


CHAPTER-V

THE DERIVATIVE OF THE TOPOLOGICAL CHARGE
SUSCEPTIBILITY AT ZERO MOMENTUM AND AN ESTIMATE OF

1’ MASS IN THE CHIRAL LIMIT

5.1 Introduction

The axial vector current m QCD has an anomaly
- - w -
O qru7sq = 1myqrsq - 2= G G D

Sapv 1
G =~ et G, (52)

The topological susceptibility x(¢*) defined by

#(g") =1 (O[T 100,00} 0) (53)
N % e Sapy ’
Q(Q‘)" S G,qu (5 4)

1s of considerable theoretical interest and has been studied using a varnety of
theoretical tools like lattice gauge theory, QCD sum rules, chiral perturbation theory

etc In particular the dervative of the susceptibility at q*= 0

d 2
dq 4220

enters m the discussion of the proton-spin problem [1-5] As 1s well known the first

moment of gf can be expressed n terms of the axial charges of the proton
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1
[t (5,07 = I (@, 0@ 20+ 26 (@, @9 @)
O

(0142 [p.5) =5 0147 5= Tes,
21 6 G7)
{p.5| 4D |p,s}= Tz-a“(QZ)s,,

In QCD parton model, the axial charges are represented mn terms of moments of
parton distribution as

a® = Au—Ad,d® = Au+Ad—2As

, (58

ao(Q2)=Au+Ad+As~nf —g—‘-Ag(Q") )
v 4

In naive parton model o°=4® , the OZI prediction The ‘proton spin’
problem 1s a question of understanding the dynamucal origin of the OZI violation

a®(©*y<a® Shore, Veneziano and Narison [1] have shown that

1 -~
GO(Q2)=-2N—~6\/Z (T oy v..-ten® 15 the OZI Goldstone boson, the unphysical

LY
state which would become Goldstone boson for spontaneously broken Ua(1) in the
absence of anomaly Ioffe et al [2] have calculated the part of the proton spin carned
by u,d,s quarks 1 the framework of the QCD sum rules in the external fields An
mmportant contribution comes from the operator, which 1n the Iimit of massless u,d,s

quarks 1s equal to z'(0)
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5.2 Calculation of the First Derivative of Topological Susceptibility
In the QCD sum rule anproach, one can determne z'©0) as follows Using
disperston relation one can write

2@ _ 2O _1 {0 1 1
@ 4 ’J SmX(S){(s-q2)23+(S*q2)s

=] +subtractions 59

Defining the Borel transform of a function f(q%) by

- a2yl d
Brah= pm ST (5 10)
~q SP0 n d
~g* In=M? fixed

one geis from Eq (5 9)

2 a wYa?
£ 0= [FEE e - G11)

According to Eq (53) Im x(s) recerves contribution from all states |n) such that

(0|Qln)#0 In particular we have [6]

(0]gl=) =1 fym, 2y

el 5 12)
The matrix  elements, when |n) 1s|7) or |'),can be determmed as follows It 1s

known from both theoretical considerations based on chiral perturbation theory as
well as phenomenological analysis that one needs two mixing angles 0g and 8, to
describe the coupling of the octet and smglet axial vector currents to 1 and n’ [7-9]

Introducmg the definttion

(02 P@) = fep, . a=08, P, 513)
where J3¢ are the octet and smglet axial currents

J8

us = \/" (;?’p?’s“ +§y'u75d - 2;7;‘753) (5) 14)
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= 1; 5u+d}/ﬂ}’5d+s}’y SS) (5 15)

;15 T

The |P(p)) represents either 1 or 1’ with momentum p, The couplings " canbe

equivalently represented by two couplmgs fs, fo and two mixing angles g and 8 by

the matrix  1dentity

non fecosby ~fysmnby)
(3 f,?) (fsmt98 Sfocos6y (516)

Phenomenological  analysis of the various decays of m and 1’ to determmne f,’

has been carned out by a number of authors [7-9] In a recent analysis {9]

Escribano and Frere find with

fe=128f, (=130 TMeV), 517)

the other three parameters to be

0g=(-22 21 8)° , B=(-8 7£2 1)°, fo=(-1 180 04)fz (5 18)

The divergence of the axial currents are given by

o*Jt

ﬂ5_\/"

(mu:a;/Su +mgdiysd - 2msiyss) (519

Gonv (5 20)

M5 = %(m,,;zysu +mydiysd +mgSTYss

1 3e;
N 2

Since m,, Mg <<m, one can neglect them [10] to obtain

{© ‘ % G” LG n) = m o (fo c0865 — ~J2.f, smb,) 521
(ol%c;;véaﬂv In")= \Emi,‘.( fosmb, +/2f, c0s6o) (522)

Using Eqns (5 12), (5 21) and (5 22) we get the representation of 2(g®) m terms of

physical states as
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4 4
2 m, 2 Mg —my, o m, 9
Y= - (fgcosby —~2 fysm b,y —
Z(q 8(q2 _mgﬂ) j.‘v (md +m“) 24(q2 _mzﬂ) .f8 8 jzl O)

(5 23)

4
g 2 (ﬂ;smé’g +«f—f000590)
q -
+ higher mass states

On the other hand x(¢*)has an operator product expansion [11,12,1,5]

2@Pors =—<ﬁ’~>2 g ("L ){1+07‘;<8f ~%ln<—->>}

l a,

S 1 3 3
e < | %2 ]o>(1 1n(-é—))+§;~2—~7;-<0t%g363 §o>

_ 2
11258 ’;a < | % 62!0> +16( >y > m, <q,q,>[ln(—-/—q1—2—)+—;—] + screemng correction to the

r=u,d,s

~-2-'fdpn(p)p4q4K§ ©p)

direct mstantons (5 24)
In Eqn (5 24), the first term anses from the perturbative gluon loop with radiative

correction [12], the second, third and the fourth term are from the vacuum

expectation values of G°, G® and G* The <O!G“ }0) term has been expressed as

(0{62 {O)z using factorization [11] The fifth term proportional to the quark mass has

been computed by us and 18 mdeed quite small compared to other terms numerically
Finally, the last two terms represent the contribution to z(g?) from the direct
mstantons [11] n{p) 1s the densitv of mstanton of size p, Ky 1s the Mc Donald function
and Q*=-q> In a recent work [13] Forkel has emphasized the importance of screerung
correction which almost cancels the direct mstanton contribution (cf especially Fig 8
and Secs V and VI of Ref [13] For this reason we shall disregard the direct mstanton

term and screening correction for the present and return to 1t later
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From Eq (5 11), we now obtain

i -
(O)* (*-irr-n*'{') (1+M’;) M +-(j§cosé’ ~\2f,5m8))* x
Mg

T
2 _m 2 _I'r

m -— 1 « n,,
(1+j;)e M +5~(f8 s b, +v2f, coseo)2(1+M—”2)e M

2

Gy a2 8 My
% “

~16(%s s)le”Z; (aa,)- 64M2( )< >

Ll gy 35 (e ’
l6p? z \"" =« 128 16 =

(5.25)

Here Eo(x)= 1-exp(-x) and takes mto account the contribution of higher mass states,

which has been summed using duality to the perturbative term m ygpg, and W 1s the

effective continuum threshold We take W? =2 3GeV?, and 1n Fig51 plotthe rh s of

Eq (5 25) as a function of'M2 We take o,=0 5 for p=1GeV and

(0]g,"G*[0)=0 5GeV*

(o)s§|o) =0 s(o}u;|o)=-o 8(240MeV)’, m=150MeV and my/ms~ 05 Wntng

3310\ e € 22
{0g’c {o)—E (0]g,’G*[o}
we take e=1GeV? We also have PCAC relation

-2{my+mg) <01u; i0> =£? ms

For fo, fs, 83 and 6y we use the central values given in Eqs (5 17) and (5 18)
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Figure 5.1: Various terms contributing to x'(0), Eq (5 25) The value of z'(0) 1s the one obtamed

without the direct instantons The latter, see Eq (534), 1s given by  x 'y, which 1s larger than y'gpp

and also has the wrong behaviour suggesting that screening corrections are tmportant

Let us now examune how the vanous terms m the rh's of Eq (5 25) add up to

remain a constant The pion term 1s small and has little variation because of the low

mass, 11 and W are sigmificantly larger and 1 15 even larger thann’ In Fig 5 1 the

upper line gives the combimed contribution of =, n, and 1 which we denote as

X' pores and 1t 15 seen that 1t has gentle increase with M? The OPE terms given by the

last three lines 1n Eq (5 25), which we denote by z'opp , SO that

2O =2 potes— X'orE
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1s also plotted m Fig5 1 It 1s seen that y'opy 1s roughly about 25% of 2 also

poles

icreases with M?, with the result that »'(0) 1s nearly constant w r t M?

We expect this trend of compensating variation n ¥ 'pores and z'opy to be mamntamed

when variation m ¥ 'pops due to uncertamties m g, 6o, fe, fo [see Eqs (517) and

(5 18)] and the vanations n x‘opp due to uncertainties m the estimates of the vacuum
condensates are taken into account We can then obtam from Fig 5 1 the value
7'(@=1 82x107° GeV* (529)
We note that the determunation, Eq (5 29) 15 n agreement with an entirely
different calculation by two of us from the study of the correlator of 1soscalar axial

vector currents

=0 _ 1 » - - =
70 = : j d*xe'* <ol{uyp75u(x)+d7py5d(x),uyp75u(0)+dyﬂ}/5d(0)} o)

e R CON PR YN (530)

7*%¢* =0)can be computed from the spectrum of axial vector meson In Ref[14] a

value ‘

#=%(g* = 0) = -0 0152GeV? (531)
was obtamed Tt 1s not difficult to see that when my=ms=0

7 =(q% = 0)=-8 1'(0) (532)

which shows consistency between Eqgs (529) Let us now retum to Eq (5 24) and

consider the effect of mcorpoiating the direct mstanton term Eq (5 25) m the spike

approach [5]

n(p) =n¢d (p-pc) (533)
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with ng=075x10® GeV* and p~1 5GeV"! The contribution of the instanton to

B {z (C) 234 /1can be found using the asymptotic expansion for Kx(z) and K’»(z) and we
7

find 1ttobe

9 1 A5 1 g

ki) 534
IMp, 2Mp) (534)

X'or = NTp MM+

We have plotted this term separately 1 Fig 5 1 We note that unlike X 'pores and x'opg

which ncrease with M” and therefore compensate each other, the contribution of y'y,
Eq (5 34), decreases rapidly with M? It 1s not difficult to see that z%0) will no
longer remam constant This strongly suggests that screemng corrections to

{Z ICh ) are important just as they are for {Z(q )] as found by Forkel [13]

5.3 w’-Mass in the Chiral Limit

‘We now turn to an estimate of 1° mass m the chural hmit my=mys= my=0 In this
himit SU(3) flavor symmetry 1s exact and , we have m,=~m,=0 while 1" 1s a singlet
Let us denote by n,= 1’(imy=0) and m, = my(ms=0) the smglet particle and its mass
i the chiral imit Returning to Eq (5 24), we first note that the explicitly quark mass

dependent term m  yopE

—16(%;)3 >om, (Eq,)zl 85x10%(GeV)*

1=u,d,8

1s numerically much smaller than for example

2 ~ -5 4
64<”>< > 4 5x10%(Ge )
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which is itself much smaller than the perturbative term. In the chiral limit

{0|g|7)={0|gjn)=0 If we assume that the quark mass dependence of y'(0) is

negligible then x'(0) in Bq.(5.25) can also be expressed in terms of £, and m,

o=} My T ()
z (0)~I—2;;7:2(1+—A7§)e M ~B[~»Qf~;-€2-} (5.352)
We may then write from Eqs.(5.25) and (5.35a) for 0.8GeV><M*<12GeV?

2 3
m 2 m 2 g

% zzi’i(lw@-’»’-«)eiw + —l—(f cos B — 2/, s1n8 )2(1+Ln—'7—)e*7‘;?
g Mz 24 8 8 4} 0 M2

2
1 g, My
Equ a+ M? Je

H
2 oy,

1 ’ 7
4o (b + V2, cos@o)z(l+%)e % (5.35b)

In Fig.5.2 we have plotted the Lh s and r.h.s of Eq.(5.35b) in the interval 0.8 GeV’<

M?<1.2GeV? for m, ~723MeV. From this we obtain /, =178MeV  which is of the

same order as physical decay constants f and fo.
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Figure 5.2 Estmate of % mass and coupling m the chial lumt, see Eq(535b) The

contmuous curve corresponds to m=723 MeV The contmuous hine 1s for L h s of BEq (5 35b) and line

with croses 1s forr h s of Eq (5 35b)

5.4 Result and Discussion

We now compare our result for y'(0) with some earlier results In Ref{1]
Narison et al obtamed a value ">rz'(0)~07 ><10“3(GeV)2 substantially different from
the value derived here Smce the expression for y,; used by us 1s 1dentical to theirs,

albert the estimate used for the gluon condensate 1s shightly different, we need to

explam the difference 1n x'0) The most important difference :s in expression of
2(g®) m terms of physical mtermediate states We have seen that both m and 1

contribute, and m fact 1 makes a larger contnbution than 1’ In Ref {1] only 1°(950)
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state 1s taken mto account We have also seen that if we were to take the chiral limt
then  and 1’ contribution to x(g°) 1s representable by 1, with mass m,~723MeV

which 1s substantially different from the physical 1" mass This also explains why

Nanson et al find stability 1n the sum rule for rather larger W>=6GeV? mstead of

[y
W2=23GeV? We must also add that while our Eq (5 11) mvolves only [L(—‘f——l],
q

Narsion et al use the linear combmation of two sum rales (cf Eq (6 22 ) of Ref[1])
Companng wrth Ref[5] we note the following The radiative corrections to the

perturbative loop given m Eq (5 25) viz %‘«—?, which 15 large, 1s 1gnored m Ref [5]

We also note that the ceefficient of the <&Gz>anses from radiative corrections,
T

which 1s also 1gnored m Ref [5] As already remarked, they use physical 1° mass even
when ms =0, the chiral limit Smce m the sum rules squares of the masses exp [-
(723)2/Mz] as against exp [-(958Y%/M?] oceur, this 15 a serious error both m Ref [5] and
[1] Even disregarding all the drawbacks, the sum rule m Ref [5] for f,* works rather
poorly Itis easy to read off from Fig 1 of Ref [5] that ],).2 =12 »'(0) varies from 0 019
GeV? at M%=1 5GeV? to 0 034GeV? at M?=1 1 GeV?, and grows even faster at lower
M? hardly a constant This 1s to be contrasted »'(0) as computed here, where 1t

changes barely by 2% within the same range of M?
In Ref [3], Ioffe and Khodzhamiryan’s claim that the OPE for x(¢*) does not

converge 1s based on the following They computed the correlators

2,4, J' 4 xe'™ <o }T{Jgs (.55 O0) (5 36)
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where J%=gy,7;q with m=ms=0 but m#0
and J; 1s flavor siglet current Introducmg the definition

<0‘J Zs(x)lrz'(p)> =1p,g,"

L

they estimated :gl).'.; =25 (537)
g 7'

If SU(3) symmetry was exact this ratio would be umty Insisting that the ratio m

Eq (5 37) should be close to unity even when m,#0, they concluded that their result

signals a breakdown of OPE[3] As discussed earlier, <ofji5 {77’) #0 In fact usmg the

phenomenological values given m Eqs (5 17) and (5 18), 1t1s easy to obtam

&' _2Lfycos8, =2 fsmg]
g, Lfesméy +42f;cos6,)

=224 (538)

which 1s enough close to ‘the estimate of Ref [3] In Ref [5] 4 was estimated to be -

18 8° assuming §§-=1 12 and g, =-27 using QCD sum rules With these values one

0

will still find that the ratxof’:};— =1 96, far different from unity as may be narvely
gy]‘

expected As m the case of Narnison et al {11, loffe and Samsonov [5] and, Forkel [13]
also do not take nto account the w, 11 matrix element of the anomaly in therr sum

rules mvolving y(g*>) We also note that »'(0) was estimated m Refs [2,4] to be
2(0)=(23206)x10™ by fiting the QCD sum rule for singlet axial vector matrix

element of the proton We must add, »'(0) comcides with the longitudinal part of the

SU(3) singlet axial vector current correlator only m the limit of zero strange quark

mass
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In conclusion we find a value of y’(0)=1 82x10°GeV? without mcorporating
direct mstantons Screemng corrections to the latter appears to be sigmficant We also

obtamned an estimate m,=~723MeV and f,,=178MeV
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