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CHAPTER 1

SOME PROPERTIES OP BALANCED INCOMPLETE BLOCK DESIGNS

1*1 Introduction .

Pisher*s inequality namely, v < b gives
the lower hound for the number of blocks in BIB design.
In Section 1*2, we obtain an upper bound for the number 
of blocks in a BIB design.

Majumdar £“21J obtained the upper bound for the 
number of disjoint blocks in BIB design. In Section 1*3, 
we generalise this result and obtain an upper bound for 
the number of blocks in a BIB design having a given number 
of treatments in common with a given block and deduce some 
known and some new results.

1.2 An upper bound for the number of blocks in a BIB 
design

The parameters v, b, r, k, and A of a BIB design 
satisfy the following relations.
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(1.2.1) bk = vr,

(1.2.2) r(k - 1) - A(v - l),

(1.2.3) b > v, r > k.

We prove the following lemma.

lemma 1.2.1. If a BIB design with parameters v, b, 
r, k and A exists, then

b < (r8 - DA .

Broof. from (1.2.2), we get
r

(1.2.4) rk-Av m r-A.

Bnt r - A > l, hence we get from (1.2.4),

(1.2.5) rk, - Av >_ 1.

Multiplying (1.2.5) by v and putting b = vr/k, we get

(1.2.6) o. 2
x. v A V vb > + JL,.k'a k*

Bit v/k = b/r in (1.2.6). 2hen we get

(1.2.7) 2
b < E- r
- T IK *

How r > k, hence from (1.2.7), we get

1= < (r2 - DA .
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Remark 1. When r = k and r - /\ = 1, I.e. when 
the design is symmetrical BIB design with r - a =1, then 
h « (r2 - l)/% = r + 1.

Remark 2. The upper hound for b ean he improved 
in the ease when v = nk. This is done in the following 
lemma.

Lemma 1.2.2'. If a BIB design with parameters 
v » nk, b, r, k and a exists, then

b < r(r - 1)/a .

Proof. Prom (1.2.4), we get

(1.2.8) k(r - nft ) = r - a .

low Roy has proved that when v = nk, r - a > k.
Hence from (1.2.8), we get

r - aft > l, 

i.e. r - 1 > n^,

i.e. nr(r - 1) > bna ,

i.e. b < r(r - l)/a .

Por resolvable BIB design, v = nk and so for such
designs b < r(r - l)/a . p©r affine resolvable BIB design,
v»nk, and r - ^ = k, and hence for such designs ' 
b = r(r - 1)/* .



17

1.3 Upper bound for the number of blocks in a BIB design 
having a given number of treatments common with a given 
block

Ma;jumdar £”27_7 gave an upper bound for the number 
of disjoint blocks in a BIB design. Here, we give a more 
general result from whieh the result of Majradar £"2?_/ 
follows as a particular case. ' We prove the following 
theorem.

Theorem 1.3.1. If a given block of a nonrsymmetrieal 
BIB design with parameters v, b, r, k and A has d blocks 
having a given number t (t < v) of treatments common with 
it, then r

gd < b - 1 - 3f1 . [k(r - 1) - t(b - 1) ] , 

where D = k(r - A ) + kS(3 - l) + t2(b - l) - 2tk(r - l).
i 2If d = b - 1 - If1 . £k(r -r 1) - t(b - 1) ] , then

r~. r

o-[k(rr*) + (a- l)k2 - tk(r - 1) ] / [ k(r - 1) -

t(b - l) is a positive integer and the given bloek Vias 
c treatments common with each of the remaining (b — d - l) 
blocks. ' r

Broof. We denote the blocks as B„, B , .... B .1 2 b
denote the number of common treatments between 

®i* = b). let 1^ = t, for
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i 3 2, 3, ..., (d + l), Then, we have

(1.3.1) dt + ld+g + ... + = k(r - 1),

(1.3.2) dt2 -f l|+g + ... + l2 » k(r -A ) + k2( A - l).

let 1 « (ld+g + ... + 3^) / (b - d - 1). As

^ (^*1 - X)2 > 0, we have
i=d+2 „ 1

(1.3.3) k(r - A) + ( A - l)k2 - dt2 > —£ ^ ~ d1; ^
- - „ „ “ ; 0» - d— 1) .

From (1.3.3), we get
~ •*»!

(1.3.4) dl .< (b-l)D - [ k(r-l) - t(b-l) ~[2,

where B =» k(r- a ) + k2(A -l) + t2(b-l) - 2tk(r-l).
r- , ' • ' ^

Slnee, D can be written as

D
k(b-r) (v-k) (r-k) [h(r-l) - t(b-l) l2

+—------------ i .

D > 0, if r / k (i.e. for non-symmetrical BIB design). 
Hence, dividing by B in (1.3.4), we get

(1.3.§) d < (b-1) - if1. [ k(r-l) - t(b-l) ]2.
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If the equality sign holds in (1.3.5), then all 
1^ s (i = d+2, ..., h) axe equal to c, where

[ k(r-^) + k2(ft-l) - tk(r-l) 1 
c = ----------- --------------------- - .- [ K(r-l) t(b-l)

^, - ■ r

This proves the theorem.

Taking t=Q, we get the following result due to 
Majumdar £”2 'ij.

Gorollary 1.3.1. A given block of a BIB design 
with parameters v, h, r, k and 7\ can never have more 
than

b - 1 - (r - 1)\ (r - ft - k + kft P1
nr-, >m f-s

blocks disjoint with it. If some block has that many 
disjoint blocks, then c=(r-ft-k + kft )/(r - l) is 

a positive integer and each of the non-disjoint blocks 
has c treatments common with it.

We now derive from Theorem 1.3.1, the results of 
Chakrabarti ClQj, Seiden ^~40_7 and Parker £"31

Theorem 1.3.2. If in a BIB design with parameters 
v, b, r, k and ft , b = v+r-1 and v » 2k, where k is 
a positive odd integer, then no two blocks of this design 
are disjoint.
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Proof, let a block of the given BIB design have 
d disjoint blooks. Since b = v + r - 1, it follows 
from the work of Khatri and Shah that r = k •*- A .
Hence, using theorem 1.3.1, for t = 0, b = v + r - 1, 
r = k + A and v = 2k, we obtain

(1*3.6) d < 1.

If d =1, then Theorem 1.3.1 shows that k/2 is 
an integer which is a contradiction as k is an odd 
integer. Hence d < 1, i.e. d = 0. Hence the result.

This result is proved by Chakrabarti 10_J7.

Corollary 1.3.2. If B is a BIB design with 
parameters (v, b, r, k, A ) = (2x +2, 4x + 2, 2x + 1, 
x + 1, x), where x is a positive even integer, then no 
two blocks of 3) are disj oint.

This follows from Theorem 1.3.2 by taking A = x 
and using the relations b = v + r - 1, v=2k, k being
a positive odd integer.

Theorem 1.3.3. If in a BIB design with parameters 
v, b, r, k, A ; b ■ v + r - 1- and v = 2k, then no two 
blocks of this design are the same set.

Proof, let a block of the given design have d 
blocks each having all the k treatments common with it.
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Then, using Theorem 1.3.1 for t = k, b = v + r - 1, 
r=k+Pk, v = 2k, we get

(1.3.7) d < (r-l)/(r+l) < 1.

Hence, d = ® and so the result follows.

Corollary 1.3.3. If ® is a BIB design with 
parameters (v, b, r, k, * ) = (2x + 2, 4x + 2, 2x + 1, 

x + 1; x), where x is any'-positive integer, then no 
two "blocks of 1 are the same set.

This follows from Theorem 1.3.3 by taking ^ = x 
and using the relations b = v + r - 1, r = k + a and 
v = 2k.

This result is also proved by Seiden

Combining the results of the corollaries 1.3.2 and 
1.3.3, we get the following theorem due to Parker ^""31

Theorem 1.3.4. If 1 is a BIB design with 
parameters (v, b, r, k, ^ ) = (2x +‘2, 4x +2, 2x + 1, 

x + 1, x), where x is a positive even integer, then no
two blocks of B are either (i) disjoint or (ii) the same 
set. ~ - -

We now deduce the following theorem proved partly 

m Theorem 1 of Chakrabarti O&J* from Theorem 1.3.1.
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Theorem 1.3.5, If in a BIB design with parameters 
v, b, r, k and ^ ; r = 2k and a is a positive odd 
integer, then no two blocks of this design are the same set.

Broof. let a block of the given design have d 
blocks, each having all the k treatments common with it. 
Then, using Theorem 1.3.1 for t = k, r = 2k, we obtain

(1.3.8) d <_ 1.

If d = 1, Theorem 1.3.1 shows that ^/2 is an 
integer which .contradicts that is an odd integer. Hence, 
d<l, i.e. d=0. Hence the result.

Corollary 1.3.4. If D is a BIB design with 
parameters [ v, b, r, k,* ] = [ 2x(xy+l)+l, 4x(xy+l)+2, 
2(xy+l), (xy+l), x ], where x is^any positive odd v 

integer and y is any positive integer, then no two blocks 
of B are the same set.

This follows from Theorem 1.3.5 by taking ^ » x, 
h = xy+1 and r = 2k.


