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CHAPTER 4

STOCHASTIC INVENTORY MODEL UNDER 
PERMISSIBLE DELAY IN PAYMENT 

FOR TWO SUPPLIERS
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CHAPTER 4

4.1. INTRODUCTION:

In the previous chapters we discussed monopolistic case. Here we consider a 

generalization of the model discussed in chapter 2 representing practical life situation by 

assuming that the supplier’s market is not monopolistic as competitive spirit in the 

business is increased especially after induction of multinational companies. We 

undertake a duopolistic case which can be generalized further. In other words, it is 

assumed that the inventory manager may place his order with any one of two suppliers. 

This generalization results is a more difficult problem, however it makes the model more 

realistic when the manager may receive his supply from more than one source. Here we 

assume that the decision maker deals with two suppliers who may be ON or OFF. Here 

there are three states that correspond to the availability of at least one supplier that is 

states 0, 1 and 2 where as state 3 denotes the non availability of either of them. Status of 

both the suppliers is explained as below.

State Status of supplier 1 Status of supplier 2

0

1

2

3

ON

ON

OFF

OFF

ON

OFF

ON

OFF

Here it is assumed that one may place order to either one of the two suppliers or partly to 

both when both suppliers are available (i.e. state 0 of the system).

In today’s business transactions it is more and more common to see that the 

customer are allowed some grace period before settling the account with the supplier. 

This provides an advantage to the customers, due to the fact that they do not have to pay 

the supplier immediately after receiving the product but instead, can defer their payment



until the end of the allowed period. The customer pays no interest during the fixed 

period, but if the payment is delayed beyond that period, interest will be charged. The 

customer can start to accumulate revenues on the sale or use of the product, and earn 

interest on that revenue. So it is to the advantage of the customer to defer the payment to 

the supplier until the end of the period. Shortages are very important, especially in a 

model that considers delay in payment due to the fact that shortages can affect the 

quantity ordered to benefit from the delay in payment.

4.2. NOTATIONS, ASSUMPTIONS AND MODEL:

The stochastic inventory model for two suppliers under permissible delay in 

payment is developed on the basis of the following assumptions.

(a) Demand rate d is deterministic and it is d>l.

(b) We define Xi and Yi to be the random variables corresponding to the length of ON 
and OFF period respectively for ith supplier where i=l, 2. We specifically assume that 

Xi~ exp (ki) and Yi~ exp (pi). Further Xi and Yi are independently distributed.

(c) q, = order up to level i=0,1,2

(d) r = reorder up to level ; q; and r are decision variables.

(e) Toi is a credit period allowed by i* supplier where i— 1, 2 which is a known constant.

(f) Too is cycle period which is a decision variable.

(g) /^—Interest rate earned when purchase made from ith supplier where i—1,2 

/'cfTnterest rate charged by ith supplier where i=l, 2

(h) ctj= Indicator variable for ith supplier where i= 1,2 

otj = 0 if account is settled completely at Tot

= 1 otherwise

(i) Ie(lf) =Interest earned over period (0 to T0j) = dcTm T0jiei
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(j) /e(2/)=Interest earned over period (T0.toT00) upon interest earned (Ie(li))previously. 

Ie(2i) = (dcT00 + IeQ.i))(T00 - T0I )iei

(k) Interest charged by the ith supplier clearly (ic* > ie;) i= 1,2 

Ict = ccj dcicj (T'qq — T{)i)

In this chapter we assume that

• A Supplier allows a fixed period ‘2V to settle the account. During this fixed period 
no interest is charged by the ith supplier but beyond this period, interest is charged by 

the i* supplier under the terms and conditions agreed upon.

• Interest charged is usually higher than interest earned.

• The account is settled completely either at the end of the credit period or at the end 

of the cycle.

• During the fixed credit period To,-, revenue from sales is deposited in an interest 

bearing account.

The policy we have chosen is denoted by (qo, qj, qi, r). An order is placed for q, 

units i=0, 1, 2, whenever inventory drops to the reorder point r and the state found is i=0, 

1, 2.When both suppliers are available, q0 is the total ordered from either one or both 

suppliers. If the process is found in state 3 that is both the suppliers are not available 

nothing can be ordered in which case the buffer stock of r units is reduced. If the process 

stays in state 3 for longer time then the shortages start accumulating at rate of d 

units/time. When the process leaves state 3 and supplier becomes available, enough units 

are ordered to increase the inventory to q, +r units where i=0,1,2.

A{q:,r,9)=cos\ of ordering^- cost of holding inventory+ cost of items that deteriorate 

during a single interval that starts with an inventory of q; units and ends with r units.

1 . hq, + hrqt M 0cqi+-

2 (d+0) (d+e> (d+e)
i=0, 1,2
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Pg (t) =P (Being in state j at time t/starting in state i at time 0) i, j=0,1,2, 3 

p, =long run probabilities i=0,1,2,3

4.3. OPTIMAL POLICY DECISION FOR THE MODEL:

For calculation of average cost objective function, we need to identify the cycles. 

Below given figure gives us the idea about cycles and their identification.

Fig. 4.1 Inventory' level and status process with two suppliers

Referring to Fig.4.1, we see that the cycles of this process start when the inventory goes 

up to a level of qo+r units. Once the cycle is identified, we construct the average cost
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objective function as a ratio of the expected cost per cycle to the expected cycle length. 

Cn
i.e. AC (q0, qi, qi, r): "00

l00

where Coo=E (cost per cycle) and Too=E (length of a cycle)

Analysis of the average cost function requires the exact determination of the transition 

probabilities /V (/), i, j=0, 1, 2, 3 for the four state CTMC. The solution is provided in

the following lemma.

Lemma 4.3.1: Let P(t) = [P9(t)\ t>0, i, j—0, 1, 2, 3 be 4x4 matrix of transition 

functions for the CTMC. The exact transient solution is given as P{t) = UD(t)U~l .where

U =

D(t) =

1
1

-Mu
%

"A

1

1

■Mi,

1
-Mi,
/

~Mx,
%
'A

MiMi,

0
0

0 0 
0 0

%

0
0

yAAl.

0
0
0

u = -

Mi Mi AMi A Mi AA

1 Am2 AA -AMi -AA
(A + Mi)(A + Mi) A Mi -AMi —AA

.AA ~AA - AA AA

Proof: We will provide a constructive proof and find the transition probabilities by 

solving the system of 16 ordinary linear differential equations i.e. the forward 

Kolmogorov equations. We will first describe the explicit derivation of the differential 

equations corresponding to Pm (/) and then give the general result in matrix form.
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Recall that in an infinitesimal time interval of length t we can only move from state 0 to 

state 0, 1 or 2. Therefore, we have

Pm (t + At) = [l - ^ A t + 0(AO][l - ^ A t + 0(A0K (0 + [l-^A/ + 0(At)][A2At + 0(At)]P10 (t) 
+ [A, At + 0(A0][l - ^ At + 0(AO]P2o (0

Subtracting PW) (t) from both sides, dividing by At, and letting At—►() gives a differential 

equation as

iV(0 = -(4 +x2)Pm{i)+x2plQ{t)+xlp20{t)

After generating a similar set of differential equations for the other states, the resulting 

16 Kolmogorov equations can be put in a more convenient matrix form as P'(t) = QP(t),

4 0
0 A,

(A2 + Mi) A2
0 Ml Pi -Ol+j“2)_

is the infinitesimal general of the stochastic process with states 0, 1, 2 and 3 and 1 is the 

identity matrix. We now solve this system using spectral analysis (Hilderbrand (1965), 

Bhat(1984».

The solution to P’(t) = QP(t), P(0) = / can be written in the form P(t) = e& , where

P(0) = I where

— (/^j + A2) A2

l= fh
Mi 0

-'+1
Qntn

n\
(4.3.1)

From the spectral theory of matrices (1965), we have Q = UHU 1

Where U is a non-singular matrix formed with the right eigen vectors of Q and H is the 

diagonal matrix.

To find the right eigen vectors of Q, we first need to find the eigen values of Q that are 

obtained as the solution of the characteristic equation.
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Let(g - wl) = 0, solving gives w0=0, Wi=-(ki+nO, wr=-(X2+p2), w3=-(X,i+pi+X2+p2) as 

the four distinct eigen values. Using the eigen values, we find the right eigen vectors and 

form the U matrix as

1 1 
1 1

U =

1
Mi

-Mi
^2

MiMi
'vy

If Q = UHU~l then Q” = UH"U~l and using (4.3.1) we get

P(t) = I +
ao

s»=!

UH"U~lt"
n\

P(t) = UD(t)U~1

where D(t) =

e° 0 0
0 ew,f 0
0 0 e’"2'
0 0 0

0
0
0

Because the inverse of U is formed as

Mx Mi A2Mi KMi \X2
1 \Mi AqA2 ~KMi AqA*2

(Aj + /j1 )(A^ + //2) ^2 Ml ~ A'2Mi ■^1^2 -AqA7
AqA^ -AqA2 -AqA2 XiA1

Hence above lemma is proved.

Using lemma (4.3.1) we obtain the following transition probabilities:

(4.3.2)
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• 02

P„ =

Pn =

P» =

Pn =

P = •* 22

P =■*23

1

(Xx + Mi)(X2 + m2)

1

(Xx + fj.x) (X2 + Ml)

1

(Xx + Mi)(X2 + Mi)

1

(Ax + Mi) (A 2 + Mi)

1

(X, + Mi) (X 2 + m2 )

1

(Xx + Mi) (X2 + Mi)

1

(Xx + Mi)(X2 + Mi)

l

(Xx + Mi) (X2 + Mi)

1

(Xx + Mi)(X2 + Mi)

-(Ai-t-^|)g6 -<^2+//2)go

^//,+^AjC (rf+tf) -X2nxe- {d+6) -XxX2e

-(Al +/f; jffo ~(A2 -4-//2)gQ

XxM2-XxM2e {d+6) + XxX2e id+6) - XxX2

-(A}+/J l)<?Q

V2“V2« (d+0) - /l,A2e + XxX2e
-(A2+fi2)go

(d+0)
4'rt'2c

~(^2 +1*2 )?1
Vl+M« (rf+S) + /^2e (rf+<!) + /Ml£

Axn2-Axn2e (d+e) - ntAxe {d+e) + M2Axe

-(^i+/'i)t/i -(22+//,)t/i
(f/+«)

^ 1 A*2>’*'lcA,A,-A,A,e {d+e) +fi2A,e icl+e> - XxM2e

"C^l +t*l )*?2 -(^2+/^2)^2

X1Mi~MiX2e (d+t>) -X2pxe (d+0) + pxX2t

-(h+Mdi

Xxm2 + M\M2 e (d+6) + XxX2e (d+a) + fixX2e

)qi -(4+^2 )gz

"1^2'' — /*xst,2<.XxX2+MxX2e (d+0) -XxX2e <rf+<5>) - pxX2e

-(A]+Jj2+Mi+Mi)‘l(,
(d+0)

~(Ai+A2+^i+/l2)qo
(d+0)

-(Ax+A2+Mi+A2)q(i
(d+0)

(rf-H?)

-(^1+^2+/2}-f/i2)l7|
(rf + «)

(rf + ff)

-(Ai+Ai+Mi+ftz)q2
(d+0)

-(Al+A1+in+iii)q2
(d+0)

"i^+Ai+iti +Mi)q2 
(d+0)
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Corollary 4.3.1: The long run probabilities P = lim P, (t) are
* /->«> J

[Pc >Pi>P2>PA 1
(/i, +//j)(yl2 + P 2)

\Pl Pi 5 ^2 Pi ’ ’ '^T'^2 ]

Proof: As t -»co, we have

lim Z)(r) =

10 0 0 
0 0 0 0 
0 0 0 0 
0 0 0 0

Hence above corollary is proved.

Define QHE (cost incurred to the beginning of the next cycle from the time when 

inventory drops to r at state i=0,1, 2,3 and q; units are ordered if i=0, 1 or 2)

Lemma 4.3.2: Cj0 is given by

r - p0 Im \d + 0 j
A{ql,r,ff) + Ypi-&-XA{q,,r,ff) + CJ0] i=0, 1, 2 (4.3.3)

i=1 d + 0

C30 — c+y1. PjCjo
M

(4.3.4)

Where p, = — with S = py+p2 and 
<5

C =
,{d+6) Sr

he(M) (Sr-(d + 0))+{nSd + h(d + &) + &)- 0cS + -
6c

(4.3.5)

Proof: First consider i=0. Conditioning on the state of the supplier availability process 

when inventory drops to r, we obtain

'00 ‘00

SI

J0 (4.3.6)



The equation follows because q0 + r being the initial inventory, when qo units are used 

up we either observe state 0,1,2 or 3 with probabilities

go
d+e

p9 1 0
go

d+e
p>r02

go A
d+e

and P„03

f go ^
d+e

respectively. If we are in state 0

when r is reached, we must have incurred a cost of A(qQ,r,e). On the other hand, if state 

j=l, 2, 3 is observed when inventory drops to r, then the expected cost will be

A(q0 ,r,e) + CJ0 with probability Paj 

very similar but C30 is obtained as

f go ^
d+e

. The equation relating C10 and C20 are

c„ =b +c„]-x—+[c
Mi + M2 Mi + Mi

(4.3.7)

Here, C is defined as the expected cost from the time inventory drops to r until either 

supplier 1 or 2 becomes available, C is computed as follows:

Now referring to Fig 3.1., note that the cost incurred from the time when inventory drops 

to r and the state is OFF to the beginning of next cycle is equal to

1 hy1 (d + e)+ hy[r - y(d + #)]+ #CT
2

1 hr2
2 (d + e)■ + n y- (,d+e)

d — y~ (d+e)
+-

ecr
(d+e)

y<

y-

d+e

d+e

Hence,

rl(d+e)

C= J \ hy2 (d + 0) + hy(r - y(d + 6) +■ ecy}Se
~5f

+ Jrl(d+0)

1 hr2
2 (d + e)- + n y- (d+e)

d + a
y- (d+e)

+■
6cr [

(d + e)\
-By
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-Sr 

^4,0)
s2

Sr

heiM) {Sr - (d + 0))+ {nSd + A(rf + 0) + x)-0cS +
6c_

S

with S = /ux+ ft2 as the rate of departure from state 3. This follows because if supplier 

availability process is in state 3 (OFF for both suppliers) when inventory drops to r, then 

the expected holding and backorder costs are equal toC. If the process makes a 

transition to state 1, the total expected cost would then beC +C10. The probability of a 

transition from state 3 to state 1 is

P(Y,<Y2)= \P(Y{ < Y2 !Y2 = t)n2e^‘dt
o th + Mi

Multiplying this probability with the expected cost term above gives the first term of 

(4.3.7). The second term is obtained in a similar manner. Combining the results proves 

the lemma.

The following lemma provides a simpler means of expressing Cm in an exact manner.

To simplify the notation, we let A, = A(qi ,r,0), i=0, 1, 2 and PtJ = P:j / q, ^
d + d

i,j=0, 1,

2,3.
Lemma 4.3.3: The exact expression for Coo is

P-m = Pqi^io + PmP2q ^ P»3(p + P\P\0 + PiP2o) (4.3.8)

where the pair [Cio, C20] solves the system

1 P\iP\ (Pn P\iPi) ~r°10 ’4+PaC~
(^21 T P23P1) i— P22 ~ P23P2 _ C_ 20 _ A2 + P,3C _

Proof: Rearranging the linear system of four equations in lemma (4.3.2) in matrix form 

gives
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1 ^01 Pq2 ^03 r r 1^00 Aq

0 1 -Pn -Pa -Pn c'-'10 A
0 - P 1 - P - Pu *21 1 -*22 **23 ĉ20 A
0 -A -Pi 1 c'“'30 c

(4.3.10)

We have C30 = C + pxCw + p2C20 from the last row of the system. Substituting this

result in rows two and three and rearranging gives the system in (4.3.9), with {Cl0, C20).
3

From the first row of (4.3.10) we obtain C00 = A0 + ^ />0/Cy0.
3=1

Hence above lemma is proved.

Define, Tjo=E [Time to the beginning of the next cycle from the time when inventory 

drops to r at state i=0, 1, 2,3 and q* units are ordered if i=0,1, 2]

Lemma 4.3.4: Expected cycle length is given by

T = P1i 0 JriQ
<h

d + 0 d + 0 % IJ
/

<1,

d + 0
<h

d + 0
■ + T,j 0 i = 0,1,2

Tm=T+Yp,T„
y=i

where T = ——— is the expected time from the time inventory drops to r until either 
M1+M2

supplier 1 or 2 becomes available.

Lemma 4.3.5: The exact expression for T 00 is

^00 — . a + + ^02^20 + ^03 (X + PXlO + A ^20 )
d + 0

where the pair [Tio.Tzo] solves the system.

i ^11 PnPi ~(Pn+PnP2)~ Xo q,+P13T
— (P2 j + P22 Pi) (1 — P12 — PnP2 ) Xo_ _?2 + PlA _

The proof of the above two lemmas i.e. (4.3.4) and (4.3.5) are very similar to lemma 

(4.3.2) and (4.3.3)
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Proposition 4.3.1: The Average cost objective function for two suppliers when delay in 

payment is considered is given by

A(qo,r,0) + Pm(Cw -(/e(l 1) + Ie(21) + Icx) + P02(C20 -(7e(l2) + Ie(22) + Ic2) 

AC-C°° - +F03(C+MCw ~Cfe(l 1) + Ie(21) + Ic{) + p2(C20 -(Ie(\2) + Ie{22)) + Ic2))
^ -^, + PA + PA +PA+P,T:. +P.T,,')

a+U
Proof: Proof follows using Renewal reward theorem (RRT). The optimal solution for qo, 

qi, q2 and r is obtained by using Newton Rapson method in R programming.

4.4. NUMERICAL EXAMPLE:

In this section we verify the results by a numerical example. We assume that

(i) k =Rs. 5/order, c=Rs.l/unit, d=20/units, 9=4, h=Rs. 5/unit/time, Jt=Rs. 350/unit, 

n =Rs.25/unit/time, ici=0.11, iei=0.02, ic2=0.13, ie2=0.04, Toi-0.6, T02-0.8,

(ai=l and a2=l) i.e. businessmen do not settle the account at the respective credit time 

given by both the suppliers, A,|=0.58, A,2=0.45, pi=3.4, p.2=2.5.

The last four parameters indicate that the expected lengths of the ON and OFF periods 

for first and second supplier are 1A,i=1.72413794, 1A.2=2.2222, 1/jui—.2941176 and 

l/p2=.4 respectively. The long run probabilities are obtained as po=0.7239588, 

pi=0.1303126, p2 =0.1234989 and p3=0.02222. The optimal solution is obtained as

qo=4.92015, ^=33.130502, q2=32.90077, 1=0.8978675 and AC=^- = 6.291478.
^00

(ii) Keeping other parameters as it is, we consider (ai=0 and a2=0) i.e. businessmen 

settle the account at the respective credit time given by both the suppliers.

The optimal solution is obtained as qo=9.21634, qi=41.82183, q2=41.9396,1=0.76247

and AC=^22- =5.900553.
T-*00
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(iii) Keeping other parameters as it is, we consider (ai=l and a2=0) i.e. businessmen do 

not settle the account at the credit time given by the 1st supplier but they settle the 

account at the credit time given by the 2nd supplier.

The optimal solution is obtained as qo= 6.919021, qi= 36.68451, q2= 36.68383,

r= 0.925376 and AC=^- =6.091088.

Tx00

(iv) Keeping other parameters as it is, we consider (ai=0 and <X2=T) i.e. when the account 

is settled by businessmen at the credit time given by the 1st supplier but they do not settle 

the account at the credit time given by the 2nd supplier.

The optimal solution is obtained as qo= 6.573681, qi= 35.95015, q2= 35.9173,

i= 0.938723 and AC= C^ = 6.142968

T-too

Conclusion:

From the above numerical example, we conclude that the cost is minimum when 

businessmen settle the account at the respective credit time given by both the suppliers 

i.e. when (di=0 and a2=0).

4.5. SENSITIVITY ANALYSIS:

To observe the effects of varying parameter values on the optimal solution we 

have conducted sensitivity analysis, by varying Xi, X2, pi, p2, h, k.

4.5.1. Sensitivity Analysis for Xj:

(i) To observe the effect of varying parameter values on the optimal solution, we have 

conducted sensitivity analysis by varying the value Xi that is length of ON period for 1st 

supplier and keeping other parameter values fixed where aj=T and a2=l. We resolve the 

problem to find optimal values of qo, qi, q2, r and AC. The optimal values of qo, qi, q2 

and AC are plotted in Fig.4.5.1.1.
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Table 4.5.1.1
Sensitivity Analysis Table by varying the parameter values of Xi

(ai=land a2=l)

h qo qi 92 r AC

0.5 4.21939 32.3257 32.1097 0.303045 6.346889

0.52 4.32861 32.41094 32.176 0.458388 6.336898

0.54 4.46853 32.54743 32.30188 0.609183 6.324458

0.56 4.65496 32.76605 32.5205 0.755719 6.30943

0.58 4.92015 33.1305 32.9007 0.897868 6.291478

Fig. 4.5.1.1 Sensitivity analysis graph for Xi

We see that as X\ increases i.e. expected length of ON period for 1st supplier 

decreases but since 1//L, =1/0.45=2.2 that is expected length of ON period for 2nd 

supplier is fixed, which results in decrease in average cost. Decreasing the expected 

length of ON period for 1st supplier we see there is a decrease in average cost, when the 

account is not settled at the respective credit time given by both the suppliers.
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(ii) To observe the effect of varying parameter values on the optimal solution, we have 

conducted sensitivity analysis by varying the value and keeping other parameter 

values fixed where ai=0 and ot2=0. We resolve the problem to find optimal values of qo, 

qi, q2, r and AC. The optimal values of qo, qi, q2 and AC are plotted in Fig.4.5.1.2.

Table 4.5.1.2
Sensitivity Analysis Table by varying the parameter values of ^.i

(ai=0and u2=0)

X, qo qi 92 r AC

0.5 4.21939 32.3257 32.1097 0.303045 6.346889

0.52 4.32861 32.41094 32.176 0.458388 6.336898

0.54 4.46853 32.54743 32.30188 0.609183 6.324458

0.56 4.65496 32.76605 32.5205 0.755719 6.30943

0.58 4.92015 33.1305 32.9007 0.897868 6.291478

Fig. 4.5.1.2 Sensitivity analysis graph for k|

Increasing i.e. decreasing expected length of ON period for 1st supplier results 

in decrease in average cost when businessmen settle the account at the respective credit 

time given by both the suppliers.

88



(iii) To observe the effect of varying parameter values on the optimal solution, we have 

conducted sensitivity analysis by varying the value A.i and keeping other parameter 

values fixed where ci|=l and a2=0. We resolve the problem to find optimal values of qo, 

qi, q2, r and AC. The optimal values of qo, qi, q2 and AC are plotted in Fig.4.5.1.3.

Table 4.5.1.3
Sensitivity Analysis Table by varying the parameter values of ki

(ai=land ci2=0)

h qo qi 92 r AC

0.5 4.875214 33.10239 32.96599 0.391809 6.202606

0.52 5.124579 33.43298 33.29805 0.548381 6.182258

0.54 5.472377 33.95825 33.84087 0.69646 6.157839

0.56 6.001515 34.8682 34.79183 0.82975 6.128266

0.58 6.919021 36.68451 36.68383 0.925376 6.091088

Fig.4.5.1.3 Sensitivity analysis graph for k|

We see that as ki increases i.e. expected length of ON period for 1st supplier 

decreases, average cost decreases when businessmen do not settle the account at the 

credit time given by the 1st supplier but they settle the account at the credit time given by 

the 2nd supplier.
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(iv) To observe the effect of varying parameter values on the optimal solution, we have 

conducted sensitivity analysis by varying the value A.i and keeping other parameter 

values fixed where ai=0 and ot2= 1. We resolve the problem to find optimal values of qo, 

qi, q2, r and AC. The optimal values of qo, qi, q2 and AC are plotted in Fig.4.5.1.4.

Table 4.5.1.4
Sensitivity Analysis Table by vary ing the parameter values of k)

(ai=0 and «2= 1)

h qo qi 92 r Ac

0.5 4.817789 32.99064 32.84593 0.388688 6.22261

0.52 5.028656 33.26011 33.11216 0.543481 6.20912

0.54 5.322365 33.68757 33.55083 0.691404 6.191908

0.56 5.770063 34.4272 34.32367 0.828704 6.170542

0.58 6.573681 35.95015 35.9173 0.938723 6.142968

Fig. 4.5.1.4 Sensitivity analysis graph for Xi

We see that as A.| increases i.e. expected length of ON period for 1st supplier 

decreases, average cost decreases when the account is settled by businessmen at the 

credit time given by the 1st supplier but they do not settle the account at the credit time 

given by the 2nd supplier.
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4.5.2. Sensitivity Analysis for A2:

(i) To observe the effect of varying parameter values on the optimal solution, we have 
conducted sensitivity analysis by varying the value ~ki that is length of ON period for 2nd 

supplier and keeping other parameter values fixed where ai=l and 02=1. We resolve the 

problem to find optimal values of qo, qi, q2, r and AC. The optimal values of qo, qi, q2 

and AC are plotted in Fig.4.5.2.1.

Table 4.5.2.1
Sensitivity Analysis Table by varying the parameter values of ^

(ai=land «2=1)

X.2 qo qi 92 r AC

0.41 4.51758 32.8025 32.3632 0.532947 6.301836

0.43 4.68582 32.90287 32.56939 0.71933 6.298501

0.45 4.92015 33.1305 32.90077 0.897868 6.291478

0.47 5.284412 33.61563 33.4926 1.06763 6.280406

0.49 6.03914 34.91542 34.91874 1.21790 6.263854

Fig. 4.5.2.1 Sensitivity analysis graph for 1.2

We see that as >12 increases i.e. expected length of ON period for 2nd supplier

decreases but since 1/A, =1/0.58=1.72 that is expected length of ON period for 1st

supplier is fixed, which results in decrease in average cost when the account is not

settled at the respective credit time given by both the suppliers.
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(ii) To observe the effect of varying parameter values on the optimal solution, we have 

conducted sensitivity analysis by varying the value X2 and keeping other parameter 

values fixed where ot|=0 and ct2=0. We resolve the problem to find optimal values of qo, 

qi, q2, r and AC. The optimal values of qo, qi, q2 and AC are plotted in Fig.4.5.2.2.

Table 4.5.2.2
Sensitivity Analysis Table by varying the parameter values of k2

(ai=0and u2=0)

X.2 qo qi 92 r AC

0.41 6.97535 36.76276 36.67674 0.62583 5.9735

0.43 7.93252 38.75428 38.79006 0.73206 5.94342

0.45 9.21634 41.82184 41.93962 0.762478 5.90055

0.47 10.66972 45.76968 45.91412 0.720598 5.842058

0.49 12.13478 50.24337 50.37507 0.631777 5.766487

Fig. 4.5.2.2 Sensitivity analysis graph for X2

Increasing A.2 i.e. decreasing expected length of ON period for 2nd supplier results 

in decrease in average cost when businessmen settle the account at the respective credit 

time given by both the suppliers.
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(iii) To observe the effect of varying parameter values on the optimal solution, we have 

conducted sensitivity analysis by varying the value ^ and keeping other parameter 

values fixed where ai=l and ci2=0. We resolve the problem to find optimal values of qo, 

qi, q2, r and AC. The optimal values of qo, qi, q2 and AC are plotted in Fig.4.5.2.3.

Table 4.5.2.3
Sensitivity Analysis Table by varying the parameter values of ^2

(ai=land a2=0)

^2 qo 92 r AC

0.41 5.648678 34.42982 34.17833 0.621036 6.12024

0.43 6.122379 35.17788 35.04982 0.790781 6.1092

0.45 6.919021 36.68451 36.68383 0.925376 6.091088

0.47 8.37173 39.95611 40.06992 0.967174 6.061918

0.49 10.33746 45.19611 45.34853 0.871826 6.014996

Fig. 4.5.2.3 Sensitivity analysis graph for X2

We see that as X2 increases i.e. expected length of ON period for 2nd supplier 

decreases, which results in decrease in average cost when businessmen do not settle the 
account at the credit time given by the 1st supplier but they settle the account at the credit 
time given by the 2nd supplier.
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(iv) To observe the effect of varying parameter values on the optimal solution, we have 

conducted sensitivity analysis by varying the value X2 and keeping other parameter 

values fixed where oti=0 and 012= 1. We resolve the problem to find optimal values of qo, 

qi, q2, r and AC. The optimal values of qo, qi, q2 and AC are plotted in Fig.4.5.2.4.

Table 4.5.2.4
Sensitivity Analysis Table by varying the parameter values of k2

(«i=0 and a2=l)

k2 qo qi 92 r AC

0.41 5.306492 33.85771 33.55111 0.607382 6.180515

0.43 5.761708 34.5091 34.33355 0.788504 6.16539

0.45 6.573681 35.95015 35.9173 0.938723 6.142968

0.47 8.30733 39.74837 39.8591 0.976085 6.107925

0.49 10.61271 45.88837 46.03926 0.840191 6.050721

Fig. 4.5.2.4 Sensitivity analysis graph for k2

We see that as k2 increases i.e. expected length of ON period for 2nd supplier 

decreases, which results in decrease in average cost when the account is settled by 

businessmen at the credit time given by the 1st supplier but they do not settle the account 

at the credit time given by the 2nd supplier.
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4.5.3. Sensitivity Analysis for jij:

(i) To observe the effect of varying parameter values on the optimal solution, we have 

conducted sensitivity analysis by varying the value pi that is length of OFF period for 1st 

supplier and keeping other parameter values fixed where oti=l and ct2=l. We resolve the 

problem to find optimal values of qo, qi, q2, r and AC. The optimal values of qo, qi, q2 

and AC are plotted in Fig.4.5.3.1.

Table 4.5.3.1
Sensitivity Analysis Table by varying the parameter values of pi

(ai=land (*2=1)

fil qo qi 92 r AC

3.4 4.92015 33.1305 32.90077 0.897868 6.291478

3.6 4.63996 32.37693 32.13742 0.75245 6.23645

3.8 4.47092 31.82851 31.59548 0.62584 6.184397

4 4.35657 31.3834 31.16678 0.514433 6.13567

4.2 4.274396 31.00246 30.80907 0.415555 6.090279

Fig. 4.5.3.1 Sensitivity analysis graph for pi

We see that as pi increases i.e. expected length of OFF period for 1st supplier 

decreases, average cost decreases when the account is not settled at the respective credit 

time given by both the suppliers.
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(ii) To observe the effect of varying parameter values on the optimal solution, we have 

conducted sensitivity analysis by varying the value gi and keeping other parameter 

values fixed where di=0 and a2=0. We resolve the problem to find optimal values of qo, 

qi, q2, r and AC. The optimal values of qo, qi, q2 and AC are plotted in Fig.4.5.3.2.

Table 4.5.3.2
Sensitivity Analysis Table by varying the parameter values of pi

(ai=0and U2=0)

hi qo qi 92 r AC

3.4 9.21634 41.82184 41.93962 0.762478 5.90055

3.6 7.38513 37.1336 37.20425 0.78833 5.8883

3.8 6.4575 34.90709 34.93798 0.71046 5.8604

4 5.93738 33.64032 33.65347 0.61157 5.82773

4.2 5.606021 32.78604 32.79784 0.513805 5.79421

Fig. 4.5.3.2 Sensitivity analysis graph for pi

We see that as gi increases i.e. expected length of OFF period for 1st supplier 

decreases, which results in decrease in average cost when businessmen settle the account 

at the respective credit time given by both the suppliers.
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(iii) To observe the effect of varying parameter values on the optimal solution, we have 

conducted sensitivity analysis by varying the value pi and keeping other parameter 

values fixed where ai=l and a2=0. We resolve the problem to find optimal values of qo, 

qi, q2, r and AC. The optimal values of qo, qi, q2 and AC are plotted in Fig. 4.5.3.3.

Table 4.5.3.3
Sensitivity Analysis Table by varying the parameter values of pi

(ai=land a2=0)

hi qo qi 92 r AC

3.4 6.919021 36.68451 36.68383 0.925376 6.091088

3.6 5.83538 34.22192 34.14971 0.817911 6.054619

3.8 5.353431 33.07427 32.97752 0.693801 6.013849

4 5.068892 32.32638 32.22671 0.578918 5.973334

4.2 4.877779 31.76316 31.67317 0.475274 5.934428

Fig. 4.5.3.3 Sensitivity analysis graph for pi

We see that as pi increases i.e. expected length of OFF period for 1st supplier 

decreases, which results in decrease in average cost when businessmen do not settle the 

account at the credit time given by the 1st supplier but they settle the account at the credit 

time given by the 2nd supplier.
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(iv) To observe the effect of varying parameter values on the optimal solution, we have 

conducted sensitivity analysis by varying the value pi and keeping other parameter 

values fixed where oti=0 and 012=1. We resolve the problem to find optimal values of qo, 

q 1, q2, r and AC. The optimal values of qo, qi, q2 and AC are plotted in Fig. 4.5.3.4.

Table 4.5.3.4
Sensitivity Analysis Table by varying the parameter values of pi

(ai=0 and 02=1)

hi qo qi 92 r AC

3.4 6.573681 35.95015 35.9173 0.938723 6.142968

3.6 5.657289 33.87504 33.77881 0.817562 6.098598

3.8 5.250657 32.87008 32.75627 0.692375 6.052388

4 5.00937 32.19269 32.08098 0.578698 6.007538

4.2 4.847366 31.6709 31.57269 0.476728 5.964934

Fig. 4.5.3.4 Sensitivity analysis graph for pi

We see that as pi increases i.e. expected length of OFF period for 1st supplier 

decreases, which results in decrease in average cost when the account is settled by 

businessmen at the credit time given by the 1st supplier but they do not settle the account 

at the credit time given by the 2nd supplier.
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4.5.4. Sensitivity Analysis for p2:

(i) To observe the effect of varying parameter values on the optimal solution, we have 

conducted sensitivity analysis by varying the value g2 that is length of OFF period for 

2nd supplier and keeping other parameter values fixed where oti=1 and a2=l. We resolve 

the problem to find optimal values of qo, qi, q2, r and AC. The optimal values of qo, qi, 

q2 and AC are plotted in Fig. 4.5.4.1.

Table 4.5.4.1
Sensitivity Analysis Table by varying the parameter values of p2

(ct|=land a2=l)

qo qi 92 r AC

2.5 4.92015 33.1305 32.90077 0.897868 6.291478

2.7 4.65914 32.42439 32.18495 0.714823 6.22704

2.9 4.50296 31.89978 31.67263 0.558189 6.16661

3.1 4.40044 31.47235 31.26477 0.42312 6.11043

3.3 4.329983 31.10838 30.92135 0.305699 6.058361

Fig. 4.5.4.1 Sensitivity analysis graph for p2

We see that as p2 increases i.e. expected length of OFF period for 2nd supplier

decreases, which results in decrease in average cost when the account is not settled at the

respective credit time given by both the suppliers.
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(ii) To observe the effect of varying parameter values on the optimal solution, we have 

conducted sensitivity analysis by varying the value g2 and keeping other parameter 

values fixed where ai=0 and (X2=0. We resolve the problem to find optimal values of qo, 

qi, q2, r and AC. The optimal values of qo, qi, q2 and AC are plotted in Fig. 4.5.4.2.

Table 4.5.4.2
Sensitivity Analysis Table by varying the parameter values of p2

(ai=0and (*2=0)

02 qo qi 92 r AC

2.5 9.21634 41.8218 41.93962 0.76247 5.90055

2.7 7.60633 37.7112 37.72316 0.740037 5.87412

2.9 6.71613 35.5491 35.49144 0.63948 5.83621

3.1 6.19726 34.2676 34.17347 0.52256 5.79468

3.3 5.86514 33.3992 33.2874 0.40938 5.75344

Fig. 4.S.4.2 Sensitivity analysis graph for p2

We see that as g2 increases i.e. expected length of OFF period for 2nd supplier 

decreases, which results in decrease in average cost when businessmen settle the account 

at the respective credit time given by both the suppliers.
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(iii) To observe the effect of varying parameter values on the optimal solution, we have 

conducted sensitivity analysis by varying the value p2 and keeping other parameter 

values fixed where aj = l and a2=0. We resolve the problem to find optimal values of qo, 

qi, q2, r and AC. The optimal values of qo, qi, q2 and AC are plotted in Fig. 4.5.4.3.

Table 4.5.4.3
Sensitivity Analysis Table by varying the parameter values of p2

(ai=land a2=0)

qo qi 92 r AC

2.5 6.919021 36.68451 36.68383 0.925376 6.091088

2.7 6.014855 34.59541 34.49889 0.782994 6.039226

2.9 5.579188 33.5183 33.38583 0.635233 5.986091

3.1 5.320454 32.79904 32.6555 0.501161 5.93477

3.3 5.149895 32.25601 32.11205 0.381983 5.886177

Fig. 4.5.4.3 Sensitivity analysis graph for p2

We see that as p2 increases i.e. expected length of OFF period for 2nd supplier 

decreases, which results in decrease in average cost when businessmen do not settle the 

account at the credit time given by the Is1 supplier but they settle the account at the credit 

time given by the 2nd supplier.
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(iv) To observe the effect of varying parameter values on the optimal solution, we have 

conducted sensitivity analysis by varying the value g2 and keeping other parameter 

values fixed where ci|=0 and <X2=1. We resolve the problem to find optimal values of qo, 

qi, q2, r and AC. The optimal values of qo, qi, q2 and AC are plotted in Fig. 4.5.4.4.

Table 4.5.4.4
Sensitivity Analysis Table by varying the parameter values of g2

(ct|=0 and U2=l)

qo qi 92 r AC

2.5 6.573681 35.95015 35.9173 0.938723 6.142968

2.7 5.663003 33.94184 33.8112 0.779756 6.092003

2.9 5.250152 32.95139 32.79107 0.623286 6.039782

3.1 5.007076 32.28605 32.12098 0.484359 5.9895

3.3 4.846396 31.77769 31.61777 0.362246 5.942063

Fig. 4.5.4.4 Sensitivity analysis graph for g2

We see that as g2 increases i.e. expected length of OFF period for 2nd supplier 

decreases, which results in decrease in average cost when the account is settled by 

businessmen at the credit time given by the 1st supplier but they do not settle the account 
at the credit time given by the 2nd supplier.
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4.5.5. Sensitivity Analysis for h:
(i) To observe the effect of varying parameter values on the optimal solution, we have 

conducted sensitivity analysis by varying the value of holding cost h and keeping other 

parameter values fixed where ai=l and 02=1. We resolve the problem to find optimal 

values of qo, qi, q2, r and AC. The optimal values of qo, qi, q2 and AC are plotted in 

Fig. 4.5.5.1.

Table 4.5.5.1
Sensitivity Analysis Table by varying the parameter values of h

(cii=land 02=1)

h qo qi 92 r AC

5 4.92015 33.1305 32.90077 0.897868 6.29147

5.2 4.51023 32.13459 31.81629 0.736602 6.44817

5.4 4.22727 31.4038 31.01222 0.582429 6.59807

5.6 4.01276 30.81565 30.36028 0.435484 6.74237

5.8 3.840995 30.31773 29.80502 0.295231 6.88182

Fig. 4.5.5.1 Sensitivity analysis graph for h

We see that as holding cost h increases, average cost increases, when the account 

is not settled at the respective credit time given by both the suppliers.
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(ii) To observe the effect of varying parameter values on the optimal solution, we have 

conducted sensitivity analysis by varying the value of holding cost h and keeping other 

parameter values fixed where ai=0 and a2=0. We resolve the problem to find optimal 

values of q0, qi, q?, r and AC. The optimal values of qo, q 1, q: and AC are plotted in 

Fig. 4.5.5.2.

Table 4.5.5.2
Sensitivity Analysis Table by varying the parameter values of h

(ai=0and (*2=0)

h qo 92 r AC

5 9.21634 41.82184 41.93962 0.762478 5.90055

5.2 7.608994 37.48657 37.52147 0.775403 6.097604

5.4 6.458036 34.71559 34.63385 0.702893 6.275461

5.6 5.711362 33.02134 32.8299 0.58585 6.439946

5.8 5.204992 31.89054 31.60519 0.454638 6.594901

Fig. 4.5.5.2 Sensitivity analysis graph for h

We see that as holding cost h increases, average cost increases, when 

businessmen settle the account at the respective credit time given by both the suppliers.

(iii) To observe the effect of varying parameter values on the optimal solution, we have 

conducted sensitivity analysis by varying the value of holding cost h and keeping other
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parameter values fixed where ai=l and (*2=0. We resolve the problem to find optimal 

values of q(), qi, q^, r and AC. The optimal values of qo, qi, q2 and AC are plotted in 

Fig. 4.5.5.3.

Table 4.5.5.3
Sensitivity Analysis Table by varying the parameter values of h

(oti=land a2=0)

h qo qi 92 r AC

5 6.919021 36.68451 36.68383 0.925376 6.091088

5.2 5.80463 34.07729 33.94275 0.816696 6.265027

5.4 5.181679 32.65309 32.41251 0.675464 6.426575

5.6 4.771607 31.69855 31.37156 0.530788 6.579658

5.8 4.472563 30.97895 30.57812 0.389227 6.726147

Fig. 4.S.5.3 Sensitivity analysis graph for h

Increasing the holding cost h, results in increase in average cost, when 

businessmen do not settle the account at the credit time given by the 1st supplier but they 

settle the account at the credit time given by the 2nd supplier.

(iv) To observe the effect of varying parameter values on the optimal solution, we have 

conducted sensitivity analysis by varying the value of holding cost h and keeping other
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parameter values fixed where ot|=0 and oi2=l. We resolve the problem to find optimal 

values of qo, qi, q2, r and AC. The optimal values of qo, q 1, q2 and AC are plotted in 

Fig. 4.5.5.4.

Table 4.5.5.4
Sensitivity Analysis Table by varying the parameter values of h

(ai=0 and a2=l)

h qo qi 92 r AC

5 6.573681 35.95015 35.9173 0.938723 6.142968

5.2 5.521374 33.5696 33.39709 0.812252 6.313326

5.4 4.958185 32.29829 32.02236 0.663447 6.472119

5.6 4.587592 31.43345 31.07425 0.51553 6.623014

5.8 4.31594 30.77104 30.34097 0.372561 6.767689

Fig. 4.5.5.4 Sensitivity analysis graph for h

Increasing the holding cost h, results in increase in average cost, when the 

account is settled by businessmen at the credit time given by the 1st supplier but they do 

not settle the account at the credit time given by the 2nd supplier.
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4.5.6. Sensitivity Analysis for k:
(i) To observe the effect of varying parameter values on the optimal solution, we have 

conducted sensitivity analysis by varying the value of ordering cost k and keeping other 

parameter values fixed where ai=l and 02=1. We resolve the problem to find optimal 

values of qo, qi, q2, r and AC. The optimal values of qo, qi, q2 and AC are plotted in 

Fig. 4.5.6.1.

Table 4.5.6.1
Sensitivity Analysis Table by varying the parameter values of k

(ai=land 02=1)

k qo 9i 92 r AC

4.5 4.309901 31.82929 31.47698 0.875967 6.198703

5 4.92015 33.1305 32.90077 0.867868 6.291478

5.5 5.64599 34.71506 34.59938 0.842023 6.37395

6 6.494584 36.65105 36.63384 0.819756 6.44698

6.5 7.3987 38.84879 38.90353 0.82776 6.51175

Fig. 4.5.6.1 Sensitivity analysis graph for k
We see that as ordering cost k increases, average cost increases, when the 

account is not settled at the respective credit time given by both the suppliers.
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(ii) To observe the effect of varying parameter values on the optimal solution, we have 

conducted sensitivity analysis by varying the value of ordering cost k and keeping other 

parameter values fixed where ai=0 and 02=0. We resolve the problem to find optimal 

values of qo, qi, q2, r and AC. The optimal values of qo, qi, q2 and AC are plotted in 

Fig. 4.5.6.2.

Table 4.5.6.2
Sensitivity Analysis Table by varying the parameter values of k

(ai=0and «2=0)
k qo 9i 92 r AC

4.5 8.3278 39.33008 39.41338 0.86655 5.845945

5 9.21634 41.82184 41.93962 0.762478 5.90055

5.5 9.88241 43.83543 43.96582 0.672766 5.950828

6 10.41764 45.54794 45.68173 0.594338 5.998093

6.5 10.86781 47.05556 47.18837 0.524441 6.04307

Fig. 4.5.6.2 Sensitivity analysis graph for k

We see that increasing the ordering cost k, results in increase in average cost, 

when businessmen settle the account at the respective credit time given by both the 

suppliers.

108



(iii) To observe the effect of varying parameter values on the optimal solution, we have 

conducted sensitivity analysis by varying the value of ordering cost k and keeping other 

parameter values fixed where ai=l and ct2=0. We resolve the problem to find optimal 

values of qo, qi, q2, r and AC. The optimal values of qo, qi, q2 and AC are plotted in 

Fig. 4.5.63.

Table 4.5.63
Sensitivity Analysis Table by varying the parameter values of k

(ai=land 02=0)
k qo qi 92 r AC

4.5 5.816673 34.16042 34.03268 0.97103 6.019221

5 6.919021 36.68451 36.68383 0.925376 6.091088

5.5 7.948582 39.27446 39.34869 0.845075 6.153469

6 8.783016 41.56245 41.6723 0.757834 6.209351

6.5 9.45033 43.5245 43.64968 0.675901 6.260824

Fig. 4.5.63 Sensitivity analysis graph for k

We see that as ordering cost k increases, average cost increases, when 

businessmen do not settle the account at the credit time given by the 1st supplier but they 

settle the account at the credit time given by the 2nd supplier.
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(iv) To observe the effect of varying parameter values on the optimal solution, we have 

conducted sensitivity analysis by varying the value of ordering cost k and keeping other 

parameter values fixed where ai=0 and 012=1. We resolve the problem to find optimal 

values of q0, qi, q:, r and AC. The optimal values of qo, q 1, q2 and AC are plotted in 

Fig. 4.5.6.4.

Table 4.5.6.4
Sensitivity Analysis Table by varying the parameter values of k 

__________ _____(ai=0 and U2=1) __________ ______
k qo qi q2 r AC

4.5 5.44694 33.48098 33.30266 0.965965 6.067404

5 6.573681 35.95015 35.9173 0.938723 6.142968

5.5 7.743695 38.77173 38.83411 0.861564 6.207476

6 8.698424 41.30941 41.41623 0.768249 6.264253

6.5 9.436885 43.43414 43.55884 0.68039 6.316019

Fig. 4.5.6.4 Sensitivity analysis graph for k

Increasing the ordering cost k, results in increase in average cost, when the 

account is settled by businessmen at the credit time given by the 1st supplier but they do 

not settle the account at the credit time given by the 2nd supplier.
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4.6. CONCLUSION:

From the above sensitivity analysis, we conclude that in all the situations cost is 

minimum when account is settled by businessman at the respective credit time given by 

both the suppliers i.e. when (ai-0 and a2-0). The privilege offered proves to be bliss for 

entrepreneurs, so they are in the business resulting keen competition due to increased 

number of entrepreneurs.
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