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CHAPTER 9

ESTIMATION OF THE fARAMETERS OF DOUBIY TRUNCATED
NORMAL DISTRIBUTION FROM FIRST FOUR SAMPLE MOMENTS

9.1 Introduction

A.C. Cohen / 11_7 has estimated the parameters
of singly and doubly truncated normal distributions by
the method of maximum likelihood. Using the method of
moments, he / 12_7 has also obtained the estimators of
singly truncated normal distribution from first three
sample moments. In this chapter, the method of moments
has been applied to estimate the parameters of doubly
truncated normal distribution. The estimators are
obtained from the first four sample moments. Further,
comparison of these estimators has been made with the
maximum likelihood estimators. The study reveals that
the method of moments provides simple estimators of the
parameters of doubly truncated normal distribution

without much loss of efficiency, while the maximum
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likelihood estimators are complicated and laborious.
9.2 Doubly truncated normal distribution

The density function of doubly truncated normal

distribution is given by

(9.2.1) £(x) = g (E22)/ ¢ Blx,) - Fx)],

X, <xK< Xy
2

where @(t) = CW?E)-le"t /2 and _ﬁ?t) = f“: B(x)dx.

Let '(xe -p)/e =%k, and (x; - n)/o-=k,. Change the

origin to Xg and put x - Xy =7 Then, the density

function of y is
(9.2.2) gly) = QS(% +ky) /G,  0<y<a

where G =_§zk1) —'ﬁzko) and 4 = x; - X;. The moments

o, of the distribution of y about its origin are given

by
9:2. R r-i A - 2
( 4) m, od Tz + (r - V)om, 5 - kyom,_,

rsz’ 3, L 2R R BN I B )
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where gz, = ﬁ(ko)/G and 2z, = ﬁ(kl)/G.

9.3 Estimators of the parameters

From ‘(‘9.2.4), by teking r = 2, 3 and 4, we obtain

' 2

(9.3.2) ms = -<rdzzl + 2 cmy - q—komz ’
_ 3 ; 2

(9.3.3) m, = ~od7z, + 3 m, - okyms .

It should be observed that equatioms (9.3.1),
(9.3.2), (9.3.3) are the same as equations (19) obtained
by Cohen(/ 13 7, p. 259) for the case of doubly

truncated normal population when b, = b, = O.

1 2
Considering equations {9.3.1), (9.3.2), (9.3.3) in three

unknowns oz, 0*2, and h = ok, and solving them, we

see that the solutions for h and o2 are

{(9:3.4) n

]

) 2 2
[( 3m2m3~2m1m 4)+d (m 4-3m2)+d ( 2m1m2-m3)] /P,

N 2 rp2 : 2, 2
{(9.3.5) & = [(mg—mzmé)+d(m1m4-m2m3)+d (mg-mlm )1/7,

where 7P = (2m1m5-5m§) +d{ 3m, my-m, ) +a° (mz-zm? ).
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This suggests that we can obtain estimators n*
and o* of h and o from {9.3.4) and (9.3.5) by

substituting for m.

v, = ={x - xo)r/N. The estimator m" of m is then

the corresponding sample moments

given by 4p% =X5 - n*. Thus, we have

(9.3.6? " = [(Bvyvy-2v,v,)+d(v,-3vE)+a® (2v, v —v,)]/P%,
(9.397? oF" = [Ivé-VZV4?+d(v1v4~v2v5)+d2(v§~v1v3?]/P*,
where P° is the value of P obtained by substituting

for m, the corresponding sample moments v, in it.

When the upper truncation point X4 is infinity,

i.e., d = oo, then we obtain the estimators as

b — — 2
h\ = (2v1v2 vs)/(vz 2v1),
62* = (vz -v.v)/{v, - 2 2)
2 173 2 vl 4

which are the same as obtained by Cohen / 12_7 for singly

truncated normal distribution.

In practical situation, rather computing h* and

2% :
o from (93596) and (9.3.7), it might be easier to
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solve some pair of linear equations obtained from (9.3.1),

(9.3.2) and {9.3.3).
9.4 Comparison with the maximum likelihood estimators

N A
The maximum likelihood estimators h and o of
the parameters h and o of doubly truncated normal
distribution were obtained by Cohen / 11_/. 1In the present

notation, they are given as

~
A
(9.4.2) v, = --{;\-dzjL + @2 - hv, .

It should be noted that zg and z4 depend on 1/'\1
and o and hence the estimators '}.\1 and oA— are to be
found by numerical methods. As can be seen from (9.2.3)
and (9.3.1), these estimators are the usual moment
estimators using only first two moments. The asymptotic

~ A :
variances of h and o are given below.

(9.4.3) W/ #)Var(n) = B,/ (7,75 - ),

P -

I

(9.4.4) (N/ o-2)Var () P,/ (P, Fy - Fg),'

where
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Py = [Flagm2g) =z vy ],

fag)
11

2 [(kizl—kgzo)+(zlnzo)(klzl-kozo+1)1,

2
Py =[-8k 3 ~kg2y-1) - (ky 3y ~kgzy=1) *~ (k]2 -k z,) ]
and N = size of the truncated sample.

*
The asymptotic variances of n and o have
been obtained by the &-method (Kendall and Stuart /23 7,
§10.6). ILet

Y (j=1s293’4))
, (vl,vz,vz,v4)=(ml,m2,m5,m4) )

@
*

o

9

V3

td
]

’ (331,2,5,4).

(vl sz ,V39V4)=(m1 sz ’mg smé)

Then, the asymptotic variances of h* and o are given
by ‘ ‘

(9.4.5) Var(h*) = ? 21A1A Cov(vl, Vs s
. . e i=

' 4
(9.4.5) Var(o*) =3 3 BiBJCOV(V ’ )y

i, =1
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where it is to be understood that Cov(vi, vi)z“Var(vi),

Now if we write
“(j = 1’ 2-, 3, ..Q, 8),
then we get
Wy = -z, (kl—ko J+1-kyw, ,
w, = =z, {k,~ )j‘1+(;j-1)w -»kvx; '(j=5 4 8)
i 1Y*17%0 j=-2770"3-1 A A
From the definitions of Ai and IBj we obtain
' i 2
Ay =[-8 (w rkgmy ) =Bk yw, (ky =k ) +2 (ke k) “ (2w +w,) [/ A
e N 2
Ag=[B(wgtBkywy ) -3 (k) (Rwgrkyw, )+(k, ~k,) “ (2w, -k, ) /oas
A= (3w, -2k w, )4k, (k, =k, ) =(k, -k ) °]/ 2o
3 277707/ TR M TR0 T ™o T
r A 3
A4=L—2w1+(k1-ko)]/ A,

B, = [-2wgs (i, -k ) (w, =3w,)+ (i, =k, ) ¥ aw ~w,)]/2 0,

Bo=[(6y—w 4?-(1:1-1:0) (wy+3wy )+ (kg =k ) 2 (2w -1)] /2 00
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By=[2 (wy=w, )+ (kg =Ky ) (L-wy) =y (k)% /2 o240

" 3
B4=[—w2+wi(kl—k@)]/2 oA,
where

2\ 2 2
A =(2w1w5~5W2)+(3wlw2-w5)(kl-ko)+(W2-2W1)(k1~ko) .
- j-1 j-1
If we put Aj—aj/cy and Bjmbj/ o ~, then from
(9.4.5) and (9.4.6), observing that Var(v_)= o (w, -

wﬁ)/N, and Cov(vr, vs)=<rr+s(w - wi.ws)/N, we

r+8
obtain
(9.4.7) tN/c-z)Var(h*) = % ¢ 2 (w, .-w,w.)a.a
>Ee LT i+ 17377175
. . Lo i, j=1 .
(9.4.8) W/ o*)Var( «*)= ¥ * Z (w, .-w.w.)b.b
2t e o ar o~ e ', jzll Wi+j Wiwj i jo

as s N *
The asymptotic efficiencies of h> and o* are

then obtained by dividing expressions in (9.4.3) and
(9.4.4) respectively by (9.4.7) and (9.4.8). It should
be noted that the asymptotic efficiencies of the
estimators dépend on ko and kl’ the lower and the

upper points ~of truncation in standard units.
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9.5 Example

To illustrate the foregoing results, a truncated
sample of size 35 from a normal population with m =0
and o= 1 was selected from Mahalanobis' tables / 26_7
by discarding observations less than x4 = -1 and
greater than X = 2. The first four sample moments
about X5 = -1 were found to be vy o= 1.26508,

Vo = 2.18548, vz = 4.46599, V, = 10.000867. Substitut-
ing these values in egquations (9.3.6) and (9.3.7), we

obtain h* = -0.834 and oF = 1:591. These give us

n* = -0.166 and & = 1.261. The maximum likelihood
estimates of u and ¢ were obtained by numerical
methods from equations (9.4.1) and (9.4.2). They are

A A . -
n = -0.052 and o = 1.192.

Applying formulas (9.4.3), (9.4.4), (9.4.7) and
(9.4.8), we find that ‘

’ > A
(§/ %) Var (h*)=3.49372, (§/ «2)Var(h)=3.42971

(n/ wz)Var(o—* )=3.25404, (n/ o-z)vé:’r (*)=3.14663.

Hence, the estimated asymptotic efficiencies of " and

s‘* are respectively 98 o/o and 97 o/a .



