,ii,iii,(c)i,(d)i,ii,iii).

The equation (7.9) is based on the experimental observations. 
Hence it should be valid for other crystals also (8,11,18). A 
comparison of this equation with (7.2) and (7.4) indicates that 
kink at a certain load, is the point showing the splitting of the
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two straight lines. The quadratic equation therefore suegests 
that the kink should be the point of inflexion. This point 
depends on applied load and the direction alone which the 
Indentation is carried out. It is also clear that dependence of 
kink point on direction is more than that on load. In the 
earlier studies it had been shown that this point was susceptible 
to the thermal treatment of the specimen. (11)

For Meyer’s Law (P=adn), it was shown that taking;, 
log P = log a +n log d,

there was a linear relation between log P and log d, which in the 
present case was shown to be comprising of two straight lines. 
Solving the equation (eqn. 7.9) for A,B and C, it was found that 
C had a finite value when P=0, i.e. C=do, when P=0.

It is interesting to consider the consequences of having (i) a 
finite positive value (ii) zero value of C. If C is zero, the 

equation (7.9) becomes

D = AP2 + BP 

or
D/P = AP + B

Hence the plot of D/P Vs P should be a straight line. However, 
this is not the case. Hence, zero value of C is ruled out. The 
correlation between the splitting of the graphs of log P Vs log D 
and finite value of C, simply indicates that the C should be 
associated with the kink point which occurs for applied load of 
about 30 gm. It can thus be concluded that the finite positive
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value of C should be held responsible for the splitting of the 

graph into two recognisable straight lines.

Alongwith the mathematical interpretation of finite value of C, 

it id also desirable to consider its physical meaning. Since 
hardness test is a convenient test of the plastic deformation 

behaviour of the material, it can be assumed that dQ represents 
plastic deformation for some unknown load. Hence (D-d0) should 
represent the actual deformation where D is the diagonal length 

for applied load, P.

Thus following Meyer’s law/Kick's law,
P = ad^

Po = ado2
F-Po = a Cd2-do2)= a (d-dQ)(d + d0 ) 

p = a (d-dc) (d + d0) + PD

Thus the above equation indicates that aplot of P Vs (d-d0) 

(d+d0) should be a straight line. However, this is not found to 
be the case. Hence, the obvious conclusion is that Meyer’s law 
and Kick's Law are not valid when C has a finite positive value. 
Similarly* a plot of log P Vs log (d+d0) (d-d0) has not yielded 
meaningful result.

It was mentioned earlier (cf.chapter 6) that tensile stress 
operating in unindirectional compression or extension are 
entirely different from those used in static indentation. This 
can now be understood better by looking at the above analysis and 
a simple example of a solid under uniaxial stress. The behaviour
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of a material subjected to stress, above the elastic range, may 
be divided into two parts: i) total plastic deformation and ii) 

fracture. Part i) can be further be subdivided into a) elastic 
deformation b) anelastic deformation and c) permanent plastic 

deformation. This behaviour of a material under unidirectional 
stress is shown in the stress-strain diagram (fig.7.8) The stress 

on the material is progressively increased, crossing the elastic 
range and from a certain point in the plastic region, it is 
suddenly removed. The material exhibits total strain OD 
consisting of elastic strain CD and plastic strain OC which 
includes permanent plastic strain and anelastic strain. In the 
case of static indentation test, on the removal of applied load, 
the anelastic strain does not exist whereas there is a plastic 
deformation which consists of a permanent set and elastic 
deformation. The observations and analysis indicate that dG is 
the minimum plastic deformation for some unknown .applied load. 

(D-d0) represents the actual deformation for applied load, P. It 
consists of elastic deformation and plastic deformation. It is 
not possible to separate these deformations. Hence any plot 
involving applied load and (D-d0) should not yield a linear 
relation. This is indeed found to be the case as mentioned 
above.
This simply indicates that although dQ represents plastic 
deformation and is associated with the Kink in the plot of log P 
Vs log d it is difficult to relate it to equations given by 
Heyer’s law and Kick’s law and hence modified Kick's law.

Conclusions:
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The mathematical treatment of measurements of diagonal length (d)
of indentation mark and applied load P, based on Meyer’s law,

Kick?p Law and quadratic equation has shown very clearly that,

a) the graphical analysis of variation of diagonal length of 

indentation mark with applied load clearly suggests that 
there are two regions of applied loads, namely low load 
region and high load region, where the behaviour of d-AHT 

appears to be different.

b) Consideration of the values of intercepts and 
resistance/pressure shows clearly that application of 

modified Kick’s law is highly limited.

c) The indentation does produce plastic deformation (hence 
workhardening) and cold working along with some elastic 
recovery, however, the present analysis is insufficient to 
explain the physics of static indentation hardness.

d) The values of intercepts slopes and resistance/pressure are 
indicative of the anisotropic character of the crystal. 
However, the present analysis is incapable of finding their
individual effects on the anisotropic character.

e) the kink observed in the straight line graphs of log P Vs
log d, is a point of inflexion in the curvilinear plot of
log P vs log d or P vs d.

f) The Kink is connected with d0, the plastic deformation for 
unknown load P0,
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g) For an applied load, P, the deformation (D~do) consists of 
elastic and plastic deformation which cannot be separated.

h) The treatment based on empirical laws is insufficient to 
unfold the actual mechanism operating in a material under 

hardness test. However, the expression used for the best 
fit of the curve of P vs d (or log P vs log d) appears to be 
more reliable than empirical laws.
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HARDNESS OF d-AHT

Introduction:

From the discussion of the previous chapter it is clear that 

application of modified Kick’s law to the cleavage and as-grown 

faces of d-AHT is highly limited.

The present chapter considers this point alongwith a detailed 
study of variation of hardness expressed by hardness number with 
orientation of the knoop indenter with respect to the crystal 
lattice. The knoop hardness number, H, is defined by the
equation (1):

H = 14230 P/d2 .........  (7.16)
H = c P/d2 .........  (7.17)

where applied load, ”P” is in gms and'the diagonal length ”d” of 

the indentation mark is in microns and c = 14230, is a constant 
of the Indenter geometry. This factor can be obtained in the 
following way from the general definition of Knoop hardness 
number :

Applied load P (kg)
H (kg/sq mm) = --------------------------- ....(7.17a)

Projected area of the Knoop 
indentation mark A (sq mm)

The projected area A is given by :

A = 1/2 d2 Cot 172.5/2 tan 130/2
A = 1/2 d2 (0..0655) (2.1455)

= d2 (0.07028)
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where ”d” is in nun and 172.5 and 130 are the ancles made by the 

opposite edges of the indenter (cf. Chapter VI Fig. 6.1)

Thus :
H = P/A

= P / 0.07028 d2 
= 14.230 P/d2 Kc/sqmm

In the above formula P is in Kg and d is in mm. In actual work P 

is in gras and d is in microns (pm). Hence following the usual 

conversion, one obtains,

H = 14230 P/d2 ..........  (7.18)

where P is in gms and d is in microns.

The hardness number H is not an ordinary number, but a constant
having dimensions of stress and has a deep but less understood
physical meaning. The combination of (7.17) with Meyer’s law /

nKick's law (P = ad ) yields:

H = c.a.dn~2 .......... . (7.19)

or in terms of applied load and hardness number it is given by :
H = c. a2/*1. pn-2/n........ . (7.20)

The above equation can be tested by comparing the values of left 
hand and right hand sides obtained from measurements. Thus H can 
be determined from (7.18) whereas on the right hand side the 
value of ”a” can be substituted from the earlier studies of the 
above laws (Meyer’s law). Since c and P or d are known, the 
right hand side value can be calculated. Comparison of values
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obtained for the two sides of (7 .19),(7 . 20 ) can indicate the 
decree of correlation of the experimental work with the 

theoretical work.

Instead of using Kick’s law, it is also possible to use modified 
Kick’s law by putting n = 2 and substituting (F-U) instead of P 

in the above formulae. Thus :

H = c x (P-U)/d2 
(P-U) = bd2

H = cb ..............  (7.21)

Since c and b are constants, the above equation indicates that 
hardness is a constant quantity, independent of applied load and 
dimension of the indentation mark. It was shown earlier 
(Section 7.1) that modified Kick’s law is independent of indenter 
(ball or pyramidal) geometry. Thus the above equation shows that 
the multiplication of geometrical constant (numerical figure) 
with "b” the standard hardness, gives the hardness number. The 
present work aims at analysing the hardness behaviour by 
examining the relations (7.19), (7.20) and (7.21) experimentally.

It also aims at studying variation of hardness with orientation.

It is mentioned above that the dimensions of hardness number and 
stress are the same. This similarity appears to have been 
obtained from the consideration of a solid subjected to uniaxial 
compression (or extension). For a uniaxially compressed solid, 
the Young’s modulus of elasticity (E) is given by :
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E = g / e---------  (7.22)
where <$ is the compressive stress defined as load per unit area.

= P/A---------- (7.23)

and the compressive strain €■ is defined as the decrease in length 

per unit length. The area of cross-section, A, increases with 
compression. Hence for a constant volume of a geometrically well 
defined solid, length is inversely proportional to the area of 

cross-section. If A0 represents the initial area of cross- 
section with a normal length 1Q and A, the final area with 
normal length 1 after small compression, one obtains:

1. A = 10. A0 or
1/10 = A0/ A ---------- (7.24)
Therefore,
C = (1-10)/1

= (A0-A)/A ---  (7.25)
substitution of <5* and £■ from (7.23) and (7.25) in (7.22) gives :

E = P/(A0- A) --------------- (7.26)

Hence, for a simple uniaxial compressive stress, when the area is 

a geometrical function of deformation, determined here by 
constant volume, the resistance to permanent deformation can be 
expressed simply in terms of load and corresponding area. In 
indentation process, the volume change is very very small; volume 
of solid can therefore be considered as constant. Hence the 
indentation hardness can be measured by using the above formula 
(7.26) .
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Indenters are made in various geometrical shapes such as spheres, 
pyramids, etc. The area over which the force due to load on the 

indenter acts, increases with the depth of penetration. The 
resistance to permanent deformation or hardness can be expressed 

in terms of force or load and area alone (and/or depth of 

penetration). These remarks are true for solids which are 

amorphous or highly homogeneous and isotropic.

The above analysis presents a highly simplified picture of the 
processes involved because there is a great difference between 
deforming a solid under a simple uniaxial compression and 
deforming a surface of a solid by pressing a small indenter into 
it. Around the indentation mark, the stress distribution is 
exceedingly complex and the stresssed material is under the 
influence of multiaxial stresses. The sharp corners of a 
pyramidal indenter produces a sizeable amount of plastic 
deformation which may reach 30% or more at the tip of the 
indenter. This should be compared with the deformation of a 
crystalline material which is even less than one percent of its 
original dimension. Further the surface of contact is inclined by 
varying amounts to the directions of applied force. In view of 
these complications a simple expression corresponding to that for 
the modulus of elasticity cannot be derived for hardness. In the 
absence of any formula based on concrete theory an arbitrary 
expression is used which includes both known variables loads and 
area in the present case. Hence the hardness number, H, is 
defined as the ratio of the load to the area of impression:
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H = P/A-------- (7.27)
For pyramidal indenters the load P varies as the square of the 

diagonal d. Thus for a given shape of pyramid :

P = ed2 ------- (7.28)

where ”e” is a constant which depends on the material and shape 
of the pyramid. The area of the impression, A, is also 

proportional to the square of the diagonal :

A = f d2----------(7.29)
where ”f” depends upon the shape of the pyramid. Combination of 
equations 7.27, 7.28 and 7.29 gives :

H = ed2/fd2 = e/f = constant -- (7.28)

Hence for a given shape of pyramidal indenter,hardness is 
independent of load and size of indentation. This statement
represents Kick's law. In view of defining equation (7.17a) for 

hardness, hardness number can also be considered as hardness 
modulus.

Due to the complicated behaviour of indented anisotropic single 
crystals of various materials and arbitrary expression for 
hardness, it is clear that theoretical treatment of the problem 
is extremely difficult. Hence it is desirable to approach this 
problem via experimental observations, interpretations and with a 
probable development of empirical relations(s). Further the 
analysis can be used for developing model theory/theories of 
hardness. The present work is taken up from this
phenomenological point of view and is an extension of the work 
carried out by earlier workers. (2-9)
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7.2 (a)Observations:

The observations which were recorded for studying the Kick’s 

law/lleyer’s law ( P = adn) are used in the present investigation. 
The Knoop hardness numbers are calculated using equation (7.16) 

for various orientations. (Table-7.5 a,b,c,d). The observations 
are graphically studied by plotting the graph of Hardness number 
H versus load P (Figs 7.6 (a)i-ii, (b)i-ii, (c)i, (d)i-ii). In 
what follows the hardness and Knoop hardness number will be used 

to indicate the same meaning.

7.2 (b)Results and Discussions:

Variation of Knoop Hardness number with applied load at constant 
temperature and indenter orientation:

It is clear from the graphical analysis of the variation of 
hardness number H with load P (Figs 7,6,a,b,c,d) that contrary to 
theoretical expectations, the hardness varies with load. For d- 
AHT single crystals, the hardness at first increases with load 
for all orientations, reaches a maximum value at a certain load, 
then gradually decreases with increasing load and attains almost 
a constant value for all higher applied loads. The complex 
behaviour of microhardness with load can be explained 
qualitatively on the basis of depth of penetration of the 
indenter. At small loads the indenter penetrates only surface 
layers, hence the effect is shown more sharply at these loads. 
However, as the depth of penetration increases, the effect of the 
surface layers become less dominant and after a certain depth of
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penetration, the effect of the inner layers become more and more 
prominent than thope of surface layers and ultimately there is 
practically no change in the value of hardness with load. This 
is apparent from the graphs of Knoop hardness number Vs load.

It is clear from the plots of H Vs P that the theoretical 
conclusion that hardness is independent of load appears to be 
true only at higher loads. The graph of H Vs P can be 
conveniently divided into three parts, AB, BC and CD, where the 
first part represents the linear relation between hardness and 
load, the second part the non-linear relation and the third part 
the linear one. In some cases BC part is absent. It should be 
noted that there is a fundamental difference between linear noted 
that there is a fundamental differences between linear portions 
AB and CD of the graph ABCD. This possibly reflects varied 
reactions of the surfaces to loads belonging to different 
regions.

The present approach for the study of hardness behaviour with a 
change in different parameters is an integrated one. Hence the 

graphical analysis of log d vs log P plots (cf. Chapter 7.1) 
should now be extended in the present work by studying the 
relations (7.19), (7.20) and (7.21) namely,

(7.19) .... H = c.a.d(n

(7.20) .... H = c .a 2/n

(7.21) .... H = c . b. .
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For synthetic d-AHT single crystals, there exists two distinct 

regions of applied load, viz. LLR and HLR corresponding to plot 

of log d vs log P consisting of two straight lines with different 

slopes ( nj & n2 ) and intercepts (ai & a2) or to two 

regions/parts on either side of the pointer of inflexion whereas 
the plot of H vs P (Fig. 7.6 a.b.c.d) shows three ranges of 
applied load, viz. low load region LLR, intermediate load region 
ILR and high load region HLR designated by AB, BC and CD 
respectively and that CD corresponds to that range of applied 
loads where hardness number calculated by using equation (7.14) 
is almost contant and independent of applied load. It is clear 
from the plots that for applied loads greater than 30 gms 
hardness is constant and independent of load. It is in this 
range hardness behaviour of these crystals is analysed and 
reported in the present work.

It was shown in the earlier chapter that the straight line plot 
of log d vs log P consists of two straight lines with different 
slopes and intercepts corresponding to LLR & HLR. The slope and 
intercept in this region (HLR) are ti2 and a2 respectively. In 
the case of modified Kick’s law b2 corresponds to a2 and n3 = 2. 
This is equally true for curvilinear plots with a point of 
inflexion. It is therefore desirable to consider the following
relations:

H = c a2 dCn -2)   (7.31)
H = c a2 C2/n) . p(n -2)/n  (7.32)

H = c b2  (7.33)
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instead of (7.19),(7.20) & (7.21) and try to find the correlation
amongst these relations. The observed graphical values of 

hardness can now be compared with the values of hardness at 
constant temperature and orientation, calculated from the 

formulae (7.32) & (7.33) and presented in a tabular form (Table 
7.6). Table 7.7 indicates percentage deviation of hardness 
values from the observed values. It is clear from table 7.7 that 
the percentage deviation is very large indicating very little 
correlation between hardness values (Table 7.6). It can be 
concluded that hardness behaviour of synthetic d- AHT single 

crystals at constant temperature and orientation indicates very 
little correlation amongst Meyer’s law/Kick's law, modified 
Kick’s law and formula for hardness number. This was the case 
with calcite cleavages also, but not with sodium nitrate 
cleavages which gave a very good correlation amongst Meyer’s 
law/Kick’s law, modified Kick’s law and formula for hardness 
number (9). This simply suggests that the basic symmetry 

elements physical and chemical properties of these different 
crystals might be intimately connected with the mechanical 
behaviour indicated by hardness at applied loads.

It is difficult to give the exact reason responsible for 
observing the three different regions in the hardness plot. 
There are several factors such as anisotropy, imperfections and 
their interactions, introduction of additional imperfections on 
indentations and their interactions among themselves and with 
the grown- in imperfections, range of hardness numbers etc., 
which should be acting in a way unpredictable from the present 
study.

124.



Since the present approach for studying hardness is an integrated 

one, it is, therefore, natural to have the extension of the 

analysis of variation of load with diagonal length. Following 
the analysis, it is possible to represent hardness curve by a 

quadratic equation:

H = XP2 + YP + Z..... (7.34)

where X, Y, Z are the constants of the equation. Following the 
method for the best fit curve, the values of these constants are 
obtained. These values are different for different faces. Thus, 
for cleavage face,

X = -0.002 Y = 0.51 Z = 10.28 
For prism face,
X = -0.002 Y = 0.44 Z = 9.6

It is clear from the above values that X,Y,Z are not very much 
different for different faces.

For P=0, H=H0 , say. Putting these values in one obtains,
H0 = Z

Thus H = XP2+YP+H0 (7.35)

Using the above equation, a table is prepared showing the values 
of hardness number calculated on the basis of the above formula, 
Heal and also the one which is obtained by using formula for 
Knoop hardnqss number, Hfc (cf.eqn.7.18). The percentage 
deviation from the values, namely (H^ - Hcai)/(Hic) are also 
shown in table 7.9. It is thus clear from the above table, that 
the percentage deviations are quite noticeable. Hence, it can be
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concluded that the above analysis, although mathematically exact

is incomplete, some unknown important parameter is also 

involved. This situation is similar to one experienced while 

analysing the quadratic equation (7.9), relating diagonal length 

of indentation mark and the applied load. It is thus clear that 

the present empirical analysis is unable to unfold the mechanism 

operating on an indented surface.

7 . 2

1 .

(c ) Conclusions:

Hardness varies with load. It increases steeply 

with load for all orientations and for all the 

faces, then the increase is gradual and attains 

constant value for all higher applied loads. This 

reflects the varied reactions of the surfaces to th 

loads.
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HARDNESS ANISOTROPY OF ORTHORHOMBIC CRYSTALS 
SYNTHETIC d-AHT SINGLE CRYSTALS.

7.3 Introduction-.

In the earlier chapter the hardness of d-AHT was experimentally 

studied by considering their variation with applied load for
different but constant orientations of the indenter with the
crystal lattice. The present work aims at studying the
microhardness anisotropy of d-AHT by employing Knoop indenter of
low symmetry. An important feature of the Knoop hardness test is 
that the hardness value is dependent on the orientation of the 
major axis of the indenter in a given plane as well as on the 
orientation of the plane itself with reference to the principal 
axis of anisotropy (1). Further the depth of penetration of 
indenter is shallow. Hence brittle materials like glass or 
mineral could be indented without causing premature fracture. 
Besides, the indenter shape is relatively non-symmetric, the 
variation in hardness along different directions on a given 
surface can be determined. For such a study, single crystals can 
serve as ideal materials to establish the orientation dependence 
of hardness valties. It is from this point of view that hardness 
anisotropy study of synthetic single crystals of d-AHT is carried 
out and reported here.

It is apparent from the hardness studies presented here that 
macroscopically there are three parameters affecting hardness 
viz. i) applied load; ii) orientation of the indenter diagonal 
(major) with reference to the crystal lattice; & iii) crystal
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plane under indentation. The empirical formulae derived in the 

present work is valid for majority of crystals of different 

materials (2).

7.3 Cal Observations;

For studyinfi the anisotropic behaviour of orthorhombic crystals 
of d-AHT, the observations recorded in Chapter 7.1 are used for 
considering in a quantitative manner the effect of the three 
major factors, viz. i) Applied Load (P); ii) Orientation of the 
major diagonal of indenter with reference to direction [001] on a 
fresh cleavage plane (010) and m(110) surface and in case of 
z(lll) face along one of the edges paralell to [100] and iii) 
Crystal plane/face for indentation (F). For- the purpose of 
quantitative study of the relations amongst P, A, H and F; 
variations between any two factors are considered by keeping 
remaining parameters constant. The applied load P should be 
considered as constant. However, it was shown (vide Chapter 7.2) 
that it represents a range of applied loads in HLR where hardness 
(H) is constant and independent of load. The range of applied 
loads was from 30 to 160 gms. In this range of applied loads, 
there is a slight change in values of hardness. In the 
discussion, mean value of hardness was considered. The hardness 

anisotropy for different orientations is studied at constant 
temperature, viz. room temperature. Thus the approach to 
hardness study is basically phenomenological. This approach is 
likely to be useful for the development of model theory of 
hardness of crystalline materials.
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7.3 (b) Results and Discussions;

Table 7.8 presents values of Hardness number, H, in Kg/Sq.mm for 
different orientations of Knoop indenter (range 0-180°) and for 
cleavage, prism and sphenoidal faces. The plots of Hardness Vs 

Angle for prism.and sphenoidal faces are shown in figs. 7.7(a) 
and 7.7(b). Following the curve fitting method, the equation 
showing the relation between hardness (H) and angle (A) is 

represented by a power series:

H = a0=aiA+a2A2+a3A3+a4A^+a5A5+ ...... . anAn ....(7.36)

where aQ, ai, a2> .... an are constants of the nth power
equation. Following polynomial method for ntJl degree equation, 

the values of constants for different faces were computed and is 
given in Table 7.10. Since the coefficients are upto 10th degree 
of A, the above equation is rewritten as,

H = a0xaiA+a2A2 + a3A^ + a4A^ + a5A^ + a6A^ + a7A‘i,+ 
agA® + a9A^ +ai0A^ 0

It is clear from the table 7.10 that the coefficients of As are 
decreasing with the increase in degree of A and becomes 
negligible but because of the power of A, they cannot be 
neglected. Further, the order of signs before the coefficients 
is important from the point of view of symmetry e.g. m-face and 
cleavage face has planes of symmetry. Hence the order of signs 
of coefficients of A, A^ to .... A^0 are alternately positive and 

negative, whereas this is not the case for z-face which does not 
possess any symmetry element. These coefficients are also
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associated with anisotropy because hardness values are different 
alone different directions on the same face i.e. planar 
anisotropy; even in space these values should be different. It 
is therefore, desirable to designate these coefficients as 

anisotropic coefficients.

When A=0, the hardness value has a finite value along a reference 
direction which is different for different faces. Thus for prism 
and cleavage face, the reference direction is [00]) and for z- 
face it is [100]. Thus for these faces, a0 values will be as 
follows:

z-face z(lll),

(010 ) , a0 = 31.74 = H(001) it o

0), ao =30.4 = H(001) = H0

ao =40.7 = H100 = H0

agre ement with the observed ones mentioned in

not e that if the h ardness valu es are taken

Table 7.8.

upto 90°, the equation relating hardness and orientation is of 
the 2nd order in A instead of the tenth order (7.36). The 2nd 
degree equation is as follows:

H = aQ+aiA+a2A?

When this equation is applied to prism face m (110), the 
anisotropic coefficients are as under:

aD = 28.18 
ax = 0.733 
a£ = -0.002
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These values are obviously different because the observations are 

restricted upto Q0°, This ranae of observations are taken in 
view of the observations on hardness and orientations reported by 

other workers for different crystals. The observations on 

hardness values for different orientations and for different 
crystals are presented in a tabular form in Table 7.11.

It is clear from the table on hardness anisotropic coefficients 
for the above mentioned crystals (Table 7.12) that for A=o, the 
values of a0 tor the above crystals agree with the observed 
values along the corresponding reference direction.

7-3 (d) Conclusions:

1. Hardness anisotropic coefficients are obtained from the 
graphical analysis of the observed data.

2. The analysis is extended to the observation reported in the
literature for different crystals and the hardness
anisotropic coeffcients for these crystals are determined.
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|le

0

10

20

30

40

50

60

70

80

90

100

1 10

120

130

140

150

160

170

180

N2 N3 W B A2

2.343 2.772 -8.40254 0.00231 3.3591e-04

2.348 2.838 -8.34243 0.00277 4.0331e-04

2.457 2.348 -11.18001 0.00308 2.4835e-04

2.640 2.355 -16.01522 0.00348 1.0501e-04

2.612 2.375 -14.87219 0.00445 1,6951e-04

2.525 2.275 -13.02878 0.00442 2.6896e~04

2.478 2.897 -11.13580 0.00465 3.6707e-04

2.393 2.308 -9.65422 0.00509 6.4766e—04

2.494 2.951 -11.71940 0.00575 4.4163e—04

2.553 2.192 -13.58693 0.00613 3.4999e-04

2.579 2.139 -14.21116 0.00628 3.1543e-04

2.559 2.572 -13.79912 0.00578 3.1498e-04

2.429 2.147 -10.38594 0.00531 5.6338e-04

2.580 2.201 -14.27143 0.00495 2.3055e-04

2.504 2.232 -12.37873 0.00442 3.0077e-04

2.511 2.327 -12.25238 0.00381 2.4023e-04

2.422 2.163 -10.13444 0.00319 3.1604e-04

2.459 2.197 -11.07514 0.00291 2.3006e-04

2.220 2.281 -5.39730 0.00218 6.3115e-04

Table 7.2 fa) 
(Fo* High Load Region)

Room Terrp. 30"C 
d-AHT m (110)
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0
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30

40

50

60

70

80

90

100

110

120

130

140

150

160

170

180

N2 N3 W B A2

2.280 2.253 -7.15376 0.00241 5.0007e-04

2.227 2.183 -5.76343 0.00235 6.5386e—04

2.438 2.117 -11.45694 0.00318 2.8418e-04

2.613 2.146 -16.35463 0.00326 1.1062e-04

2.642 2.069 -17.18942 0.00455 1.4632e-04

2.463 2.246 -12.15192 0.00408 3.3719e-04

2.446 2.524 -11.40105 0.00452 4.1992e-04

2.649 'jt-m H j. -17.24219 0.00536 1.7491e-04

2.534 2.119 -14.09483 0.00537 3.2421e—04

2.730 2.238 -19.70381 0.00648 1.4752e-04

2.692 2.201 -18.43738 0.00596 1.6107e-04

2.552 2.052 -14.56596 0.00473 2.5060e-04

2.528 2.156 -13.75755 0.00441 2.6080e-04

2.459 2.140 -11.91762 0.00430 3.6752e-04

2.672 2.087 -17.88787 0.00435 1.1707e-04

2.448 2.092 -11.57066 0.00383 3.3924e~04

2.225 2.202 -5.55978 0.00316 9.1924e-04

2.412 2.238 -10.61417 0.00303 3.O960e—04

2.497 2.078 -12.99466 0.00260 1.5967e-04

_ __ _„_. ....___ ________________——

Table. 7.2 (b) ) 
(Fox High Load Region}

Room Temp. 30"C 
d-AHT C (010)



Ang 1 e N2 N3 W B A2

0 2.526 2.159 -13.93359 0.00332 1.8396e—04

10 2.502 2.297 -13.12973 0.00360 2.3360e—04

20 2.699 2.157 -18.80193 0.00432 1.0034e-04

30 2.550 2.115 -14.70438 0.00454 2.4016e-04

40 2.467 2.144 -12.25568 0.00495 4.1765e-04

50 2.402 2.159 -10.36370 0.00515 6.2128e-04

60 2.372 2.034 -9.64897 0.00574 8 * 2&70©“O4

70 2.426 2.244 -11.07029 0.00636 7.0516e-04

80 2.534 2.232 -14.02321 0.00644 4.0834e-04

90 2.471 2.036 -12.36170 0.00597 5.1626e-04

100 2.476 2.187 -12.53499 0.00528 4.3201e-04

110 2.672 2.073 -17.88597 0.00527 1.5117e-04

120 2.470 2.192 -12.35516 0.00449 3.6518e-04

130 2.505 2.014 -13.36080 0.00439 2.9354e-04

140 2.592 2.115 -15.85614 0.00418 1.7198e-04

150 2.343 2.042 -8.79227 0.00363 5.6353e—04

160 2.359 2.108 -9.26181 0.00334 4.6856e-04

170 2.581 2.036 -15.40124 0.00370 1.5603e-04

180 2.470 2.131 -12.31499 0.00336 2.5578e-04

Table 7.2 (c) 
{Fo* High Load Region)

Room Temp. 30*C

d-AHT Z (???)



Ang le N2 N3 W B A2

0 2.589 2.282 -15.45296 0.00669 3.2069e-04

1° 2.599 2.069 -15.90561 0.00641 2.8842e-04

20 2.617 2.227 -16.41067 0.00574 2.2753e-04

30 2.678 2.254 -18.28559 0.00577 1.6570e-04

40 2.822 2.272 -22.22561 0.00562 7.3689e-05

50 2.576 2.552 -15.04397 0.00448 2.0505e-04

60 2.543 2.277 -14.41434 0.00402 2.1345e-04

70 2.686 2.410 -18.33018 0.00433 1.0798e-04

80 2.622 2.249 -16.30312 0.00421 1.4722e-04

90 2.613 2.324 -16.18884 0.00419 1.5368e-04

100 2.656 2.196 -17.31542 0.00430 1.2574e-04

110 2.760 2.042 -20.69219 0.00169 1.9629e-05

120 2.636 2.488 -16.94509 0.00171 4.1532e-05

130 2.364 2.089 -9.55115 0.00202 2.5101e-04

140 2.227 2.074 -5.66309 0.00294 8.4006e-04

150 2.326 2.162 -8.28605 0.00379 6.5133e-04

160 2.439 2.087 -11.48076 0.00450 4.3151e-04

170 2.473 2.049 -12.31865 0.00480 3.8972e-04

180 2.483 2. 106 -12.55843 0.00481 3.702le-04

Table. 7.2 (d)
(To\ High Load Region)

Room Temp. 30aC 
d-AHT 1 (111)



TABLE IT _ 3 <! s». >

Constants A,B,C derived from

the quadratic equation

Room Temp : 30

! AngIs! A
! : in 10-3

o : -1.1604
10 I -0,5702
20 ! - 1.2523
30 -1.7709
40 ! 1.0081
50 ! -0,9095
80 ! 1.7289
70 ! -0,5942
80 ! 0.8904
90 ! 0.2484

100 ! 0,3072
110 ! 0.1123
120 : 0.4402
130 ! -0.1035
140 ! -0.2402
150 ! 0.6737
160 ! -0,1802
170 ! -1.7057
180 ; -2.9075

°C ; d-AHT m diO)

B i! C
1

<

1.0971 ! 89.1440
1.7985 ! 83,9216
1.0285 1 77,2929
1.0496 ! 75,3128
0.5351 ! 75.3447
0.8242 ' 67.0688
0.4593 ! 70.2465
0.7307 ! 59,9416
0,5410 i 60,3053
0.5517 ! 60,4586
0.5272 ! 81,4309
0.5926 ! 60.7581
0,5676 ! 63.3301
0.6660 ! 67.4987
0.7224 I 69.1932
0.6730 ! 76.0811
0.8813 ! 75.9200
1.1304 1 76.0204
1.4269 1 77,6908



TABLE ~7 » C3 < fc> >

Constants A,B,C derived from 

the quadratic equation

Room Temp ; 30°C ; d-AHT :-

1 Angle ! A IB
! 1 in 10'3 1

0 1 -2,4147 ! 1.5537
10 ! -4.6847 ! 1.9638
20 : -2.7492 ! 1.4291
30 ! -3,6318 ! 1.5437
40 : -2.6835 1 1.2303
50 ! -2.2890 1 1.2213
60 1 -0.9431 ! 0,9934
70 ! -2,3291 ! 1.1088
80 ! -3,2208 1 1.2840
90 ! -2.3434 ! 1.0433

loo ; -2,2324 1 1.0836
110 i -1.5433 1 1.0201
120 ! -1,2443 ! 1,0302
130 : -2.0654 ! 1,2024
140 1 -2.5472 ! 1.2533
150 : -1.5927 1 1.1799
160 ! -1.0733 ; 1.2219
170 i -2.6438 ! 1.4721
130 1 -2.9744 1 1,5921

c f010)

c

77,7907 ! 
66.4063 ! 
72,5800 1 
74.3236 ! 
65.3468 1 
66.3484 5 
65.2419 J 
62.4334 ! 
53,3874 < 
55.8830 I 
55,4372 1 
69.0070 1 
69,3390 ! 
61,8619 ! 
66.1945 1 
67.5230 ! 
70,4560 S 
71.4328 ! 
79,5498 S



TABLE ~T , 3 ( c )

Constants A, B, C derived from
the quadratic equation

Room Temp : 30°C ; d-AHT 3 (111)

Ang1e ! A _ i n 10 3 b ;
<

C

0 : -3.7420 1.5575 : 69,3289
10 -2.0681 1,2508 1 71.5900
20 ; -3.1794 1.3222 ! 67.9298
30 1 -3.1417 1.3018 ! 61,7225
40 : -2.9195 1.2527 i 56,3890
50 ! -1.6673 1.0481 : 58,3758
60 1 -2.0851 1.0787 ; 51,8042
70 : -1.7826 0.9852 ! 51.7500
80 : -1.7142 0.9606 ! 54.7800
90 ! -2.0906 1.0545 ! 53.4263
100 : -2.6858 1,1828 1 55.7782
110 : -0.9756 0,8868 ! 69.5011
120 : -2,2396 1.1937 1 60,3371
130 ; -2,9105 1.2970 ! 81.7000
140 ! -3.7076 1.4488 1 60,8848
150 : -1.4438 1.1657 ! 69.6240
160 ! -2.9770 1.4579 ! 65,9775
170 ! -2.5353 1.3137 ! 71.0310
180 I -2,8954 1.4353 1 68.3514



TABLE T".3 (d)

Constants A,B,C derived from 

the quadratic equation

Room Temp i 30

Angle < A
! in 103

o : -1,5339
10 1 -2.2582
20 ! .-2.2231
30 ; -2.8634
40 : -2.2324
50 ! -1,1626
eo ; -2.9883
70 ! -1,7681
90 ! -0.5599
90 : -1.3179

ioo : -0,3953
110 1 -1.0702
120 -0,8826
130 ; -0.7494
140 1 -1,1128
150 1 -1.7916
160 1 -2,5876
170 i -2,3810
130 1 -1.4379

; d-AHT i- a fill)

B 1 c
<

0,9222 ! 55.5154
1.0520 ! 53.1553
1.0794 ! 57.6602
1.1583 ! 58.2332
1.0711 ! 64.9972
1.0129 ! 69.3240
1.3337 5 86,5243
1,0958 ! 72.2270
0,9236 ! 76,9780
1.0430 1 74.1580
0.9683 ! 78.3370
3.1157 ! 77.8179
2.7826 S 85.0484
2.5109 ! 63.5396
1.2818 i 72,2600
1.2286 1 63.6662
1.2369 i 61.1353
1.2027 ! 57,8682

cr>
C
O

C
D

o1—
1 i 60.3195



TABLE ~Z „ ^ ( a >

Percentage deviat ion of the observed diagonal length

from the diagons1 length calculated from the squat ions

(a) P = ad~n (b) D = AP~2 + BP + C for d-AHT

Room Temp ? 30 0 ; Angle = 0 ; d-AHT o (010)

——

P = ad~n
—

D.= AP~ 2 + BP + Cl
— — —— —- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - J

P D
obs

D %
ca1c deviation

D
ca 1 c

% : 
deviation!

1.25 78. 34 85,58 8, 46 79.73 1,74 1
2. 50 79.97 94.43 15.36 81.66 2,07 i
3.75 81.80 100,19 18,55 83.58 2,37 !
5.00 34, 05 104.32 19. 43 85,49 1,68 1
6,25 87.31 107,89 18.92 87. 41 0.11 !
7.50 91.39 110.54 17. 32 89. 31 -2.33 ;
8,75 92, 21 113.00 18. 40 91.20 -1.11 !

10.00 01 115.18 19, 25 93. 03 0.08 !
11,25 93. 84 117,13 19,88 94. 96 1.18 :
12.50 94.68 118.91 20. 39 96. 83 2.24 ;
13. 75 96, 29 120.54 20. 12 98. 69 2.43 !
15.00 97. 10 122.05 20. 44 100,55 3, 43 :
16.25 102.82 123.45 16. 71 102.40 -0,41 5
17.50 103,63 124,78 18, 94 104,24 0,59 !
18. 75 104,45 126,00 17. 10 106.07 1.53 i
20.00 112.81 127,17 11.45 107.89 -4.37 „S
25,00 114.24 142,07 19.59 115.12 0,76 i
30. 00 124.35 153,79 18, 32 122,22 -2.15 1
40, 00 141.17 174.28 19, 00 136,07 -3,75 !
50. 00 159,12 192.04 17. 14 149,44 -6.48 i
60, 00 170.54 207.88 17.96 162.32 -5.06 ;
70, 00 174.82 222.29 21,44 174.71 0,05 ;
80. 00 183.60 235,58 22. 06 186.63 1.62 1

100,00 204.82 259.58 21.10 209.01 2.00
110.00 208,08 270,57 23. 10 219.47 5, 19
120.00 226.85 280.99 19.27 229.46 1, 14
140.00 246.43 300,48 17.99 1 247.97 0, 62
160.00 272.54 313,44 14,41 264,58

I
t



table: t . ^ c t> >

Percentage deviation of the observed diagonal length
from the diagonal length calculated from the equations
(a) P = ad"n (b> D = AP"2 + BP + C for d-AHT

Room Temp : 30 C ; Angle = 0 5 d-AHT .— 3 (111)

; P = ad" n D = AF" 2 + BP + C
P D

obs
D

ca 1 c
%

dsviation
D

ca l c
%

deviation
1.25 67, 73 56.91 -19,01 71,26 4.95
2.50 70.99 89,00 -2.88 73, 19 3,01
3. 75 74.26 77.22 3. 83 75, 12 1. 14
5. 00 77, 52 83,65 7, 33 77.02 -0.85
6.25 79. 15 89.00 11.07 78.92 -0.29
7. 50 80, 78 93,62 13. 72 80.79 0.01
3. 75 82. 42 97. 71 15.65 82, 87 0.30

10. 00 84. 05 101.41 17, 12 84. 53 0.57
11.25 85.68 104.78 18. 23 86. 38 0, 81
12.50 87, 31 107,89 19.07 88.21 1,02
13.75 88.94 110.79 19.72 90.03 1.21
15. 00 90. 58 113.50 20, 19 91.85 1.38
16.25 93. 01 116.05 19. 85 93.65 0. 68
17. 50 98. 74 118.46 16.65 95. 43 -3. 47
18. 75 98. 74 120.75 18.23 97. 21 -1.57
20.00 101.13 122.94 17. 70 98. 98 -2.22
25.00 112.61 130.80 13,91 105.93 -6.31
30.00 116.69 137.60 15.20 112.89 -3.55
40.00 123.22 151.97 18.92 125,84 1,93
50. 00 137,90 189.01 18, 41 137.85 -0. 04
60. 00 150.96 184.34 18. 11 149.31 -1.11
70, 00 155.88 198.38 21.43 160,02 2,60
80.00 169.73 211,40 19.71 169.98 0, 15
100.00 188,05 235,10 20. 88 187.86 0,86
110,00 188.49 246,02 23.38 195.38 3.53
120.00 207.26 256.43 19, 17 202.34 -2, 43
140.00 217.06 275.96 21.34 214.04 -1.41
160.00 221.95 294,07 24,52 222,73 0.35



TABLE ~T ~ ( c )

Percentage deviation of the observed diagonal length
from the diagonal length calculated from the equations
(a) P = ad'n (b) D = AP~2 + BP + C for d-AHT

0 0 Room Temp s 30 C ; Anglo = 0 j d-AHT z (111)

P = ad" n 5 D = AP" 2 + BP + C

D D D % i D %
K obs ca 1 c deviation ca l c deviation

1.25 51.82 45,87 -12.97 56,66 8.54
2,50 53.86 51.78 -4.02 57.81 6. 83
3.75 58. 71 55,59 -2, 01 58,95 3. 80
5.00 58. 75 58. 46 -0. 50 60.08 2.21
6.25 60.79 60.79 0.00 61,21 0. 69
7,50 81.20 62.76 2, 49 62, 34 1.33
8.75 63. 24 64. 48 1.92 63.46 0, 35

10, 00 64. 87 66.00 1.71 64,58 -0. 45
11.25 65.28 87. 37 3. 10 65.69 0.62
12.50 66.91 68,63 2. 51 66, 30 -0. 16
13. 75 71.81 69.78 -2.91 67.90 -5, 76
15,00 72.82 70,85 -2, 50 69, 00 -5.25
16.25 73. 44 71,85 -2,21 70. 09 -4. 78
17.50 75.07 72. 79 -3. 13 71,18 -5.47
18. 75 75.89 73.67 -3. 01 72. 26 -5.02
20.00 78.70 74. 51 -2. 94 73, 34 -4. 58
25. 00 78. 34 77. 48 -1,11 77.61 -0.94
30, 00 79.97 79, 99 0, 03 81,79 2,23
40.00 88, 13 87.68 -0. 51 89.94 2.01
50.00 94, 25 96, 65 2. 48 97.77 3. 60
60.00 106.89 104.66 -2. 13 105.31 -1.50
70,00 111.79 111.95 0, 14 112.53 0.86
80.00 117,91 118.67 0, 64 119,44 1.28
100.00 129.74 130.82 0. 83 132.35 1,97
1110,00 137.09 136.38 -0.52 138.34 0.90
1120.00 144.43 141.86 -1,96 144.02 -0.28
1140.00 159.12 151.53 -5, 01 154.46 -3, 02
!160.00 ! 182.06 160,82 -0,90 l 163,87 0.98



TABLE T . 4- Ce*>

Percentage deviation of the observed diagonal length 
from the diagonal length calculated from the equations 
<a) P = ad"n Cb) D = AP~2 + BP + C for d-AHT

o aRoom Temp : 30 C j Angle = 20 j d-AHT c (010)

P = ad'' n D = AP- 2 + BP + C

o D D % D %
Jr obs ca 1 c deviation ca 1 c deviation
1.25 73, 44 57. 24 -28.30 74. 36 1.24
2. 50 78.34 69.24 -13.14 76.14 -2. 89
3. 75 79.97 77. 40 -3. 32 77.90 -Z. 66
5. 00 81.60 83, 77 2. 59 79, 86 -2, 44
6.25 82,42 89.06 7, 46 81.40 -1.25
7. 50 83. 23 93,84 11, 12 83. 14 -0, 11
8. 75 84. 05 97.69 13.96 84.57 0.61
10.00 84. 88 101.34 16, 26 88,59 2, 00
11,25 85. 68 104,67 18. 14 88.31 2.98
12.50 86, 49 107.75 19.73 90.01 3, 91
13,75 89.78 110.80 18.84 91.71 2. 13
15, 00 93, 02 113,28 17,88 93. 39 0, 40
16.25 94. 66 115.80 18.26 95.08 0. 44
17.50 96. 29 118,18 13, 52 96. 75 0. 48
16. 75 97, 92 120.44 18, 70 98. 41 0.50
20,00 100.37 122,80 13, 13 100,06 -0, 31
25.00 104.45 126.10 17. 17 106.59 2.01
30, 00 115.08 138,45 15, 88 112,98 -1,84
40. 00 125.66 154.55 18.69 125.35 -0. 25
50. 00 134.64 170.22 20. 90 137,16 1.84
60, 00 159.94 184,20 13. 17 148.43 -7, 75
70.00 184.83 196.92 16. 30 159,14 -3, 58
80. 00 171.36 208.63 17. 86 169.31 -1,21
100,00 184.42 229.79 19. 74 187.99 1,90
110.00 192,58 239,47 19.58 196.52 2. 00
120.00 198.29 248.67 20,28 204,48 3,03
140.00 212,98 285.83 19.88 218.77 2,65
160.00 239.09 ! 281,65 15, 11 230.88 -3.56



TABLE ~T , ^ C«=>>

Percentage deviation of the observed
from the diagonal length calculated
(a) P = ad~n Cb> D = AP"2 + BP + C

Room Temp .* 30 C ; Angle = 2C

diagonal length
from the equations

for d-AHT

; d-AHT z (111)

P = ad ~n l
t 0 = AP~2 + BP + C

* P 1 D D % D %
J obs ca l c deviation calc deviation

! 1.25 ! 70,18 55.04 -27,51 69,58 -0.87
5 2,50 1 70,99 66.62 -6.58 71,22 0. 32
l 3.75 ! 71.80 74,50 3.62 72,84 1.43
5 5.00 1 72.82 80,64 9,95 74, 46 2. 47
I 6.25 1 75.07 85.75 12, 45 76.06 1.30
! 7.50 1 77.52 90. 17 14.03 77,67 0. 19
1 5.75 1 79.15 94.08 15.87 79, 25 0. 13
: io.oo i 80.78 97,61 17, 24 50. 53 0, 08
! 11.25 1 82.42 100.83 18.28 82. 40 -0.02
! 12.50 ! 83,23 103,80 19,82 53, 96 0. 87
! 13.75 1 84.05 106.56 21. 12 85.51 1.71
! 15.00 1 85,88 109,14 21.50 87.05 1.57
! 16.25 ! 88.13 111.58 21.02 88, 57 0.50
l 17.50 1 93.84 113,88 17,80 90.09 -4, 16
! 16.75 ! 93,84 116.06 19. 15 91,60 -2.45
I 20.00 1 96.29 118,15 18, 50 93, 10 -3, 43
l 25,00 1 97.92 117.98 17, 00 98.99 1.08
! 30.00 1 108,89 126,68 15,61 104.73 -2.06
! 40.00 1 116.89 141,66 17.63 115.73 -0. 83
! 50.00 1 128.48 154,51 18, 14 126,09 -0, 31
! 80,00 1 133.82 165.87 19,32 135.82 1.47
! 70,00 1 143.62 178,12 18. 45 144,90 0,88
! 80,00 1 151.78 185.52 18. 19 153.35 1.02
i100.00 1 167.28 202,34 17.33 168.35 0.84
1110.00 1 171,38 209.99 16. 40 174,89 2.02
: 120.oo I 188.86 217,22 13, 98 180,81 -3. 35
! 140,00 1 191.76 230,65 16.88 190.72 -0.55
!160.00 ! 198.68

I
242.95 19, 05 193,08 0. 72



TABLE T , -4- C -£ >

Percentage deviation of the observed diagonal length 
from the diagonal length calculated from the equations 
(a) P = ad-'n <b> D = AP~2 + BP + C for d-AHT

Room Temp : 30° C 5 Angle = 20° ,* d-AHT z (III)

P = ad'n D = AP~2 + BP C
D D % D %p obs ca 1 c deviation ca 1 c deviation

1.25
— — —

56.30 55.44 -1.55 59.01 4,59
2,50 80. 38 60. 15 -0. 38 80, 34 -0.07
3,75 81.20 63.09 3.00 81.68 0,78
5.00 62. 83 65.27 3. 74 83. 00 0.27
8.25 83,65 67.00 5.00 64.32 1,04
7.50 64. 46 88,45 5, 83 85,63 1,79:
8.75 86.09 69.71 5. 19 66.93 1,26
10.00 66.91 70, 81 5.51 88,23 1,93
11,25 88.54 71.80 4.54 89.52 1.41
12.50 70. 18 72. 89 3. 45 70. 81 0, 89
13. 75 71.81 73.51 2. 31 72. 08 0. 37
15. 00 73. 44 74,27 1. 12 73. 35 -0, 12
16.25 74.86 74. 97 0, 41 74.61 -0. 07
17.50 76, 29 75, 63 -0. 87 75,87 -0.55
18.75 79.97 76.25 -4, 88 77, 11 -3, 71
20. 00 82. 82 76, 83 -7, 80 78. 38 -5.69
25.00 84, 05 82. 70 -1,63 83,26 -0.95
30, 00 39.76 88.98 -0.90 88,04 -1,95
40. 00 94.66 99.81 5, 16 97. 28 2.69
50.00 108.49 109,13 2. 42 106.07 -0, 40
60. 00 118,73 117,39 -1. 14 114.42 -3,77
70. 00 124.85 124.85 0, 00 122.32 -2.07
80.00 133,82 131.70 -1,61 129.78 -3. 11
100.00 137.09 144.00 4. 80 143.37 4.38
110.00 148.08 149,59 2.36 149.49 2.29
120,00 149.33 154,89 3, 59 155,17 3,78
140.00 167.28 164.74 -1.54 165.20 -1.26
160,00 177.07

t
1

173.78 -1,89 173,45 -2. 09
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TABLE . (3

Knoop Hardness values obtained from plot of

H vs P (mean hardness H ) from equations

(7.31) & (7.30) respectively for d-AHT 

Room Temp ; 30° C ;

Face !Angle l Kt {
( < H ' H = cb*

m (110) ! 0 ! 30. 34 34,56

2 (111) 1 0 ! 81.27 96,05
C (010) ! 0 ! 31,91 22,31

z (111) ! 0 ! 40.83 24, 36

m ( 110) i 10 1 36.61 32.07

z (111) ! 10 ! 76,65 101.76

c (010) i io : 31,11 19, 92
r (111) ! 10 45, 49 28, 40

m ( 110) ! 20 : 37. 30 49, 56
T (III) : .20 ! 68. 38 85.79

c (010) ! 20 ! 39, 53 25.30

z (111) ! 20 ! 49.76 39. 49

ra (110) ! 30 ! 40, 84 50.50

z fill) i 30 1 66, 49 100.36

G (010) ! 30 1 3.7,91 31,00

Z {111) i 30 ! 54.66 39, 46

m (110) ! 40 ! 53. 74 81.93

z (111) ! 40 ! 61.98 51,60

o (010) ! 40 !
1 1

53. 27 54.34

m (110)
1 <
i so ; 52. 65 70, 38

z d il) ! 50 ! 55.61 80.54

c (010) ! 50 ! 51,57 40, 23

T (111) ! 50 1 85. 49 44, 82

m ( 110) ! 60 ; 58, 35 54, 16

2 (111) ! 60 ! 49. 16 52,14

c (010) ! 60 ! 59, 07 32,99

T (111) ! 60 ! 72. 40 54.33

m (110) ! 70 S 65,02 75,58

2 (111) : 70 ! 51.59 55.92

C (010) ; 70 ! 63. 21 42,90

2 (111) ! 70 : 60. 56 54,64

m (110) 1 80 ! 70. 34 72.93

2 (111) ! 60 ! 50. 79 58.07

G <010) ! 80 i 83. 21 43, 26

Z (ill) 5 80 ! 73, 23 25

m (110) ; 90 ; 73. 98 ! 83,33

2 (111) ! 90 ! 50. 44 ! 57,67

C (010) 90 ! 75,31 ! 47,12

z fill) ! 90 : 73. 74 ! 52.43

m (110) ! 100 ! 78.02 i 83.81
(111) ; ioo !

t *
51.02 ; 54.63

z (111) ! ioo : 65. 49 1 53.00

30.62 ; 
93.10 I
21.17 !
25.81 l 
29.79 !
77.82 ! 
19.59 ! 
28.89 5 
39.96 ! 
68.64 ! 
25,77 : 
34.86 ! 
42.84 I 
71,45 ;
29.83 !
37.50 !
55.06 !
63.68 ! 
36,44 !

54.93 !
42.84 !
13.06 !
43.17 S 

134,30 :
48,54 !

111.07 ! 
49.99 ;
67.69 !
51.94 !
41,74 !
56.27 i

115.60 : 
46.15 1 
43,47 ;
52.50 ; 
76,09 ; 
50.12 ; 
44.19 1 
49,67 i 
74.77 
50. 66

45.79



TABLE ~r „ ~r
Percentage deviation of calculated H by using

equations (7. 31) b (7.30) from the observed
graphical value (mean Hardness,H )

Room Temp ; 30°C ;

Face JAngle ! % : %

<i '.deviation (a) ‘.deviation (b)

m (110) 0 1 -13,91 -0, 92
2 (111) 0 J -18.19 „ 'PH* w *_r

c (010) 0 ! 30. 08 33. 66
2 dll) 0 ! 38, 82 36. 48
Di (110) 10 : 12. 40 18. 83
2 (III) io : -32.78 -1,53
c (010) 10 ! 35, 97 37,03
z (111) 10 ! 37.57 36. 49
m (110) 20 ! -31.11 -5,71
2 (111) 20 : -25.48 -0. 38
c (010) 20 ! 36. 00 34. 81
z (111) 20 1 20. 67 29.97
m (110) -30 ! -23,65 -4.90
z (ill) 30 ! -50.94 -7.46
c (010) 30 ! 18. 23 21,84
z (111) 30 ! 27. 81 31.39
m (110) 40 ! -15.24 -2. 46
2 (111) 40 ! -31.66 -2. 74
o (010) 40 !

\

-2. 01 31.59

m (110) <so : -33.68 -4. 33
z (111) 50 ! -44,83 22, 96
c (010) 50 ; 21.99 74. 68
z (111) 50 I 31.56 34. 08
m (110) 60 S 7, 18 ! -131,02
z (111) 60 ! -6.06 1.26
c (010) 60 ! 44, 15 -88.03
z (111) 60 ! 24,96 30, 95
m (110) 70 ; -16,21 -4. 11
z (111) 70 ! -8. 39 -0. 68
c (010) 70 i 32.13 33. 97
z dll) 70 ! 32. 17 30. 15
m (110) 60 ! -3. 88 -64,34
z (111) 60 ! -10.40 9. 14
c (010) 80 ! 31,58 31.23
z (111) 80 ! 24, 26 33, 15
m (110) 90 1 -12,67 -2. 38
z (111) 90 ! -14.33 t 0.63

! c (010) 90 ! 37, 43 i1 41,32
i z dll) ; so : 28. 83 *K 32. 78
! m (110) < 100 1 -10.25 l 1.84
! z (111) : loo : -7.08 ' 0. 71
(! z (111)

< «1 100 ! 19.07 : 30. 08

(a) = % deviation from H of H = ob%
(b) = % deviation from H of H = o*at * P



TABLE ~T . Q

Hardness H in Kg/sqmm

le c1 savage

Faces

'< Prism ! sphenoidal

c (010) ! ra <110) z (111) 1 z (111)

0 31.917 i 30.344 1 80.475 ! 40.830
10 31.106 ! 36.608 i 76.655 ! 45,491
20 39.533 ! 37.800 ! 88,379 1 49.778
30 37.912 1 40.844 1 66.491 ! 54,657
40 53.268 1 53.738 1 81,978 ! 81.575
50 . 51.589 ! 53.111 ! 55,612 ! 85,499
50 59.072 5 53.351 i 49.180 1 72.404
70 63,214 ! 65.017 ! 51.598 ! 80.561
30 63,215 ! 70.344 ! 50.798 1 78,232
90 75,309 ! 73.956 ! 50.441 I 73.737

100 70.550 S 78,023 ! 51,024 1 65,494
110 56.967 ! 71.431 ! 18.853 1 62.245
120 54.334 ! 85.991 ! 19,990 i 56,930
130 54.418 ! 59.043 ! 22.699 ! 53.357
140 46.272 ! 54.217 i 39.395 I 50.434
150 48.777 : 45,948 ; 50.121 1 47.242
160 43,259 ! 39,837 < 55.967 1 43.171
170 38.918 i 36.488 ! 59.822 ! 44.815
ISO ! 32.367 ! 29.405 ! 60,683 1 40,424



TABLE 7.9

Prism face mfllO) ! Cleavage face ctOlO)

t ~ - — - -- — — ,

hk ! H J % : H,< 1» H *
»
«

«

ca 1 c !deviation!
«_____________

<

* _
ca i c deviation!

3,370
<
i« 10.147 : -201.09 : 2.89

1
I< 10.914 -277.66 !

5.036 «
< 10.688 ; -112,22 ; 5.56 1t 11.542 -107.80 !

7. 133 < 11.222 : -57.32 : 8.01 1« 12.164 -51.86 !
8.513 *t 11.750 ! -37.94 : 10.07 1« 12.780 -26.91 !

11.242 i< 12.272 : -9.16 ! 11.67 « 13.389 -14.73 !
12.778 tr 12.788 ; -0.07 : 12. 7b tt 13.993 -9.49 !
13.430 <« 13.297 ; 0.99 ! 14.65 «

t 14.589 0.41 !
14.840 fi 13.800 ! 7.01 : 16. 44 1

* 15.180 7.66 !
14.670 t 14.297 ! 2.54 ! 18. 18 1 15,764 13.29 !
14.680 if 14.788 : -0.67 : 19.85 t

# 16.343 17.67 !
17.940 t 15,272 ! 14,87 J 21.10 <

t 16.914 19.84 !
17.590 ! 15..750 : 10.46 ! 22.64 I 17.480 22,79 !
21,190 «

< 18.222 ! 23.45 ! 21.87 »
f 18.039 17.52 !

22,130 «
< 16.688 ! , 24.59 ! 23. 19 1 18.593 19.83 !

23,350 i 17.147 ! 26.57 i 24,46 < 19.139 21.75 !
21.810 t

* 17.600 ! 19.30 : 22. 44 •
% 19.680 12.30 !

24.060 t 19.350 ! 19.58 27.26 f 21,780 20.10 !
22.720 *« 21.000 ! 7.57 ! 27. 39 1< 23.780 13.16 !
26.980 i 24.000 ! 11.05! 28. 56 <

t 27.480 3.78 !
26,980 fi 26.800 i 1.41 ! 28. lO I

1 30.780 -9.54 !
32.060 28.800 ! 10.17 i 29. 36 ( 33.680 -14.71 !
34.580 *f 30.600 < 11.51 ! 32.67 1

1 36.180 -10.74 !
24.910 32.000 ! -28.46 ! 33. 77 « 38.280 -13.36 !

29.960 33.600 ! -12.07 ! 33.92 1t 41.280 -21.70 5
30.280 33.600 ! -10.96 ! 33. 18 42.680 -28.63 !

34.150 32.000 i 6.30 ! 32.81 42.480 -29.47 !

33.180 i 28.800 ! 13.20 !
t

30.65 40.680 -32.72 i

For prism face m<HO) H
-O.OOZ^P1 + O. 44*P + 9.6

= -0.002*1^ + 0.51*P + 10,28
For clevage face c(01Q) Hca(c



~r . 1 o

Anisotropic co-ef f ic ient.f f or different 

faces of d-AHT single crystals

Values of
ii

prisra I C 1eavage
<l
4t z - face

44

anisotropic 
coe f ficients m

ti<110) 5
— — ~ — — — ( —

c < 010) t4
(f

. .. 1 .
2 fill)

3o

*4
+ 30,40 !

i
+ 31.

t4
74 :

i<

+ 40. 66 !

1(+ 3,90 i
i4

+ 1,
»f05 1
t1

+ 0, 09 i

az
4

- 0,50 !
»

- 2.
tf

33 1
\

+ 0. oe :

a3

1«+ 0.03 1
t

•f 1.90 x
1-3 1

io ;
»

4-4.00 x 103!

av -

l-3'1,00 x 10 1
1

- 7.00 x
t-<4'

io :

\
- 9.52 x 105!

5 5 •f
t-S'

2.35 x 10 !
1

1.60 x
j-s' 10 1
i

- 9. 12 x id7 <

3 6 -
4-V2,70 x 10 1
\

- 2.04 x
t

-1' 
10 1

<
- 3,27 x

-3 ‘ 
10 !

a7
-S'*

2.04 x 10 ;
4

* 1,59 x
i-S' 10 1
t4

1.41 x
-to* 10 1

a8 -
(-12'

9,29 x 10 !
t

- 7. 45 x
-IZ! 

10 1 
\

- 1. 17 x
ioH

a9
-iV

2.35 x 10 S ■f 1.92 x
-i V 10 i

1
«

4- 4. 32 x
. ^’5’. 10

t

3lO -
-17'

2.55 x 10 1
?
I

i

- 2.29 x
-17' 

10 !
1
I
1

- 6.00 x
-V*!

10 i
4t
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