Chapter 5

Non-linear Contractions via
Extended [' — C'p-simulation
Functions

5.1 Introduction

Recently, the notion of the simulation functions has been extended and general-
ized in various ways, like I-simulation functions [36], extended simulation func-
tions [19], extended Cp-simulation functions [11] and many others. On the other
hand, the Banach contractive principle has been generalized by many authors by
modifying the contraction. Some of the generalizations are Geraghty type con-
tractions [23], Suzuki type contraction [60], the notion of almost contraction [8],
ete.

This chapter intends to make use of the theories from above mentioned dif-
ferent types of contractions and simulation functions to furnish a couple of re-
lated coincidences and common fixed point results. To achieve these results, the
notion of I' — C-class function and extended I' — Cr-simulation functions are
introduced. Using these notions, the almost Suzuki type £z pr)-contraction in
G-metric spaces and Geraghty type contraction in Gjp-metric spaces are intro-
duced. Alongside, some non-trivial examples are illustrated to authenticate the
definitions. Moreover, an application for the existence of a solution to a non-linear

integral equation is provided.
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5.2 Extended I' — Cr-simulation functions

In this section, we introduce I' — C-class function, extended I' — C'p-simulation
function.

I'([0, 00)) is the set of all non-decreasing functions v : [0,00) — [0, 00) such
that v(¢) = 0 if and only if ¢t = 0.

Definition 5.2.1. A function F : [0,00)? — R is called I' — C-class function if it

is continuous and there exists v € I'([0, 00)) such that:
(i) F(s,t) <~(s), forallt,s>0;
(ii) F(s,t) =~(s) implies that either s =0 or t =0, for all ¢,s > 0.

The collection of all I' — C-class functions is denoted by Cr.
Note that, for () = ¢ the set, C is collection of C-class functions [6].

Example 5.2.1. The following functions F; : [0,00)> — R are some elements of
Cr.

(1) Fi(s,t) = y(s) = v(t),(t) =2t or 5.

o o=~ (4228 (2.

o foeniros<t<y,
’(t)_{ 3, if 1<t
(i) Fis,) = 24(s) — 7(0).4(1) = 21

Definition 5.2.2. A function F : [0,00)? — R has the property I' — C, if there
exist v € I'([0,00)) and Cr > 0 such that:

(F1) F(s,t) > Cp implies y(s) > ~(t), for all ¢,s > 0;
(F2) F(t,t) < Cp, forallt > 0.

Example 5.2.2. The following functions Fj : [0,00)? — R are elements of Cr
with property I' — Cp.

0 Rt = —) o1

1 +~(t)
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(il) Fy(s,t) = %,r € (0,00),Cr = 1.

Definition 5.2.3. An extended I' — Cp-simulation function is a function 7 :

0,00)? — R satisfying the following conditions:
(m) n(t,s) < F(s,t), for all t,s > 0, where F' € Cr with property I' — Cp ;

(m2) if {t,} and {s,} are sequences in (0, c0) such that

lim ¢, = lim s, ={>0
n— oo n— oo

and s, > [, for all n € N, then

limsup n(t,. sn) < Cp;

n— oo

(n3) let {t,} be a sequence in (0, 00) such that lim ¢, =1 € [0, 00), then

n— oo

The following example validates our definition.

Example 5.2.3. Let 7 : [0,00)? — R be a function defined by n(t, s) = 3v(s) —
v(t), forall t,s € [0,00). Taking F'(s,t) = v(s) — v(t) with Cr = 0, for all
t,s € [0,00) and y(t) = 2t, for all t > 0. It is easy to verify (1;).

We now check for (). If {t,,} and {s,} are sequences in (0, 00) such that

lim ¢, = lims,=101>0
n— oo n— o0

and s, > [ for all n € N, then we obtain

l
lim sup 7n(t,, s,) = lim sup Ev(sn) - ’y(tn)l = lim sup E(an) — (2tn)] =-5< Cr=0.

n—oo n—oo n—oo
Hence (12) is satisfied. Now, we check (73). Choose a sequence {t,} € (0, 00)
with
limt¢,=10>0
n—oo

such that, for all n € N
3
n(ty,l) > Cr=0 = 4_1(%) —2t, > 0.
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Letting n — oo, we get

3 -l

—[-20>0 = — >0.

2 - 2~

Implies that [ = 0. Hence, 7 is an extended I' — C'p-simulation function.

The class of an extended I' — Cp-simulation functions is denoted by &z rr).
The class of [-simulation functions (say Zr) and extended Cp-simulation func-
tions (say £z ry) are proper subsets of £z pr), which can be easily observed from

the following example.

Example 5.2.4. Define « : [0,00) — [0,00) by

(0) = t, if0<t<l,
=Y 2 1<t

and 7, : [0,00)> = R by

1 —~(t), when s=0,

ull, = 7

"alt; 5) k() , when s > 0,
1+ 7(t)

for all ¢,s € [0,00) and k € [0, 1).

Taking F(s,t) = 1 :IY—(;SV)(t) with Cp =1, for all s,¢ € [0, 00).

5.3 Results for almost Suzuki contraction in G-

metric spaces

In this section, the almost Suzuki type &z rr)-contraction is defined by using
extended I' — C'r-simulation functions for pair of mappings. Further, a common

fixed point result involving such mappings is established.

Definition 5.3.1. Let (X,G) be a G-metric space and S, 7 : X — X be self
mappings on X. We say that (S,7") is the pair of almost Suzuki type &z rr)-
contractive maps, if there exist » € [0,1),L > 0,Cp > 0 and € &z 1) such
that

% min{G(Tz, Sz, Sz), G(Ty, Sy, Sy)} < G(Tz, Ty, Ty),
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implies

n(G(Sx, Sy, Sy), M(x,y,y) + L N(z,y,y)) > Cp, for all z,y € X (5.1)

where
M(z,y,y) = max{G(Tx, Ty, Ty), G(Tx, Sz, Sx), G(Ty, Sy, Sy),
G(Tx, Sy, Sy) + G(Sx,Ty,Ty)}
2
and

N(z,y,y) = min{G(Tz, Sz, Sx), G(Ty, Sy, Sy), G(Tx, Sy, Sy), G(Ty, Sz, Sz)}.
Now, main result of this section is furnished.

Theorem 5.3.2. Let (X, G) be a G-metric space and S,T : X — X be self
mappings with S(X) C T(X). Assume that (S,T) be the pair of almost Suzuki
type & z,r,r)-contractive maps and S(X) is precomplete in T'(X). Also, S and T
commute at their coincidence point. Then S and T have a unique common fixed

point.

Proof. Let xy € X be a point. Define a sequence {z,} in X by Sz, = Tz,41,
for all n > 0. If there exists n € N such that Tx,, = Tz, then Sz, = Tx,;
that is, z, is a coincidence point of S and T. Thus, we assume that Tz, #
Tx,.1, for all n > 0.

Hence, we have

1 . —1
147 mlH{G(T.Tm S, STn)v G(Tm”‘l'l’ Sm"'H’ S$n+1)} = 14 TG(Tmm Stn, STn)
1
= ]_—_I_TG(TIn T:»Cn—l—l; T.Tn_t,_l)

< G(Tzp, Txpi1, TTpyi).
Using (5.1) and (71), we have

Cr <n(G(Szp, Stpy1, Stpg1), M(xp, Tpat, Tpyr) + L N(2y, i1, Tnit))
< F(M(xp, xpi1, Tng1) + L N(zp, 2ni1, Tns1), G(Txni1, Topio, TThyo))

— A/(G(Tl'n-‘rl» Ta:n+27 Txn-i—?)) < 7(]‘4(55717 Tn41, In+l) + L N(In) Tn+41, xn—l—l))-
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Since v € I'(]0, 00)), we have
G<T:rn+17 T$n+27 Txn-‘,—?) < M(xnv Tni1, 3371-1—1) + L N($n7 Tnii, xn+l)a (52>
where

N(xy, Tpir, Tpg) = min{G(T'xy,, Sy, Sxy), G(T 041, STry1, STria),
G(Tx,, Sy, Stpi1), G(Txpi1, Sxy, Sxy)} =0

and

M (zy, Tpy1, Tng1) = max{G(Tx,, Tx, 1, Trpi1), G(Txy, Sxy, Sxy),

G(T‘rn—l—l; an_t,_l, an—&-l)?

G(Txp, Stpi1, STpi1) + G(STp, Txpyr, Trpir)
2
= max{G(Tv,, Ttps1, Trpns1), G(TTps1, Ty, Txpio),
G(Tzy, Txyy o, Tzn+2)}
2

= maX{G(T$n7 T:Lln-i-la T'In+l)7 G(T':CTH—M Tl‘n-i—?a T':CTH—Q)}?

}

by rectangle inequality.
If M(xp,pni1,Tne1) = G(Txpy1, Txpie, Tx,y2), then from (5.2), we get the

contradiction
G(T$n+17 T4, T$n+2) < G(T%H: T o, T$n+2)-

Therefore, M(x,, Tpi1, Tni1) = G(Txn, Txpi1, TTpy)-

From (5.2), we have
G(Txpi1, Trpie, Txnis) < G(Txp, Trpyy, Trpyq), for all m >0,

which implies that the sequence {G(T'x,, Tz 1, Tx,1)} is a non-negative mono-

tonically decreasing sequence. So, there exists some [ > 0 such that

1i_>m G(Txy, Txpi1, Trpyr) =1 and G(Txy, Txpyq, Txyr) > 1, for all n € N.
(5.3)

Suppose that [ > 0, then we consider two sequences (,) and (s,) with same

84



Chapterb

positive limit, where
tn = G(Szp, Stpy1, Stpir) >0
and
Sp = M(2p, Tpi1, Tnv1) + L N(xp, Tpi1, Tnyq) > 0, for all n € N.
Then from (7;) and (5.1), we get
G(Txpi1, Trpio, TTpio) < M(2p, Tpi1, Tng1) + L N(2p, Tpi1, Tna),
where

M(zp, Tpi1, 1) = max{G(Tx,, Txp 1, Trni1), G(Txpi1, Txpie, TThio);

N(zp, Tpi1, Tnyp1) = 0. (5.4)

Now, from (5.3) and (5.4), we have s,, > [, for all n > 0. Also lim,, ., s, = [ and

lim,, o t, = [. Using (1), we get the contradiction

Cr <limsup n(t,, s,) < CF.

n—oo

So, we conclude that,

l=lim G(Tz,, Txps1, Trp1) =0 = lim G(Tx,, Tv,, Tr,) =0, (5.5)

n— oo n— oo

from definition of G-metric space. Now, we prove that {Tz,} is a G-Cauchy
sequence. Assume that {T'z,} is not Cauchy, then there exists ¢ > 0 and two
sequences {Tx,, } and {T'z,, } of {Tx,} such that, for all k € N, ng s > my >
ng > k,

G(Twn,, Trm—1,T0m,—1) <e < G(Ty,, TTm,, T2m,) (5.6)

and for all given py, p2, ps € Z,

kh—>ngo G(Txnk+p1’ TImk-ﬁ-pzﬂ Txmk-‘rpa) =¢&.
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Further, from (5.5) and (5.6) for all k£ > ng, we obtain

1

T min{G(T'z,,, Stn,, STn,)s G(T Ty, STin,, STim,) }
r
1 .

=1ir min{G(Tx,,, Tn, 1, TTn 1), G(TZpny, Ty 1, Ty1) }
<
<1z e <e€
< G(Txn,, Trp,, Tm,).

Hence, for all £ > ngy, we have

Cr <n(G(Sp,, STy, STy )y M(Tn,, Toys Tiny, ) + L N(Zyy Ting s Ty, )
< F(M(xp,, Tmyy Ty ) + L N(Tpyy Ty Ty )y, G(STy s STy s STy )
= VG (ST, STy, STiy,)) < V(M (Tnys Tiny, Trny) + L N(Tyos T, Ty, ))-

Since v € I'(]0, 00)), we have
G(STny, STy, Stim,) < M (2, Tinpy Tiny) + L N(Tp s Tongs Ty, )
where

N(Znys Ty y Trmy,) = Min{G(T'xy, , Stp,, ST, )s G(T Ty s STy STy )
G(Txp,, STm,, Stm, ), G(Txp,, Sty,, STy, )}
M(xpy, Ty Ty ) = Max{G(Txy,, T, T, ), G(Txp,, STy, , Stp,),
G(Txpm,, Stm,, STm, ),
G(Txp,, Stm,, Stm,) %2— G(Szp,, Txm,, T:Emk)}
=max{G(T vy, TTpm,, TTm, ), G(Txpn,, Trn, +1,TTn, 1),
G(Txmy, Ty 1, Ty 11),

G(Txn,, TTmp1. Ty 41) + G(TTny 11, Ty, T0m,)
2

}.
Letting k — o0, we get

lim M(xp,, Tm,, Tm,) = < and Im N(2,,, T, , Tm,,) = 0.
k—ro0 k—ro0
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Now, consider two sequences {t;} and {s;} with
ty = G(Sxp,, ST, STim,) > 0; sp = M(xp,, Ty, Ty ) + L N(Tp,, Tings Timy,) > 0,

for all £ € N.
Applying (1), we get the contradiction

Cp < limsup n(tg, sg) < Cp.

k—o0

Hence {T'z,} is a Cauchy sequence in (X, G). Since S(X) is precomplete in T'(X),
it follows that there exists u € X such that

lim Tz, =Tu= lim Sx,,.
n—oo n—oo

We claim that, u is a coincidence point of S and 7.
Suppose G(Tu, Su, Su) > 0 and G(Su, Tu, Tu) > 0. we have

1
147

min{G(Tz,, Sz,, Sz,), G(Tu, Su, Su)} < G(Tx,,Tu,Tu), for all n > n,.
Using (5.1), we get

Cr < n(G(Szp, Su, Su), M(x,,u,u) + L N(x,,u,u)),
where

M(x,,u,u) = max{G(Tz,, Tu, Tu), G(Tu, Su, Su), G(Tx,, St,, Sx,),

G(Txy, Su, Su) + G(Sx,, Tu, Tu) ).
2 )

N(zp, u,u) = min{G(Tu, Su, Su), G(Tx,, St,, Sz,),
G(Txy, Su, Su), G(Tu, Sz, Sx,)}.

lim N(z,,u,u) =0 and lim M(z,,u,u) = G(Tu, Su,Su) =1t > 0.

n— o0 n— o0
Hence, we have

lim G(Sz,, Su, Su) =t = lim G(Tx,, Su, Su).

n—oo n— oo
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Now, using (n3), for all n > ng, we get

n(G(Szy, Su, Su), t) = n(G(Szy,, Su, Su), lim (M (2, u,u)+L N(z,,u,u))) > Cp

n—oo
= t=0
— G(Tu, Su, Su) = 0.

Hence T'uw = Swu, that is, u is a coincidence point of S and 7.
Now, to prove that u is a unique coincidence point of S and T'. Assume that,
there exist z in X such that Tz = Sz and Tu # Tz.
! min{G(T'z, Sz, Sz), G(Tu, Su, Su)} < G(Tz,Tu,Tu).
From (5.1), we ;et

S;
ince, 7

Cr < n(G(Sz, Su, Su), M(z,u,u) + L N(z,u,u)), (5.7)
where

M(z,u,u) = max{G(Tz,Tu, Tu),G(Tz,Sz,Sz), G(Tu, Su, Su),
G(Tz, Su, Su) + G(Sz,Tu,Tu)

5 }
=G(Tz,Tu, Tu);
N(z,u,u) = min{G(Tz, Sz, Sz), G(Tu, Su, Su), G(Tz, Su, Su), G(Tu, Sz, Sz)}

Hence, from (5.7), (1) and (F2), we get

Cr <n(G(Sz, Su, Su), G(Tz,Tu,Tu))
<n(G(Tz,Tu,Tu),G(Tz,Tu,Tu))
< F(G(TzTu,Tu),G(Tz,Tu, Tu))

SOFa

which is not possible. Hence, T'u = T'z.
Existence of a common fixed point: Let u € C(S,T), that is, Su = Tu. Due

to commutativity of S and 7" at their coincidence points, we get
TTu=TSu=STu = Tz*=S5z" where z* = Tu.
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Thus, z* is a coincidence point of S and T. By uniqueness of coincidence point,

we have z* = Tu = Tz* = Sz*. Then, z* is a common fixed point of S and 7.
Uniqueness: Assume that w* is another common fixed point of S and 7.

Then, w* € C(5,T). Thus, we have w* = Tw* = Tz* = z*, O

Supporting example for Theorem 5.3.2 is as follows.

Example 5.3.1. Let X = {1,3,5,7} and define G : X x X x X — [0,00) by
G(z,y,2) = max{|r —y|, |y — 2|, |z — x|}, for all z € X. Then (X, G) is complete
G-metric space.

Define maps 5,7 : X — X by

S:E:{3 (x #7),
1

and Tz = x.
Then (S,7") is the pair of almost Suzuki type &z rr)-contractive maps with 7, as

defined in Example 5.2.4. Let L =1,k = % and r = %, then S, T satisfies all the

conditions of Theorem 5.3.2. Hence S and T have a unique common fixed point

at © = 3.
By choosing T'r = z in Theorem 5.3.2; we get the following results.

Corollary 5.3.3. Let (X, G) be a complete G-metric space and S : X — X be
self mapping. There exist r € [0,1), L > 0,Cr > 0 and n € &z, pr) such that

I—L mln{G(x, S:C» Sx)? G<y7 Sy7Sy)} < G(%Z/’y%

implies
n(G(Sxz, Sy, Sy), M'(x,y,y) + L N'(z,y,y)) > Cp, foralz,ye X,

where

M'(z,y,y) = max{G(z,y,y), G(x, Sz, Sx),G(y, Sy, Sy),

G(z, Sy, Sy) + G(Sx,y,y) )
2 )

N'(z,y,y) = min{G(z, Sz, Sz), G(y, Sy, Sy), G(x, Sy, Sy), G(y, Sz, St)}.
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Then S has a unique fized point.

In Corollary 5.3.3, for Tz = x; M'(z,y,y) = G(x,y,y) and Cr = 0, we get
[12, Theorem 3.1, p. 610] as a particular case.
Now, by taking L = 0 and Tz = = in Theorem 5.3.2, we get the following

result.

Corollary 5.3.4. Let (X,G) be a complete G-metric space and S : X — X be
self mapping. There exist n € &z rr), Cr > 0 and r € [0, 00) such that

1
TG 52, 87) < Glr.y.y)

implies
n(G(va Sy» Sy)v ]\/[,(zvya y)) > OF; f07" all T,y € X.

Then S has a unique fized point.

If (X,G) is symmetric, then by taking dg(x,y) = G(z,y,y), above result is

a generalization of [46, Theorem 2.4, p. 425] for metric space.

5.4 Results for Geraghty contraction in G,-metric

spaces

In this section, coincidence and common fixed point results for Geraghty type
contraction in G,-metric spaces are established, which involve rectangular a-
admissible maps. The obtained results extend the existing results in this area
and offer new insights into fixed point theory.

For s > 1, consider the class B of all functions 3 : [0,00) — [0, 1) satisfying

1
limsup 5(t,) = — implies that ¢, — 0, as n — 0.
s

n—oo

Theorem 5.4.1. Let (X,G) be a Gy-metric space with parameter s > 1. Let
ag: X3 = [0,00) and S, T : X — X be mappings with S(X) C T(X). Assume
that
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(i) there exists n € Ez pry such that ag(Tx, Ty, Tz) > 1 implies that

T](G(Sl‘, Sy, Sz),B(M(:c,y, z))M(:c,y, z)) > Cp, forall x,y,z € X,
(5.8)

where 5 € B and

Ml ,2) = max{ G(T', Ty, T2). G, 5. 52), (T, 51, ).

G(T'z,5z2,82), %[G(Tﬂ?, Sy, Sy) + G(Ty, Sz, Sx)],
1
Q[G(Ty, Sz,Sz)+ G(Tz, Sy, Sy)],

L[G(Tx, Sz,82) + G(Tz, Sz, Sz)],

352

é[G(S:U, Ty, Tz)+ G(Tx,Sy,Tz) + G(Tx, Ty, Sz)]};

(i1) S is a rectangular ag-admissible mapping for T;
(i1i) there exists vo € X such that ag(Txqy, Sxo, Sxo) > 1;
(iv) S(X) is Gy-precomplete in T'(X);

(v) Suppose {Tx,} is a sequence in X with ag(Txn, Trpi1, Txnyr) > 1, for all
n € N and Tx,, — Tu as n — oo, then there exists a subsequence {Tx,, }
of {Tx,} such that ag(Tx,,, Tu,Tu) > 1, for all k€ N.

Then, S and T have a coincidence point.

Proof. Let xyg € X be given such that ag(T'zg, Sxg, Szo) > 1. Since S(X) C
T(X), we get a sequence {z,} in X such that Sz, = T'x,1, for all n > 0.

If there exists some ny € N such that T'z,, = Tx,,+1 implies that Sx,, =
Tx,,, hence z,, is a coincidence point of S and 7.

Thus, now we assume that Tz, # Tz,.1, for all n > 0, that is,
G(Txn, Trpi1, Txyy1) >0 and G(Txy,, Txyyq, Txyr) >0, for all n > 0.

Now, ag(Txo, Szo, Sxo) = ag(Txo, Tx1,Tx1) > 1. Since, S is rectangular ag-

admissible mapping for T'. So, we get

Oég(SLL'(),SZL'l,SIL'l) = (lg(TIL'l,TLL'Q,TiL'Q) > 1.
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Continuing the same procedure, we get
ag(Sxy 1,5, St,) = ag(Tx,, Trpi, Trey) > 1, for all n € N.
From (5.8), we get

C’F S U(G<ST1L7 Smn—l—l? Smn—&—l)? ﬂ(M(Tnv Tni1, fI:n—l—l))M(Tna Tpt1, mn—&—l))
S F(B(M(xaw Tn+1, ajn—l—l))M(xn» Tn+1, I?’L+1>7 G(eru Sajn—l-l? an—l—l))-

W(G(Sa:n, STpit, Sa:n+1)) < 7(6(]\4(%, Tpi1, Tong1)) M (2, 2p1, xn+1)).

Since v € T'(]0, 00)), we have

G(Sxp, Stny1, STpir) < ﬁ(M(CUm Tn+1s an))]\J(:cn, Tpi1s Tng1)
< M(xp, Tpi1, Tna), (5.9)

where

M(l’n, Tpt1, xn—&-l)

= max{G(Tmn, Trpi1, Trpi1), G(Txy, STy, Sxy), G(Tx0 11, STpi1, SThryt),

1
Q[G(TI‘H, Stpy1, Stpi1) + G(Taxpyq, Stp, Sty)],
1

@ [G(T'Tn+17 ST, S-T?n+1) + G(Tmn+1, SThtt, Smn—&-l)]a

1
@[G(Sfﬂn, Tl'n-‘,—l» T$n+l) + G(Tfn, an-i—la Tmn—&—l)

+ G(sz Tl'n-i—l» S$n+1)] }

- maX{G(Tmnv TIn+17 Tmn-ﬁ-l)? G(T:I:n-i-l? Tl‘n+27 T$n+2),

1 2
QG(T%% Txp0, T$n+2): QG(T‘T”—H: Txy0, Txn—&-?):

1
QG(T%“ Ty, T«Tn+2)}

< maX{G(Txn, Topi1, Txns1), G(T2pi1, TTnya, T y2),
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1
g[G(Txm Txni1, Txn—&-l) + G(Txn—&-l: T2, Txn—&-?)]?

2
@G(T-Tn—&—l ’ Tmn+27 T-Tn—&—Q);

1
g[G(T-T/m T, Tﬂ?n+1) + G(T-Tnﬂ, Ty, T-Tn+2)]}

S maX{G(Txna Txn—&—l, T.ﬁUn+1>7 G<Txn+17 Txn—&—?» Txn+2>7

1
%[G(T-Lny TiL'n-‘,—lv TIn+l) + G(T:L‘n—ﬁ—l: TIL'n+2, T:L'n+2)]7

2
QG(TI.n+l’ T$n+27 Tl.n+2)7

1
g[G(Txn, Trpir, Trpi) + 2sG(Txpy1, Ty, Txn+2)]}

= max{G(Tz,, Trpi1,Trps1), G(TTpi1, TTpio, Txpia)}.

If M(x,,Zpi1,2n11) = G(Txpi1, TTpyo, Txyys), for all n > 0, then from (5.9),
we get a contradiction, G(T'z, 1, Txni2, TTpio) < G(Txps1, Txpio, TTpio).
Hence, M (x,, Tpi1, Tpi1) = G(Txy, Txpy1, TTpyq), for allm > 0.

From (5.9), we get

G(TIn+17 Tl'n+2, TIn+2) < B(G(Tmnv TIn+l: Tmn—l—l))G(T:L‘na Tajn—&—l: Txn-i—l)v
(5.10)

for all n > 0. Hence, {G(Tx,, Txy1,Tx,11)} is a non-decreasing sequence. So
there exists r > 0, such that

lim G(Tx,, Tr,1, Txy1) =7 and G(Tx,, Txpiy, Txyyq) > 1, for all n > 0.

n— 00

We claim that r = 0. Suppose that r > 0, then from (5.10), we get

r < limsup B(G(Ta:n,Ta:nH, Ta:nH))r.

n—o0

Then,
1 1
- S 1 S lim sup 5(G(Tmexn+17Txn+l>) S -
S n—00 S
Since 8 € B, then
lim G(Tx,, Trpi1, Tx,1) =0, (5.11)
n—oo
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which is a contradiction, that is, r = 0.

Now, we show that {T'z, } is a G,-Cauchy sequence. Suppose, on the contrary
that, {T'z,} is not a G,-Cauchy sequence, then there exists ¢ > 0 such that for
all k > 0, ny > my, > k we can find subsequences {T'z,, } and {Tx,,, } of {Tz,}
with

G(Txpm,, Trn,—1,T1n, 1) <e < G(Tzp,, Ty, TTy,). (5.12)

Using (iv) and ag(Tx,, Txpy1, Txn1) > 1, we get
ag(Txm,—1,Txn,—1, T2y, 1) > 1, for all k € N.
From (5.8) and (1), we have
Cr < n(G(Szmy—1, STny—1,STng—1), B(M (Zp—15 Tg—15 Ty —1)) M (T —15 T —15 Ty—1))

implies that

G<Txmk> Txnkv Tl’m) < B(A-/[<xmk—1: Tnp—1, xnk—1>)M($mk—17 Tnp—1; xnk—1>7
(5.13)

where
M<xmk—17 xnk—:l? xnk—l)
= max{G(Txmk_l, T, -1, T%n, 1), G(TTm, -1, T, TTpm,),

G(Txnk—la Txnkv TCEnk)?

‘ =

5 G(Txmy—1, T, Tan,) + G(T Ty -1, T, , TTm, )],

w
V)

G(Txp—1,Txp,, Try,) + G(Txn, 1, Txn,, Tx,, )],

2

%
— % |

—|G(Twmy,, Txpy -1, Txpn, 1) + 2G(T Xy -1, Ty 1, Txnk)]}

D
»
N

< maX{G(Txmk_l,Txnk_l,T:L’nk_l), G(Trmy—1,TTm,, TTpm, ),

G(T'rnk—l) Tl'nk, TIT%)?

‘ =

5 G(Twmy—1, Txp,, Tey,) +25G(Txp, 1, TTpn—1, TTm,)],

‘ w
= o

G(Tvp,—1, Txp,, Tvy,) + G(Lap, 1, Txy,,, Tx,, )],

w

52
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1
@ [G(Tl'mk, TZL'nk_l, T:Enk—l) + QG(TCL’mk_l, T:Enk—lv Tl’nk)] } .

Now, Using (5.12) and (GB5), we get

e < GTxpm,, Try,, Tr,,)
< S|G(T Ty Ty -1, T2y 1) + G(Txpy -1, Ty, Txy,)]
<sle+G(Txp,—1.Txn,, Tx,, )| (5.14)
Considering the upper limit as & — oo in (5.14) and using (5.11), we obtain

e <limsup G(Twp,, Ty, ,Tr,, ) < se. (5.15)

k—oo
Now, we have
G(Tvp,, Ty, Tx,,)
< SG(Twmys Txmy—1, TTmy—1) + G(LT Ty —1, Ty, T,

< S 2G(T s Ty s Ty 1)
+ G<szkflv Ta:nkfla Tznkfl> + G(TZUnkfly Tﬂjnkv TSEnk)]v

G(Txmk—h Txnk—17 Txnk—1>
<sG(Txmy 1, TTmy, Tm,) + G(T Ty, TThy 1, Ty 1))

Taking upper limit as k¥ — oo in above inequalities and using (5.11) and (5.12),

we get
€ .
— < limsup G(Twmy—1,Txp, 1, Trn, 1) < sc.

S k—o00
Next, we have

G(Txpy, Ty, Tn,) < 28°G(Txm,, Ty s Ty 1) + SG(T T, 1, Ty, T2y, );
G(Txmy—1,Txn,, Try,) < s|IG(TTm—1,TTpn, -1, T2, 1) + G(Tap, 1, T2y, Tx,, )]

Hence,
<limsup G(Tap, 1, T¥n,, T7,,) < s%€.

k—o0

» | M
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Again,
G(Trp,, T'ry,, Try,) < s|G(Txpm,, T, —1,TTn,—1) + G(LTxp, 1, Txp,, Tx,, )]

and
G(Tka, T'Tnkfla Tfljnk71> S?[G(Tka, T-kafly T-ka71>
+ G(T‘,’U'I’nk—17 T:Unk—:[? T‘,Enk—1>:|‘

Now, we get
<limsup G(Txp,, Twp, 1, Tan, 1) < s%€.

k—oo

w | M

Finally, we have

G(Txmk—ly Txnk—:[? Txn;) SS[G(Txmk—h Txnk—:[? Txnk—l)
+G(Twp—1,Trp, 1, Ty,));

G(Tiﬁmkv T':Enk—lv T'Ink—l)
< SG(Twpy—1, T, Trp,) + 28°G(T 20y, Ty, T, 1)

+ 8*G(T 2y 1, Ty 1, Ty,).

Hence, we get
(5.16)

€ .
— < limsup G(Txpy, 1, T, 1, Txy,) < .
S k—o0

Now, considering upper limit as & — oo in M (2, —1, Tn,—1, Tn,—1) and using

(5.15)-(5.16), we get
o =m0 e Tea )

S llm Sup Af(xmk—h xnk—h xnk—1>
k—o00

s%c + 253 3s%¢
} = se.

< max{se, 0, 52 62
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Now, taking upper limit as k — oo in (5.13), we get

e <limsup G(Txp,,Tx,,, Txy,)

k—o0

S hin sup B(M(wmk—h Lny—1, wnk—l))M(wmk—la Ink—lv 1L'nk—1)
—00

S 85 hm Sup B(M(:pmk—lv :Enk—lv 'Ink—l))
k—o0
implies that, 1 <limsup,_,o B(M(Tpy—1, Tng—1. Tnp-1)) < 1
Since 8 € B, so hm M Ty —1, Tpy—1, Tny—1) = 0. Thus, we can conclude that
khm G(Txpm, - 17Txnk 1,T3:nk 1) = 0. This contradicts (5.12). Which implies that
— 00

{Tz,} is a G}-Cauchy sequence.
Since S(X) is Gp-precomplete in 7'(X), there exists u € X such that

lim Tz, = lim Sz, = Tu.
n—00 n—o0
By the condition (vi), we can say that there exists a subsequence {T'z,, } of {Tx,}
such that ag(Txy,, Tu, Tu) > 1, for all k € N.
Now, we claim that w is a coincidence point of S and T'. To prove that, we
consider G(Tu, Su, Su) =1 > 0.
Hence, we have
lim G(T'z,,, Su, Su) =1

k—o0

implies that kh_}rgo G(Szp,, Su, Su) = L.

Here,

M(xp,, u,u) = max{G(Tx,,, Tu,Tu), G(Txy,, Stp,, Sxpn, ), G(Tu, Su, Su)
1

352
1

352

612 (G(San,, T, T) + G(Tan,, S, Tu) + G(Tm,, Tu, Su)]}.

—[G(Txy,, Su, Su) + G(Tu, Sy, Sy, )],

—[G(T'u, Su, Su) + G(Tu, Su, Su)],

lim M(z,,,u, u) = max{G(Tu, Su, Su), %G(Tu Su, Su),

k—o0

QG(Tu Su, Su), @G(Su Tu,Tu)}
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1 2
< max{G(Tu, Su, Su), @G(TU, Su, Su), @G(TU, Su, Su),
%G(T?l,, Su, Su)}
= G(Tu, Su, Su) = 1.
Consider two sequences {t,, } and {s,, } with

tn, = G(Sxp,, Su, Su) > 0

and
Sy, = B(M (xp,, u, w)) M (2, , u, w)

and using (5.8) and (n;), we get

Cr < n(G(Szy,, Su, Su), B(M (xn,, u, w)) M (2, , u,uw))
< F(B(M(xp,, u,u))M(zp,, u, u), G(Sx,, , Su, Su))
implies that v(G(Sx,,, Su, Su)) < y(B(M (2, , u, w)) M (zp, , u,u)).

Since, v € T'([0,00)), we get
G(Sxp,, Su, Su) < B(M (2, ,u,w))M(xy, ,u,u) < M(z,, ,u,w).
Taking limit as k — oo, we get
lim s,, = lim B(M(z,,,u, u))M(z,,,u,u) = L.
k—oo k—o0
By using (n3) and (5.8), we get

n(G(Szy,, Su, Su),l) = klim n(G(Sxy,, Su, Su), B(M(x,,, u,w))M(zy,, u,u))
> CF7
— =0 = G(Tu, Su, Su) = 0.
Thus, T'u = Su. Hence, u is a coincidence point of T" and S. O

The next theorem deals with the existence and uniqueness of a common fixed

point.
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Theorem 5.4.2. In addition to the hypotheses of Theorem 5.4.1, suppose that
ag(Tu, Tw, Tw) > 1 or ag(Tw,Tu,Tu) > 1, whenever u,w € C(S,T) and S,T
commute at their coincidence points. Then S and T have a unique common fixed

point.

Proof. We claim that if uw,w € C(S,T), then Tu = Tw. By hypotheses, there
exist u, w € X such that Tu = Su and Tw = Sw. Assume that T'u # T'w. Hence,
ag(Tu, Tw, Tw) > 1 or ag(Tw, Tu, Tu) > 1. Assume that ag(Tu, Tw, Tw) > 1.

Hence, we have

Cr < n(G(Su, Sw, Sw), B(M (u, w, w)) M (u, w, w))
< F(B(M(u, w, w))M(u, w,w), G(Su, Sw, Sw))
implies that v(G(Su, Sw, Sw)) < y(B(M (u, w, w)) M (u, w,w)).

Since v € I'(]0, 00)), we get
G(Su, Sw, Sw) < ﬂ(M(u,w,w))M(u,w,w), (5.17)
where

M (u, w, w)

= max{G(Tu, Tw, Tw), G(Tu, Su, Su), G(Tw, Sw, Sw),
1
@[G(Tu, Sw, Sw) + G(Tw, Su, Su)],

g[G(ij Sw, Sw) + G(Tw, Sw, Sw)],

6—;[G(Su, Tw, Tw) + G(Tu, Sw, Tw) + G(Tu, Tw, Sw)]}

=G(Tu,Tw,Tw).
From (5.17), we get

G(Su, Sw, Sw)
M (u, w, w)

oo
S

< ﬁ(]W(u,w,w)) < é

which yields that limsup (M (u,w,w)) = 1 implies that limsup M (u,w,w) =
n—oo n—oo
limsup G(Tu,Tw,Tw) = 0. Therefore, Tu = Tw.

n— oo
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Existence of a common fixed point: Let u € C(S,T), that is Su = T'u. Due

to commutativity of S and T at their coincidence points, we get
TTu=TSu= STu.

Let us denote T'u = z*, then T2* = Sz*. Thus z* is a coincidence point of S and

T'. Since, we have 2z* = Tu = Tz* = Sz*. Then, z* is a common fixed point of S
and T

Uniqueness: Assume that w* is another common fixed point of S and T.
Then w* € C(S,T). We have w* = Tw* = Tz* = z*. O

5.5 Application to nonlinear integral equations

In this section, we present an application of Theorem 5.4.2 to guarantee the
existence of a solution to an integral equation.

Let X = C[0,1],1 > 0 be the set of all continuous functions defined on [0, (]
and let G : X x X x X — R be defined by

G(r,y,2) = ( sup | (t) —y(t) | + sup [y(t) = 2(t) | + sup | 2(¢) = =() | ) :

te[0,]] te[0,]] te[0,]]

Then (X, G) is a complete Gy-metric space with s = 2.

Consider the integral equation,

x(t)z/o H(t,s)K (s, T(x(s)))ds, (5.18)

where [ > 0, H : [0,]] x [0,]] - R and K : [0,/] x R — R are continuous functions
and T': X — X is a self mapping on X.

Now we present the following theorem.
Theorem 5.5.1. Suppose the following hypotheses holds:

(1) for allt,s € [0,1] and x,y € X, we have

| K (s, T(x(t) — K(s,T(y(1)) |< ‘/Q_M(‘””’y’y;M (z.y.9)
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(2) for allt,s € [0,1], we have

sup / H(s,t)d nk
tef0,]] l
Then the integral equation (5.18) has a solution.

Proof. Let S: X — X be a mapping defined by

= /l H(t,s)K (s, T(x(s)))ds, tel0,l], z€X.

From condition (1) and (2), we have
(.5, 39) = (2 3up | S(r(e) = S(u() | )
:( sup | [ (@)K (5, T(s) ds—/HtsK(s T(y(s )))ds|>
< (22m [ 9 1K T606) - K T0060) 1)
<oz [ o) (tz%%/ 0 - K T0000) | 45)
<1 \/e @) M (2,9, y)
- 4l <te[0%]/ s )
1 e~ M(=zyy)
=1 TM(%?J»Q)-
So, we get .
G(Sz, Sy, Sy) < 7 B(M(x,y,y)M(z,y,y). (5.19)

Let n(t,s) = 37(s) = (1), F(s,t) = 7(s) — (), for all s,t € [0,00),Cr = 0,
~(t) =2t and S(t) = %t, for all ¢ € [0, 00). Then it is clear that 5 € B. Also, we
take a(x,y,y) =1, for all z,y € X.

Now,

" (G(S:v, Sy, Sy), B(M(z,y,y)) M (z,y, y))

1

= (5(1\4(.@, y,y)) M(x.y, y)) —7(G(Sz, Sy, Sy))
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= i(%(M(fa y,y)) Mz, y,y)> — 2G(Sz. Sy, Sy).
Then from (5.19), we have
n(G(Sx,S% Sy)ﬂ(M(x?y,y))M(x?y,y)) > 0.
Thus all the conditions of Theorem 5.4.2 are satisfied and hence S and T'

have a unique common fixed point x € X. Thus z is a solution of the integral
equation (5.18) O
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