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CHAPTER-V

THE DERIVATIVE OF THE TOPOLOGICAL CHARGE 

SUSCEPTIBILITY AT ZERO MOMENTUM AND AN ESTIMATE OF 

i|’ MASS IN THE CHIRAL LIMIT

5.1 Introduction

The axial vector current in QCD has an anomaly

«, r
4^'-

= 2imqqr5q-^GLG!,/iv

Gapv =js»vpaGapa

(5 1)

(5 2)

The topological susceptibility x(<32) defined by 

x(q2) = ,fd4xe‘«* (ojriQCxXemlo)

Q(x)^^G%G^ 
8;r *

(5 3) 

(5 4)

is of considerable theoretical interest and has been studied using a variety of 

theoretical tools like lattice gauge theory, QCD sum mles, chiral perturbation theory 

etc In particular the derivative of the susceptibility at q2= 0

. dx(q2)
*’(0) = - dql

(5 5)
o

enters m the discussion of the proton-spin problem [1-5] As is well known the first 

moment of gf can be expressed in terms of the axial charges of the proton
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In QCD parton model, the axial charges are represented in terms of moments of

parton distribution as

a3 = Au- Ad, a8 = An + A d — 2As
a (5 8)

a°(02) = Au + Ad + As-nf—Ag(Q2)
1 2 jt

In naive parton model a°=as , the OZI prediction The ‘proton spin’ 

problem is a question of understanding the dynamical origin of the OZI violation 

< °8 Shore, Veneziano and Nanson [1] have shown that

v i re if is the OZI Goldstone boson, the unphysical
2mx 4

state which would become Goldstone boson for spontaneously broken Ua(1) m the 

absence of anomaly Ioffe et al [2] have calculated the part of the proton spm earned 

by u,d,s quarks m the framework of the QCD sum rules m the external fields An 

important contnbution comes from the operator, which in the limit of massless u,d,s 

quarks is equal to ^'(0)
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5.2 Calculation of the First Derivative of Topological Susceptibility

In the QCD sum rale approach, one can determine ^'(0) as follows Using

dispersion relation one can write

-] +subtractions (5 9)

Defining the Borel transform of a function f(q2) by

(5 10)

one gets from Eq (5 9)

r(0) = -
s -s/M* BrX'iq2) 
•> -------2 ■

q
(5 11)

According to Eq (5 3) Im %(s) receives contribution from all states ]«} such that 

(o|0|«) 9^0 In particular we have [6]

The matrix elements, when |«) is|^) or |p'),can be determmed as follows It is

known from both theoretical considerations based on chiral perturbation theory as 

well as phenomenological analysis that one needs two mixing angles 08 and 0o to 

descnbe the coupling of the octet and singlet axial vector currents to t) and q’ [7r9] 

Introducing the definition

(5 12)

{f>\JMs\p(P'>) = IfpPM » a=0,8, P=q, q’, (5 13)

where J*-® are the octet and smglet axial currents

(514)
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(515)rU _
J;i5 ~ £

(uyMysu + dYnY$d + •'TVV)

The |P(p)) represents either q or q’ with momentum ptl The couplings fp can be

equivalently represented by two couplings f8, fo and two mixing angles 08 and 60 by
«

the matrix identity

(fl fn) = (fscos0» -A^y) (5 16)
V® /„• ''/gsinfig /o cos $0 '

Phenomenological analysis of the various decays of t| and q’ to determine fP° 

has been earned out by a number of authors [7-9] In a recent analysis [9]

Escnbano and Frere find with 

fr=l 28 U (^=130 7MeV), 

the other three parameters to be

0g=(-22 2±1 8)°, 0o=(-8 7-2 1)°, f0=(-l 18±0 04)fs

The divergence of the axial currents are given by

(5 18)

= -~(muwy5u+madiy5d - 2msstyss) (5 19)

dMJ°5 = my5u +mddrysd+ mssiy5s)—L~±G°l,Ga'lv (5 20)

Since mu, m(t «ms one can neglect them [10] to obtain

M^G°Gaf,v b) = cos0g Sfo sm6>o) (5 21)

(0\^~GaMVGa/iv |??’) = smd» + cos0°\ (5 22)

Using Eqns (5 12), (5 21) and (5 22) we get the representation of z(q2) m terms of 

physical states as
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m y2 y£% ($ ) / o'?8{q2~m2x) md+mu 24(q2-m2^
4

Os smi98 + yflf0 cos 6*0 )2

C/s cosi98 - >/2/o SUl^g)2

(5 23)

24(92 -m2„.)

+ higher mass states

On the other hand £(g2)has an operator product expansion [11,12,1,5]

X{q2)oPE = -A)2-V ln(-~4r)[l + — (^ - ^ ln(-
8/r K 4 4

.±£k/0|S.G2 |o\(l — ^-~ln(-~))+—/o|~g G310 
16 x \ x / 4 k a gn x \ %

15 m* lo|®* ^-2^-G2|o) +16(—)3 V %?)+-] + screerung correction to the
x ' 4x —i ' ‘ u 2i-u,d,s

\dpn(p)pAqAKl(Qp)

direct mstantons (5 24)

In Eqn (5 24), the first term arises from the perturbative gluon loop with radiative
*

correction [12], the second, third and the fourth term are from the vacuum 

expectation values of G2, G3 and G4 The /o|G4 |o^ term has been expressed as

^o|g2Jo^2 using factorization [11] The fifth term proportional to the quark mass has

been computed by us and is indeed quite small compared to other terms numerically 

Finally, the last two terms represent the contribution to %(q2) from the direct 

mstantons [11] n(p) is the density of mstanton of size p, K2 is the Me Donald function 

and Q2=-q2 In a recent work [13] Forkel has emphasized the importance of screening 

correction which almost cancels the direct mstanton contribution (cf especially Fig 8 

and Secs V and VI of Ref [13] For this reason we shall disregard the direct mstanton 

term and screemng correction for the present and return to it later
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From Eq (5 11), we now obtain

/* ,md ~mu ,2
%\0) = ^-(- , v-. 2 8 mA +m, *r2

)2(1 + ^|'> +-~{f%aos6i-^2f0smd0fx 
d T"*u M 24

mn 1(1-1---?--> M
M2

+—Os sm6>8 + V2/o cos6>0)2(1 + ^-)e

16(te),Xfr I ”■{*»')

a, 74 a, 9 A/ (5.25)

M

1 1 a.

2-_> (SlW£l0*
64M2 ^ \ ;r

16 M4 n \ i ^ / 128 M6 \ ^
5 ;r a, a.

Here Eo(x)= l-exp(-x) and takes into account the contribution of higher mass states, 

which has been summed using duality to the perturbative term in , and W is the 

effective continuum threshold We take W2 =2 3GeV2, and in Fig 5 1 plot the r h s of 

Eq (5 25) as a function of M2 We take tv=0 5 for p=l GeV and

(o|g12G2[o)=0 5GeV4 (5 26)

(o|«|o) =0 8(o|m7|o\=-0 8(240MeV)3, ms=150MeV and 0 5 Wntmg

(0|g,3G3 JO) =| (o|gs2G210), (5 27)

we take e=l GeV2 We also have PCAC relation

-2(mu+m4)(o|w« jo) =fK2 m*2 (5 28)

For fo, fs, 08 and 0o we use the central values given in Eqs (5 17) and (5 18)
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Figure 5,1: Various terms contributing to %\0), Eq (5 25) The value of ^r'(O) IS the one obtained 

without the direct mstanlons The latter, see Eq (5 34), is given by % 'DI, which is larger than % '0PE 

and also has the wrong behaviour suggesting that screening corrections are important

Let us now examine how the vanous terms in the r h s of Eq (5 25) add up to 

remain a constant The pion term is small and has little variation because of the low 

mass, q and if are significantly larger and q is even larger than q’ In Fig 5 1 the 

upper line gives the combined contribution of n, q, and q’ which we denote as 

x'poie, and it is seen that it has gentle increase with M2 The OPE terms given by the

last three lines in Eq (5 25), which we denote by x'ope > so that

*'«>) = X' poles-X'ope
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is also plotted in Fig 5 1 It is seen that z'ope is roughly about 25% of z'pol„ also 

increases with M2. with the result that zX°) is nearly constant w r t M2 

We expect this trend of compensating variation m z’poles and z'ope to be maintained 

when variation in Z'poles due to uncertainties m 08, 0o, fa, fo [see Eqs (5 17) and 

(5 18)] and the variations m % '0PE due to uncertainties m the estimates of the vacuum 

condensates are taken into account We can then obtain from Fig 5 1 the value 

X'(p) ~1 82x1 O'3 GeV2 (5 29)

We note that the determination, Eq (5 29) is in agreement with an entirely 

different calculation by two of us from the study of the correlator of isoscalar axial 

vector currents

= J * (°\{urMrsu(x)+drPrsd(x), urMr5u(0)+^^(o)} jo)

(Q)28/iv + ^=°(92)^9v (5 30)

z{"0(q2 = 0) can be computed from the spectrum of axial vector meson In Ref [14] a
4

value

= 0) = -0 0152GeV2 (5 31)

was obtained It is not difficult to see that when mu=md=0

x(=0(q2 = 0) = -8 z'(°) (5 32)

which shows consistency between Eqs (5 29) Let us now return to Eq (5 24) and 

consider the effect of incorporating the direct mstanton term Eq (5 25) in the spike 

approach [5]

n(p) =no5 (p-pc) (5 33)
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with no=0 75xlO‘3 GeV4 and pc=l 5GeV'' The contnbution of the instanton to 

B \ X^C{ }] can be found using the asymptotic expansion for K.2(z) and K’2(z) and we

r
find it to be

t tin i--- 4 y 9 1 45 1 ~M2Z?2Xrn -'Jxpc M2{Mpc------------ (5 34)
AM pc 32 mV

We have plotted this term separately m Fig 5 1 We note that unlike X'poles and x'ope > 

which increase with M2 and therefore compensate each other, the contnbution of %'D1,

Eq (5 34), decreases rapidly with M2 It is not difficult to see that %'{0) will no

»
longer remain constant This strongly suggests that screemng corrections to

[—f ■ are important just as they are for r;?(?), as found by Forkel [13]

5.3 i|’-Mass in the Chiral Limit

We now turn to an estimate of r|’ mass m the chiral limit mu=md= ms=0 In this 

hmit SU(3) flavor symmetry is exact and , we have m^m^O while if is a singlet 

Let us denote by %= if (ms=0) and mx = nyCms^T)) the singlet particle and its mass 

in the chiral hmit Returning to Eq (5 24), we first note that the explicitly quark mass 

dependent term in %ope

-16(^f £ BSxlO^GeV)4
l~U,d,S

is numencally much smaller than for example 

«4 5xlO'5(Gev)4
64 jc \n j
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which is itself much smaller than the perturbative term. In the chiral limit 

<0|el/r) = {0|2|77} = 0 If we assume that the quark mass dependence of ^'(0) is 

negligible then^'(O) in Eq.(5.25) can also be expressed in terms of and m%

2 m x 2
(5.35a)

We may then write from Eqs.(5.25) and (5.35a) for 0.8GeV2<M2<l ,2GeV

2 m~:
L/^2(i + fLi)* w* + + ±(fscosBi-^l2fQsm90)2(\ + ^-)e M*
12 M 8 M M1

+—(/8sin6^s + V2/0cos<?0)2(1+—y)e M' (5,35b)
24 M

In Fig.5.2 we have plotted the l.h s and r.h.s of Eq.(5.35b) in the interval 0.8 GeV2< 

M2<1.2GeV2 for mx «723MeV. From this we obtain/^ =178MeV which is of the

same order as physical decay constants fg and fo.
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Figure 5.2 Estimate of rf mass and coupling m tlie chiral limit, see Eq(5 35b) The 

contmuous curve corresponds to mx=723 MeV The contmuous line is for 1 h s of Eq (5 35b) and lme
t

with erases is for r h s of Eq (5 35b)

5.4 Result and Discussion

We now compare our result for z‘((>) with some earlier results In Ref[l] 

Nanson et al obtained a value Gr^’(°)~0 7x10'3(GeV)2 substantially different from 

the value derived here Since the expression for %0PE used by us is identical to theirs, 

albeit the estimate used for the gluon condensate is slightly different, we need to 

explain the difference in ^'(0) The most important difference ;s m expression of

z(q2) in terms of physical intermediate states We have seen that both p and p’ 

contribute, and in fact p makes a larger contribution than p’ In Ref [1] only p’(950)
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state is taken into account We have also seen that if we were to take the chiral limit

then r) and t]’ contribution to x(a2) is representable by % with mass m/^SMeV 

which is substantially different from the physical if mass This also explains why 

Nanson et al find stability m the sum rule for rather larger W2=6GeV2 instead of

W2=2 3GeV2 We must also add that while our Eq(5 11) involves only
9

Nansion et al use the linear combination of two sum rules (cf Eq (6 22 ) of Ref[l]) 

Comparing with Ref [5] we note the following The radiative corrections to the

perturbative loop given m Eq (5 25) viz ——, which is large, is ignored in Ref [5]
x 4

We also note that the coefficient of the (—■ G2^ arises from radiative corrections,

which is also ignored m Ref [5] As already remarked, they use physical T|’ mass even 

when ms =0, the chiral limit Since in the sum rules squares of the masses exp [- 

(723)2/M2] as against exp[-(95?)2/M2] occur, this is a serious error both in Ref [5] and 

[1] Even disregarding all the drawbacks, the sum rule in Ref [5] for fv? works rather 

poorly It is easy to read off from Fig 1 of Ref [5] that fn? =12 ^'(0) varies from 0 019 

GeV2 at M2=l 5GeV2 to 0 034GeV2 at M2=l 1 GeV2, and grows even faster at lower 

M2, hardly a constant This is to be contrasted ^'(0) as computed here, where it 

changes barely by 2% within the same range of M2

In Ref [3], Ioffe and Khodzhamiryan’s claim that the OPE for %(q2) does not 

converge is based on the following They computed the correlators 

qMqv>|dAxe***(o|r{J^(*)i./*5(0)}|o) (5 36)
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where J^-qr^sQ with mu=nid=0 but nis#J

and J°5 is flavor singlet current Introducing the definition

{o[/2s(*)b'(;o)

they estimated ^£_«2 5 
z “
Sfj1

(5 37)

If SU(3) symmetry was exact this ratio would be unity Insisting that the ratio m 

Eq (5 37) should be close to unity even when rtv^O, they concluded that their result 

signals a breakdown of OPE[3] As discussed earlier, (oj./*5|?/^yO In fact using the

phenomenological values given m Eqs (5 17) and (5 18), it is easy to obtain 

syS _ Slfo cos 0O --Jlft sm ]
gj 1/s + V2/o cos 0O ] -»224 (5 38)

which is enough close to 'the estimate of Ref [3] In Ref [5] 8% was estimated to be -

18 8° assuming ^- = 112 and 80 =-21° using QCD sum rales With these values one 
Jo

g-will still find that the ratio ~ =1 96, far different from unity as may be naively

expected As in the case of Nanson et al [1], Ioffe and Samsonov [5] and, Forkel [13] 

also do not take into account the n, q matrix element of the anomaly m their sum 

rules involving x(q2) We also note that xX°) was estimated in Refs [2,4] to be 

X'(Q) = (23±o6)xio~3 by fitting the QCD sum rale for singlet axial vector matrix 

element of the proton We must add, ^'(0) coincides with the longitudinal part of the 

SU(3) smglet axial vector current correlator only in the limit of zero strange quark 

mass
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In conclusion we find a value of %’(0)«1 82xlO'3GeV2 without incorporating 

direct mstantons Screening corrections to the latter appears to be significant We also 

obtained an estimate mz=723MeV and flx=178MeV

113



5.5 References

1 S Nans ion, G M Shore and G Veneziano, Nucl Phys B546 235 (1999)

and earlier references cited therein

2 BL Ioffe and A G Oganesian, Phys Rev D57(1998)R6590

3 BL Ioffe and and A Yu Khodzharmryan, Yad Fiz 55 3045 (1992)

4 B L Ioffe hep-ph/9511401, hep-ph/9804328, hep-ph/9901223

5 B L Ioffe and A Y Samsonov, hep-ph/9906285

6 D I Gross, S B Treiman and F Wilczek, Phys Rev D19. 2188 (1997)

7 H Leutwyler, Nucl Phys ProcSuppl 64, 223 (1998), R Kaiser and H 

Leutwyler hep-ph/9806336

8 Th Feldmann, P Kroll and, B Stech, Phys Rev D58 114006 (1998), hep-

ph/9812269

9 R Escnbano and J M Frere hep-ph/0501072 and earlier reference cited therein

10 R Akhaury andJM Frere, Phys Lett B220 258 (1989)

11 V A Novikov et al, Phys Lett MB (1979) 347, Nucl Phys B191 301 (1981)

12 AL Kataev,NVKrasmkovand AAPivovarov, NucPhys B 198,508 (1982), 

hep-ph/9612326 ,

13 H Forkel, Phys Rev. D71 (2005) 054008

14 J Pashupathy and R K Ptngh, hep-ph/0312304

114


