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CHAPTER 2

AH UPPER B©UND POE THE HUMBER OP DISJOINT BLOCKS 
IN CERTAIN PBIB DESIGNS " ' '.....

2.1 Introduction

An upper Bound for the number of disjoint Blocks 
in Balanced incomplete Block design was obtained By 
Majumdar £~27_J7’. In this chapter, upper Bounds for the 
number of disjoint Blocks in certain partially balanced 
incomplete Block (PBIB) designs are obtained. The PBIB 
designs considered here are (i) semi-regular group
divisible (SRGD) designs, (ii) certain PBIB designs with

\two associate classes having triangular association 
scheme (certain triangular designs), (iii) certain PBIB 
designs with two associate classes having a Lg 
association scheme (certain Lg designs) and (iv) 
certain PBIB designs with three associate classes having 
rectangular association scheme (certain rectangular 
designs). The upper Bounds are"derived By using the 
results proved By (i) Bose and Connor (ii)
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Raghavarao £“34 J and Tartak £"*54J*

2.2 An upper bound for the number of disjoint blocks 

in SRGD designs.

An incomplete block design with v treatments 

each treatment being replicated r times, arranged in 

b blocks of k plots eaeh is said to be group divisible 

(GB) (lose and Shimamoto £""3Jf), if the number of 

treatments in v = mn and the treatments ean be divided 

into m groups each with n treatments, so that the 

treatments belonging to the same group occur together in 

^ blocks and the treatments belonging to different 

groups occur together in blocks ( ^ ^ ag). This 

is a RBIB design with two associate classes and'the 

first associates of any treatment are the treatments 

belonging to the same group. The primary parameters of 

this design are v = mn, r, k, Ag, = n-1, 

ng = n(m-l). The parameters obviously satisfy the 

relations

(2.2.1) bk = -yr,

(2*2*2) r(k-l) = n± 7i± + ng ag,
^ r',

(2.2.3) r > , r > ag.

Bose and Gonnor characterised semi-regular

group divisible (SRGD) designs by r - > © and
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rk - v^g = 0. The following result was proved by Bose 
and Connor for SSG! designs.

Theorem 2.2.1. For a SIGrD design, k is divisible 
by m. If k = em, then every block must eontain c 
treatments from every group.

We use Theorem 2.2.1 to obtain an upper bouM for 
the number of disjoint blocks which have no treatments in 
common with a given block of SRGB design. The result is 
given in Theorem 2.2.2.

Theorem 2.2.2. A given block of a SR&B design 
cannot have more than

_ _ v(v-m)(r-i)2
[ (v-k)(b-r) - (v~rk)(v-m) ]

disjoint blocks with it and if some block has that many 
disj oint blocks, then

c = k[ (v-k) (b-r) - (v-rk) (v-m) j/v(v-m) (r-l)

is a positive integer and each non-disjoint bloek has 
e treatments common with that given block.

Proof. Let the given block have d disjoint 
blocks. Let it have x^ treatments common with the 
ith of the remaining (b - d - l) blocks. Then 
considering the treatments of the given block singly,
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we have

b-d-1(2.2.4) Ex.* k(r-l).

The given block, by virtue of Theorem 2.2.1, 
contains k/n treatments from each group which form 
pairs of first associates. Hence considering the 
treatments of the given block pairwise, we get

b-d-1 -(2.2.5) E x^x^-l) = k{\^k-m)+kAg(m-l)-m(k-l)j / m.

How for a S1GD design, « rk/v. Then, from
+ Hg^g = r(k-l), we get ^ « r(k-m)/(v-m).

Substituting these values of 9\-, and ?u in (2.2.5)
_ b-d-1 1 , .

and defining x * E x^ / (b-d-1), we get from (2.2.4)
and (2.2.5)

(2.2.6)
b-d-1 
E (x. i=i , 1 x) 2

k2£(v-k) (b-r)-(v-rk) (v-m)] k2(r-l)2
v(v-m) ~ ” (b-d-1)

b-d-1 2As 2 (x. - x) >0, and f(v-k)(b-r) -
i=l . 1

(v-rk)(v-m)] > 0, (Appendix 2.1), it follows from (2.2.6) 
that ~
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(2.2.7) d < b - 1
v ( v-m) (r-1)2

[(v-k)(b-r) - (v-rk)(v-m)]

which proves the first part of the theorem. If, however

(2.2.8) a - b - l
v(v-m)(r-1)2

f(v-k)(b-r) - (v-rk)(v-m)]

then S (x. - x)^ * 0, showing that all x.’s are
i*l . x

equal to e, where

(2.2.9) k[(v-k) (b-r) - (v-rk) (v-m)] 
. .. ~ -v(v-m) (r-l)

and the given bloek has © treatments common with each 
of the remaining (b-d-1) non-disjoint bloeks.

The following are the companion theorems to 
Theorem 2.2.2.

Theorem 2.2.3. The necessary ant sufficient 
condition that a block of a SRG1 design has the same 
number of treatments common with each of the remaining 
bloeks is that (i) b « v-m+1 and (ii) k(r-l)/(v-m) is 
an integer. ~ "

Proof. let a block of the given design have x± 
treatments common with the ith of the remaining (b-l)
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blocks, Then, putting d = © in (2.2.6), we get

(2.2.10) E (x. - x )2 
i-1. 1

k2(v-k)(b-r)(b-v+m-l) 
-----v(v-m) (b-l)---- -

where x * k(r-l)/(b-l). All factors on the r.h.s. of 
(2.2.10) except (b-v+m-i) are positive. Hence, we get 
the result from (2.2.10)/

Theorem 2.2.4. If a block of a SHOD design with 
parameters v = mm = tk, b ** tr, (t an integer greater 
than 1), has (t-l) blocks disjoint with it, then the 
necessary and' sufficient condition that it has the same 
number of treatments common with each of the nom-disjoint 
blocks is that (i) b=v-m+r and (ii) k/t is am 
integer.

Ihroof. Let a block of the given design have x^ 
treatments common with the ith of the remaining
(b is) -t(r-l) non-disjoint blocks. Then, we have from 
(2.2.6)/noting that d = t-l,

"fc(2.2.11) £ (x _ x)2 » fe2(v-k)(b-y+m-r)
^ i^l 1 - v(v-m) ’-■

r r

where x « k/t. The theorem follows from (2.2.11).

We get the following two corollaries from the above
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theorem.

Corollary 2.2.1. For a resolvable SRG-D design, 
b >_ v-m+r.

This is also proved by Bose and Connor C*J-
Corollary 2.2.2. The necessary and sufficient 

condition that a resolvable SRGB design be affine 
resolvable is that it has a block which has the same 
number of treatments common with each block not belonging 
to its own replication.

2.3 An upper bound for the number of disjoint blocks 
in certain triangular designs

A PBIB design with two associate classes is said 
to have a triangular association seheme (lose and 
Shimamoto £%J), if the number of treatments is 
v — n(n-l)/2 and the association scheme is an array of 
n rows and n columns with the following properties:

(a) the positions in the principal diagonal are 
blank,

(b) the n(n-l)/2 positions above the principal 
diagonal are filled by the numbers 1, 2, ..., 
n(n~l)/2, corresponding to the treatments,

(e) the array is symmetric about the principal
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diagonal,

(d) for any treatment 0, the first associates 
are exactly those treatments which lie in 
the same row and the same column as 0.

The design will he called as triangular design in 
short. The primary parameters of this design are 
v * n(n-i)/g, b, r, k, 9^, = 2n-4,
ng = (n-3) (n-2)/2. We consider here triangular designs 
in whieh rk -v?^ = n{r - The following theorem
has been proved by Haghavarao ^""34__7.

Theorem 2.3.1. If in a triangular design, 
rk - v?^ = n(r - /\^)/2, then 2k is divisible by n. 
Further every block'of this design contains 2k/n 

treatments from each of the n rows of the association 
scheme.

We use Theorem 2.3.1 to obtain an upper bound for 
the number of disj oint blocks which have no treatments 
common with a given block of the triangular design in 

which rk - vax « n(r - \)/2. The result is given in 
Theorem 2.3.2.

Theorem 2.3.2. A given block of a triangular 

design with rk - v;^ = n(r - 7^)/2 cannot have 
than "

more
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^ _ - _______v(v-n) (r-l)2
£(v-k) (b-r) — (v-rk) (v-n)l

disjoint blocks and if some block has that many disjoint 
blocks, then

e = k[Xv-k)(b-r) - (v-rk) (v-n)} / v(v-n)(r-l)

is a positive integer and each non-disjoint block has e 
treatments common with that given block.

Sroof. let the given block have d disjoint 
blocks, let it have x^ treatments common with the ith 
of the remaining {b-d-l) non-disjoint blocks. Then, 
considering the treatments of the given bloek singly, we 
have

(2.3.1)

Considering treatments of the given block pairwise and 
using Theorem 2.3.1, we have

b-d-l
2 x. « k(r-l). i=l 1

b-d-1
i=l

xi<xi 1)
(2*3*2) ■ n(2k/n)(2k/n - 1)- l)

*'r *“i i*S( ^

+ {k(k-l) - n(2k/n)(2k/n - 1)}(^2 - l).
r ** r* nr* r, r.

let v = where v^ * n/2 and Vg *» (n-l) = 2v^-l.
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Prom rk - t » n(r - 5\^)/S, we get = r(k - v^)/ 
- l). Also, we have » 4(v^ - l),

ng “ (Ti - l) (vg - 2), and % g * r(kv^ + “ 2k)/
Tl^vl ~ 1^t2 “ 2). Patting n *= 2v1 and substituting 
the values of 9!^ and Ag in (2.3.2), we get

b-d-1
Z XjCx.-I) i=l 1 1

(2,3.3) -

k2 (vx(b-2r+l)-(v-rk) (v.,-1)]

TjCt-BTj)

kg~[n(b-gr+l)-(T-rfc) (n-2) j 
n(v-n)

k(r-l)

k(r-l)

k2|n(n-l)(b-2r+l)-(v~rk)(n-2)(n-l)] 
n(n-l)(v-n)"

k(r-l)

k2 [(v-k)(b-r)-(v-rk)(v-n)] 
■ v(v-n) ~ k(r-l).

let x = k(r-l)/(b-d-l). Then, from (2.3.1) and (2.3.3),
we have
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b-d-1 
2 (x.

k2 Q[v-k) (b-r)-(v-rk) (v-m)] _ k2(r-l)2 > 

v(v-h) ’ ~' ~ (h-d-l)

As [(v-k)(b-r)-(v-rk)(v-n)] > 0, (Appendix 2.1), it 

follows from (2.3.4), that

(2.3.5) d < b - 1
v(v-n) (r-l)'

(v-k) (b-r)-(v-rk) (v-n)

If, however, d = b - 1

b-d-1

v(v-n)(r-l)‘

(v-k)(b-r)-(v-rk)(v-n)
, then

2 (x. - x ) * @, showing that
i*?l

(2.3.6) X. asi
k[(v-k)(h-r)-(v-rk) (v-n)} 

^v(v-n)(r-l)'
88 C 9

for all i. The theorem then follows from (2.3.5) and 

(2.3.6).

She following are the companion theorems to Theorem

2.3.2.

Theorem 2.3.3. The necessary and sufficient 

condition that a block of a triangular design with 

rk - v = m(r - /S^)/2, has the same number of
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treatments common with, each of the remaining blocks is 

that (i) b = v - n + 1 and (ii) k(r-l)/(v-n) is an 

integer.

Proof. Let a block of the given design have x^ 

treatments commonw with the ith remaining (b-l) blocks. 

Then, from (2.3.4), noting that d = 0, we get

(2.3,7) I (x. - x) 2
k2(b-r)(v-k)(b-v+n-l) 

v(v-m)(b-l).

The theorem, then, follows from (2.3.7).

Theorem 2.3.4. If a block of a triangular design 

with parameters v = n(n-l)/2 » tk, (t an integer 

greater than 1), b ■ -fcr and rk - v Pi^ = n(r - j^J/2 

has (t—l) bloefcs disjoint with it, then the necessary 

and sufficient condition that it has the same number of 

treatments common with each of the remaining non-disjoint 

blocks is that (i) b=v+r-n and (ii) k/t is an 

integer. ' ~

Proof. Let a block of the given design have x^ 

treatments common with the ith of the remaining 

b—t = t(r-l) non-disjoint blocks. Then, we have from 

(2.3.4), noiing that d = t-1,

(2.3.8)
--

I (x4 - X )2 
i=l,, x

k2(v-k)(b-v-r+n) 

v(v - n) . - *
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where x = k/t. She theorem follows from the 
consideration of (2.3.©).

We get the following corollaries from the above 
theorem.

Corollary 2.3.1. lor a resolvable triangular 
design with rk - v = n(r - ^)/2, b ^ v + r - n.

Corollary 2.3.2. She necessary and sufficient 
condition that a resolvable triangular design with 
rk - v ^ ^ = n(r - J\^)/2 be affine resolvable is that 
it has a block which has the same number of common 
treatments with each block not belonging to its own 
replication.

2.4 An upper bound for the number of disgoint, blocks 
in certain Lg designs

A PBIB design with two associate classes is said 
to have a association seheme (Bose and Shimamoto 

L 8_7)» if the number of treatments is v = s2, where s 
is a positive integer and the treatments can be arranged 
in an sxs square such that treatments in the same row 
or column are first associates» while others are second 
associates. The primary parameters of this design are 
v = s , b, r, k, n^ * 2(s - 1), ng = (s - l)2.
We eall this design as Lg design in short. We"shall"
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consider here Lg designs in which rk - vA ^ = 
a(r -^1). Tka following teoorem has keen proved ky 
Raghavarao ^”*34J•

Theorem 2,4.1. If in a Lg design, rk -7^ »* 
s(r - A^), "then k is divisible hy s. Further 

every block of this design contains k/s treatments 
from each of the s rows (or columns) of the 

association scheme.

We use Theorem 2.4.1 to obtain an upper bound 
for the number of disjoint blocks which have no 

treatments common with a given block of a design in
which rk - v = s(r - ?\^)• The result is given in 

Theorem 2.4.2.

Theorem 2.4.2. A given block of a Ig design 
with rk - v ^ = s(r - cannot have more than

v(r-l)2 (s-l)2
b - 1-------- -——-------------

(v-k) (b-r)-(v-rk) (s-l)2

disjoint blocks with it and if some block has that many 
disjoint blocks, then

e = k [(v-k) (b-r)-(v-rk) (s~l)2] / v(r-l)(s-l)2
/-*— <-«/*. rs t- ^ ^ ns*.

is a positive integer and each non-disjoint block has e 
treatments common with that given block.
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Be oof. let the given block have d disjoint 
blocks, let it have x^ treatments common with the ith 
of the remaining (b-d-1) non-disjoint blocks, i = 1, 2, 

(b-d-1). Then, considering the treatments of the 
given block singly, we have

b-d-1(2.4.1) 2 x. = k(r-l)•
i*l 1

Considering the treatments of the given block pairwise 
and using Theorem 2.4.1, we have

b-d-1
2 xAx, - 1)1=1 1 1
' /- i"S

(2.4.2)
= kj2(k-s)^ + (sk+s-2k)2g - s(k-l)]/s.

low, rk-v^1 = s(r- gives ^ = r(k - s)/s(s-l).

Also, n^J*^ + n2^2 “ r(k-l) gives 3g = r(sk+s-2k)/ 
s(s-l)2. Hence, substituting the values of and ^g

in (2.4.2), we get

b-d-1 -
X x>(x.-l) i=l x. 1

(2.4.3) k [2r (k-s)8 (s-1) +r(sk-f-s-2k) 2+v (a-l) 2 (r-k)]
.. ^ r- r* r* ^v(s-l)4

k(r-l)
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^ [(v-iQ (b-r)-(Y-rte) (s-l)2]
■ ' v(s-l)2

From (2.4.1) and (2.4.3), we get 

b-d-1 __ o£ (x. - x)^
i«l 1

(2.4.4)
k2[(v-k) (b-r)-(v-rk) (s-l)2] k2(r-l)2 v _

..... v(s-l)2 - / fc-d-1- “

where x = k(r~l)/(h-d-1). As [(v-k)(b-r)-(v-rk)(s-l)2]
> 0, (Appendix 2.1), it follows from (2.4.4) that

(2.4.5) d < h - 1
v(s-l)2(r-l)'

(v-k)(b-r)-(v-rk)(s-l)'

This proves the first part of the theorem. If, however

d = b - 1
v(s-l)2(r-l)2

(v-k)(b-r)-(v-rk)(s-i)‘
h-d-1then £ (x. - x ) = 0, giving
i=l *

xi
k[(v-k) (h-r)-(v-rk) (s-l)2]

v(r-l)(s-l) 2 IP

for all i. Hence the result.
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The following are

2 « 4 • 2 •

the companion theorems to Theorem

Theorem 2.4®3. The necessary and sufficient 

condition that a block of a I* design with rk - v ^ = 
s(r - has the same number of treatments common with

each of the remaining blocks is that (i) b = v - 2s + 2 
and (ii) k(r-l)/(s-l)2 is an integer.

Proof* Let a block of the given design have x^ 

treatments common with the ith of the remaining (b-l)

blocks. Then, from (2*4.

(2.4.6)
b-l
1. (x. - x ) i=l 1

4), noting that d = 0, we get

x (b-r)(v-k)(b-v+2s-2)

Theorem 2.4*3 follows from (2*4.6)

Theorem 2.4.4. If

gparameters v = s = tk, 

than l), and rk - V/\^ 

disjoint with it, then th 

condition that it has a b 

of treatments common with 

blocks is that (i) b = v 

an integer.

v(b-l)(s—l)1

a block of a Lg design with 

b * tr, (t an integer greater 

s(r -^j) has (t-l) blocks 

e necessary and sufficient 

lock which has the same number 

each of the remaining non-disjoint 

2s + r + 1 and (ii) k/t is

Proof. Let a block of the given design have x^
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treatments common with the ith of the remaining (b-t) = 
t(r-l) non-disjoint blocks. Then, from (2.4.4), noting 
that d = t-1, we have

(2.4.7) b-t o
% (x. - x ) ** i=l„ 1

k2{v-k)(h-v-r+2s-l) 
v(s-l)2

The result follows from the consideration of (2.4.7).

We get the following corollaries from the above 
theorem.

Corollary 2.4.1. For a resolvable Iig design 
with rk - TAj = s(r - P^), b>v-2s+r+l.

Corollary 2.4.2. The necessary and sufficient 
condition that a resolvable Lg design with 
rk - v «* s(r - ^) be affine resolvable is that it 
has a block which has the same number of treatments 
common with each block not belonging to its own 
replication.

2.5 An upper bound for the number of disjoint blocks 
in certain rectangular designs

A PBIB design with three associate classes is
said to have a rectangular association scheme
(Vartak ^~53_jr), if the number of treatments is v = v-jV-

1 2
and the treatments can be arranged in the form of a
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rectangle of v^ rows and vg columns, so that the 
first associates of any treatment are the other 
(vg - 1) treatments of the same row, the second 
associates are the other (v^ - l) treatments of the 
same column; while the remaining (v^ - l)(vg - l) 
treatments are the third associates. The primary 
parameters of this design are v = v^g, b, r, k,

13 n2 = ^“ nln2* /\g and
We shall call this design as rectangular design 

in short® Yartak has proYed that the
characteristic roots of OT* (N being the incidence 
matrix of the design) of this design are

0q * rk,

91 r -^i + (^i - l)(^g -A3),
r 'S -

02 = r ~^2 + (v2 " “ ^3)»

0g - r ” *1 “ ^2 + ^3°

Here, we consider the rectangular designs in which 
0^ = 0 = 0g. The following theorems were proYed by 
Yartak £“54j7.

Theorem 2®5®1® If in a rectangular design, 
as ® » then k is divisible by Vg and every block 

of this design contains k/vg treatments from every 
column of the association scheme.
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Theorem 2.5.2. If in a rectangular design,
8g = 0, then k is divisible by v^ and every block 
of this design contains k/v^ treatments from every row 
of the association scheme.

We use Theorems 2.5.1 and 2.5.2 to obtain an 
upper bound for the number of disjoint blocks which 
have no treatments common with a given block of a 
rectangular design in which 9^ = 0 = ©g. The result 
is given in Theorem 2o5.3.

Theorem 2.5.3. A given block of a rectangular 
design with 0^ = 0 = 0g cannot have more than

vp(r-l)2
b — 1 — .... .......(v-k)(b-r)-p(v-rk)

disjoint blocks with it and if some block has that many 
disjoint blocks, then

o = k [(v-k) (b-r)-p(v-rk)] / vp(r-l)

is a positive integer and each non-disjoint block has 
c treatments- common with that given block,where 
P = - l)(v2 - l).

Proof. Let a block of the given design have d 
disj oint blocks and let it have x^ treatments common 
with the ith of the remaining (h-d-l) non-disjoint



43

■blocks. Then, considering the treatments of the given 

block singly, we have

b-d-1
(2e5.l) Z x. = k(r-l).

i=l 1

Considering the treatments of the given block pairwise 

and using Theorems 2.5.1 and 2.5.2, we have

b-d-1
2 x.(x.~l) 

i=l

(2.5.2) » kfvgCk-Vj^) (Aj^-AgJ+Vj^Ck-Vg) (?>2-^3)

+v(k-l) (Pig-l)J /v.

Mext, we have

(2.5.3) 01 = r - + (v^. - l)( ag - ?ig) * 0,

(2®5.4) 0g ®* r — g + (Vg — l) ( ^ — ?ig) = 0,

(2.5.§) r(k - 1) « pi-^(Vg - 1) + ‘XgCv^ - l) + A3p.

Solving equations (2.5.3), (2,5.4) and (2.5.5) for ^1 , 

!X g and , we obtain
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5*1 - rvg(k - v^C^ - 1)/yp,

^2 = rv^k - Vg)(vg - l)/vp,

9v3 - t(y + kv - kYx - kvg)/vp.

Substituting the Yalues of , ^g and ^ in (2.5.2), 
we get

b-d-1£ x.(x.-l)♦ ^ i i i=l
(2*5.6)

= k2 [(v-k) (b-r)-p(v-rk)]-k(r-l). 

From (2.5.1) and (2.5.6), we get

(2.5*7)

b-d-1£ (x. -x)i*=l 1
2

= k2 [(v-k) (b-r)-p(v-rk)] k2(r-l)2 v ^
",.... v1 ^ 0.(b-d-l)

As [(v-k) (b-r)-p(v-rk)] > 0, (Appendix 2.l), it follows 
from (2.5.7) that

(2.5.8) d < b - 1 Yp(r-l)'
(Y-k)(b-r)-p(Y-rk)

This proves the first part of the theorem. If, however

d * b - 1 - vp(r-l)'
(v-k)(b-r)-p(v-rk)
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b-d-l _ pthen X (x. - x )6 *# 0, giving
i*l

(2.5.9)
k | (v-k) (b-r)-p(v-rk) j 

xi vp(r-l) c,

for all i. Hence the result.

The following are the companion theorems to 
Theorem 2.5.3.

Theorem 2.5.4. The necessary and sufficient 
condition that a block of a rectangular design with 
0^ * 0 « 0g has the same number of treatments common 
with each of the remaining blocks is that (i) b = p+1 
and (il) k(r-l)/p is an integer.

T*roof. bet a block of the given design have x^ 
treatments common with the ith of the remaining (b-l) 
blocks. Then, from (2.5.?), noting that d = 0, we get

(2.5.10) b-l r (*4i=i x

k2(v-k)(b-r)(b-p-l) 
vp(b-l)

from which the result follows.

Theorem 2,5.5. If a block of a rectangular design 
with e± « 0 = 6g and parameters v = v^vg = tk, b = tr, 
(t an integer greater than l) has (t-1) bloeks disjoint 
with it, then the necessary and sufficient condition that
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it has the same number of treatments common with each 
of the non-disjoint blocks is that (i) b = p + r and 
(ii) k/t is an integer.

Proof, let a block of the given design have 
x^ treatments common with each of the remaining 
b-t * t(r-l) non-disjoint blocks. Then from (2.5.?), 
noting that d * t-1, we have

(2.5.11) Z (x, - x )^ = k^(v - k)(b - r - p)/vp, 
i»l 1

from which the result follows.

We get the following corollaries from the above 
theorem.

Corollary 2.5.1. For a resolvable rectangular 
design with 8^ * 0 = 0g, b >_ p + r.

Corollary 2.5.2. The necessary and sufficient 
condition that a resolvable rectangular design with 
8^ a 0 ® 8g be affine resolvable is that it has a block 
which has the same number of treatments common with each 
block not belonging to its own replication.


