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CHAPTER 3

BOUNDS FOR THE NUMBER OF COMMON TREATMENTS BETWEEN
ARY TWG BLOCKS OF CERTAIN PBIB DESIGNS

341 Introduction

In this chapter, we derive bounds for the number
of common treatments between any two blocks of (i) SRGD
designs, (ii) certain triangular designs, (iii) certain
L, designs and (iv) certain rectangular designs. The
results are established by using the theorems proved by
(i) Bose and Comnor / 6_/, (ii) Raghavarao / 34_/ and
(iii) Vertak /54 7.

- ~

3.2 DBounds for the number of common treatments between

any two blocks of SRGD designs

For the description of SRGD design, we refer to
Section 2.2 of Chapter 2. We use Theorem 2.2.1 due t6
Bose and Connor / 6_/ to derive the bounds for the
number of treatments common between any two blecks of

SRGD design. The result is given in Theorem 3.2.1.
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Theorem 3.2.1. If x be the number of treatments

common between any twe blocks of SRGD design, then

max (0, T,) & x ¢ min (k, T,),

where

T, = K (e-1) (b-1)"1 = a(p-2)/®,

2, = K (r-1) (b-1)"1 + a(b-2)1/®,

Q (r-1)
2 - 2 _ (b~1)
A=x {v(v-m) (b-1) }/ ,
= k2 (v-k) (b-r) (b-v+m-1) /v (v-r) (b-1)%

and

it

Q, (v~k)(b—r) - (v-rk) (v-m).

Proof. Let the blecks of the given design be
denoted by Bl’ BB’ esey Bb° Denote the number of
treatments common between B, and By by x,
1i=2, 3, ceey kKo Let Xy = X Considering the
treatments of the block B1 singly, we get

b
(3.2.1) Ix, = k{r-1) - x.
. . i=3 )

-

Using Theorem 2.2.1 of Chapter 2, due to Bose and
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Connor / 6_J/, and considering the treatments of the

block Bl pairwise, we get

2 x, (x,-1)
¥ ox.{x.~1
=3 i*“i ’

(3.2.2)
= (x/m) [(k-m) A +k(m-1) Ay-m(k-1)]-x(x-1).

In Seetion 2.2 of Chapter 2, it has been shown
that for a SRGD design, 2y = r{k-mn)/(v-m) and
22 = rk/v., Substituting these values efniil and ‘32
in (3.2.2), we get

szi(xi_l)

(3@2.5)
= [?zal/v(v~m)] - k(r-1) - x> + X,

-

where @, = {(v-k) (b-r)~(v~rk) (v-m)-
From (3.2.1) and (3.2.3), we get

2
KQ [k(r-1)=x]®

v(v-m) (b-2)

2
X

b —2
(3&2.4) A (Xi - X) =
] i=3

‘ b
where X = |k(r-1)-x] / (b-2). As (xi - %)2 > 0,

hecd

we get the required result.

When b=v-m+ 1, A =0 and hence
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x = k(r-1)/(b-1) = k(r-1)/(v-mn). Thus, we get the

following ecorollary.

Corollary 3.2.1., If in a SRGD design b = v-m+l,
then there are k(r-1)/(v-m) treatments common between

any two blocks of this design.

This result is also proved in Theorem 2.2.3 in

Chapter 2.

3.3 Bounds for the number of common treatments between

any two blocks in certain triangular designs

For tke description of triangular design, we
refer to Secticn 2.3 of Chapter 2. We consider here
triangular designs in which rk - vy = n(r - Al)/z.
We use Theorem 2.3.1 of Chapter 2, due to Raghavafao
/[ 34_7 to derive the bounds for the number of common
treatments between any two blocks of this design. The

result is given in Theorem 3.3.1.

Theorem 3.%.1. If x be the number of
treatmenté common between any twe blocks of a
triangular design in which rk - vaA, = n(r - %1)/2,
then )

mex (0, ;) < x ¢ min (k, T,),

- -~

where
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| /'_<; /,'J/
-1 Co2 /Y
T, = k(r-1)(b-1)"" - A(b- 2¥1/2 D/
N NS

1, = k(r-l)(b-—l)"1 + A(b- 2)1/2

Q _13)2
S e =l A

k2 (v=k) (b=r) (b-v4n-1) /v (v-n) (b-1)%

i

]

and

Qp

f

(v—k) (b=r) -(v-rk) (v-n).

Proof. Using the same notation and argument as

in Theorem 3.2.1, we again get

b
(3.3.1) Lx= k(r-1) - X+
. i=3 i

Using Theorem 2.3.1 of Chapter 2 due to Raghavarao
[ 34_7 and the same argument as in Theorem 3.2.1, we get

1~5 i(x “1)

(3.3.2) = n(2k/n)(2k/n - 1)( Aq - 1)

+ Ek(k-l)-n(zk/n)(zk/n - 1)]( ng = 1)

o,

- x(x-l)o

Using the method of proving (2.3.3) of Theorem 2.3.1
it can be shown that
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2 x, (x,-1)
rx,(x;~
1=3 ivti

(39305)
= {%QQz / v(v-ni] - ¥{r-1) - = + X,

é

where Q, = (v-k) (b~x)~(v~rk) (v-n).
From (3.3.1) and (3.3.3), we get

2
b 2 K% [k(r-1)-x]® 2
iiﬁ(xi - ? = Y - (b-2) *

1]

¥

(3.3.4)

N b -9
where X = [k(r-1)-x] / (b-2). 4s ) (xi -x)%> 0,

i=d

we get from (3.3.4) the required result.

When b=v -n+ 1, A =0 and hence
x = k(r-1)/{b~1) = k(r-1)/(v-n). Phus, we get the

&

following corollary.

Corollary 3.%.1. If in a triangular design in
which rk - v Ay = n(r - A15/2, b=v-n+1, then
there are k(r-1)/{v-n) treatments common between any

two blocks of this design.

This result is also proved in Theorem 2.3.3 of

Chapter 2.

" 344 Beunds for the number of common treatments between

any two blocks in certain Lz ‘designs
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For the description of a L2 design, we refer
to Section 2.4 of Chapter 2. We consider here Iy
designs in which rk = v, = s(r - %1). We use
Theorem 2.4.1 of Chapter 2, due to Raghavarao [ 34_/ teo
derive the bounds for the number of treatments common
between any two blocks of a Lz design in which
rk - vy =s(r - %1). The result is given in Theorem
3.4.1, '

Theorem 3.4.1. If x Dbe the number of treatments
common between any two blocks of a Lg design in which
rk - vy = s(r - %1), then

max (O, Tl) { x £ min (k, Tz)'

where

T, = k(r-1)(b-1)"1 - a(p-2)/2,

T, = k{r-1)(b-1)"1 + A(b-2)V/2,

Q 2
2 2 5] (r'l) -
A% = X - -
v(s-1)® (v-1) ///Fb 1?
= K (v—k) (b-r) (b-v+28-2) /v (5=1)2 (b=1) 2

and ) ) ) ) o )

¥ = (v-k) (b~r)-(v-rk) (s-1)2,

Proof. Using the same notation and argument as
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in Theorem 3.2.1, we get

b
(3.4.1) Zx, = k(r-1) - x.
i=3

Using Theorem 2.4.1 of Chapter 2, due to Raghavarao [f34_7 _

and the same argument as in Theorem 3.2.1, we get

> ( )
T ox.ix,~1
i=3 i1

(3.4:2) = (k/s)[2(k-8) A, + (sk+s-2k) A, - s(k-1)]

i

- x{x-1).

We have shown in Theorem 2.4.2 that A, = r(k-8)/s(s-1)

and Ay = r(sk+s—2k)/s(s-1)2. Substituting these values
of Ny and” Ag in"(3.4.2) and after some simplification,

we get

x, (x5 -1)
1a3 i

(3:4.3)
= [%2Q5 / v(s-l)?] - k(rfl) - x° 4 X,

where Qg = (v-k)(b—r)—(v—rk)(s~1)2e
From (3.4.1) and (3.4.3), we get

) ,
(354.4? jL‘3(:»: - x)2 Egzaﬁ/v(s-i??] - k(r-i? - 22,
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b —
where X = [k(r-1)-x]/(b-2). As i2‘3(xi--x)2 > o,

the required result follows from (3.4.4).

When b=v - 25 + 2, A =0, and hence
x = k(r-1)/(b-1) = k(r—l)/(s-l)g. Thus, we obtain the

following corollary.

Corollary 3.4.1. If in a L2 design in which
rk - VA = s(r - 21), b=v -2 + 2, then there are
k(r—l)/(s—l)z treatments common between any two blocks

of this design.

This result is algo proved in Theorem 2.4.3 in

Chapter 2.

3.5 Bounds for the number of common treatments between

any two blocks in certain rectangular designs

For the description of a rectangular design, we
refer to Section 2.5 of Chapter 2. We comnsider here
rectangular designs in which 91 = 0.=-92. We use‘
Theorems 2.5.1 and 2.5.2 of Chapter 2, due to Vartak / 54 7,
to derive the bounds for the number of common treatments

between any two blocks of the above design. The result is
given in Theorem 3.5,1.

Theorem 3,5.1. If x be the number of treatments

common between any two blocks of a rectangular design in
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which 91 =0 = 92, then

max (0, T,) ¢ x & min (k, Ty),

where
7, = k(z-1) (b-1)"T - A(b- 2)1/2
T, = K (e-1) (b-1)"1 + a(p-2)1/2,
" @
2 2l =4 (r~1)
A=k [:35 o-1) } / (b"l)
= ¥°(v-k) (b-r) (b-p-1)/vp(b-1)%,
Q, = {v-k) (b-r)-p{v-rk),
and o T -
P = (Vl"'l) (V2-1) .

-~

Proof. Using the same notation and argument as

in Theorem 3,2.1, we get

b
(3.5.1) E Xi = k(r"'l) - X
. i=3 ‘

-

Using Theorems 2.5.1 and 2.5.2 of Chapber 2, due to
Vartak /[ 54_/, and the same argument as in Theorem 2.4.1,

we get



57
;ggxi(xi“l)
(3.5.2) = (&/%) vy (v, ) (A= Dg) + v, (k=7,) (Ag = 2g)
#v (k-1) (4 - 1{] - x(x-1). S

In Theorem 2.5.3, we have shown that

A = rvz(k‘~ vy) (v, = 1)/vp,

o
I

= vy {k - v5)(vy = 1)/¥D,

-

35 = r{v +~kv - kv - kvz)/vp,

~

where p = (v1 - 1)(v2 - 1). Substituting these values
of Ay %é , and” Az in (3.5.2) and after some

simplification, we get

b
¥ x, (x,~1)
i=3 i1

- e

(3:.5.3)
2 2
= {jk Qé/vpj] - k(r-1) - x* + x,

where Q, = (v~k)(b~r)~ptv—rk).

.

From (3.5.1) and (3.5.3), we get
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2 2
(6.5.4) 3 (x, - F)% = b _ 1) xl” _ e
*er {=3 1 vp (b-2)

?

b .
— ~2
where X = [k{zr-1)-x] / (b-2). As i25(3:i -x)*> 0,
the required result follows from (3.5.4).

When b = p+l, A =0, and hence x =[?(r—1)/
(b-1)] = k(r-1)/p. Thus, we get the following )

corollary.

Gorollary 3.5.1. If in a rectangular design in
which 91 =0 = 82 sy b = p+l, then there are k(r-l)/p

treatments common between any two blocks of this design.

This result is also proved in Theorem 2.5.4 of

Chapter 2.

Remark, After having published the results of
this chapter the author came to know about the bounds
for the number of common treatments between blocks of
incomplete bleck design, obtaimed by Agrawal / 1_/, who
[ 2_7 also showed that the bounds obtained by him are

superior to those derived here.



