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CHAPTER - IV

FRACTIONAL FACTORTAL DESIGNS

OF THE TYPE 2% x 3™

4.1 INTRODUCTION

In earlier chapters, the procedure for estimating
of main effects and the two-factor interactions of various
fractional factorial designs of the type ol and 5n is given.
In a 2mx3n factorial experiment when m or n or both m and n
are large, a large number of assemblies create a problen.
Suppose one is interested only in main effects and the two-
factor interactions, then all the assemblies are not needed.
Providing a reasonable margin for estimating error, methods
of construction are given so that the normel equations
estimating the effects bresk up into independent sets and
render the solution easy, i.e. to construct a fraction
(including the whole) of a 2@ x 3™ design is to take a
fraction of the 2% complete factorial énd a frsction of the
Bn complete factorial, and to adjoin every treaiment

combination in the fraction of the 2" to every treatment



combination in the fraction of the Bn. To make these points
clear, consider a fraction 22x32 consisting of the assemblies
(Xq,Xg, Z?,Z2) obtained by taking the symbolic direct

product of assemblies of an array given by X, + X, = 0 in

EG(m,2) and those of an array given by Z,+Z, = 0 in B¢ (n,3).

Writing - _ _ -
(0, 0) (0, 0)
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Then y(0, 0, O, 0)
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The identity relationship for the fraction eand the

other aliased sets of effects are

I = Aty = By
fas 1 5{3?1132’ Fﬂﬂg i’ 51"’*1{31 ’ AzP*z]I’%AWz ’ Az?z}’

assuming higher factor interactions to be absent.

Thus the six estimable functions of effects are, one
each for the first two and two each for the remaining two

sets of the effects given above.



The normal equations estimating effects are
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which imply the estimability of

T-Ahy - B(ByB,) + QB B,

A1+A2,

4B(p,) + 2L(B,) - 6Q(B,) + 25(B,B5) - 6Q(B;B5),
120(p;) - 6L(p,) - 6Q(P,) - 6L(Py) - 6Q(BPy)s

4L(A1p1)+2L(A1F2)u6Q(A1§2)+4L(A2§1)+2L(A2¥2)—6Q(A2p2),

12Q(A1p1)~61(A1$2)- 6Q(A1@2)+12Q(A2F1)~6L(A2p2}-6Q(A2P2).

This is due to Bose and Connor {30} .

Thus the 6 assemblies of 22x32 factorial design, taken

as above estimate the six linear functions of efifects.

4.2 CONSTRUCTION

By combining the arrays 81,82, ey St’ each of the

PUIRERY Tt of

some suitaole strength in EG(n,%) by the method of sympolic

same strength in BG(m,2) with the arrays T,,T

direct product, designs are constructed. The resulting

fractionally factorial design may be denoted as

P oy

S, ® T,

L] »

56 © Ty ]




where columns stand for the factors and rows represent the

assemblies.

The assemblies may be further divided into blocks by
regarding one factor or two 1actor of the 2™ factorial or
the 3 factorial or one factor of each factorial as block

factors.

Let éi denote the column vector of coefficients
corresponding to the main effect Ai of the 2" design and
gg , the column vector of coefficients corresponding to the
main effect Bg (p=1,2) of the 3% design. B; will refer to
the linear component and B?, to the quadratic component of

the main effect of Bj‘ For convenience Bg will be written

as Bj(j=1,2,...,n).

For the two factor interacfion AiBg, the column vector
of coefficients in ¢ is obtained by multiplying the corres-
ponding coefficlents in A, and gg and similarly for any
other pure or mixed two factor interaction. [@e consider the
model y = CE + B , the column vectors of C correspond to
the effect in p. They will also be referred to as the

column veétor of the coefficienté}

In what follows (A4, ... A ) will mean the r-product
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of the column vectors. AA, ... A for r > 2 and we shall
say that the effect is orthogonally estimable if the inner
product of its column vector and any other column in C

corresponding to any other effect in i is gero. .

The estimatss of two effects will be called orthogonal
if the imner product of the corresponding column vectors in
C is zero. If not, they will be said to be correlated. For
example (444, §1§§) = 0 will imply that the estimates of

2

2 N 2
(1) A,A, and B,BS or (2) A.B, amnd ABj or (3) A.By and A,B,

172 22
are orthogonal. If (51.§2.§1.§g) # 0, they are all correlated.

The estimrte of p is obtained from the normsl equations

as

A

p=(co)”

C'y

provided C'C is non-singular.

The methods of construction in this thesis are based
on choosing the assemblies in such a way that the matrix C'C
can be arranged into 2 block diagonal matrix, thus, dividing

the effects into sets and estimating them separately.

As soon as (C'C)_1 is available, the effects are
estimable and the variance-covariance mabtrix of their

estimates can be obtained. We shall say that the two set of



w
|

effects are estimated by the same matrix, if the matrices

in the normal equations estimating them are the same.

It can be seen that if y corresponds to the assemblies

of an array of strength 4 in EG(m,2)

for i,/ i, # ig # i, #1,2,..., m which imAply that all
main effects and the two factor interactions (including
the grand average I) of the o design are estimable
orthogonally. Similar remarks hold for an orthogonal array

of strength 4 in EG(m,3).

The main effects and the two factor interactions will
be sometimes referred to as the effect and the mixed two-

factor interactions as the mixed effects.

An array of strength 4 in EG(m,2) or EG(n,3%) can
always be replaced by the corresponding complete factorial

when m, n are small.



Theorem 4.2

Suppose the p linearly independent forms

L, = a

. 1 Xq By Ko b eee Foay Xm(r=1,2,...,p) generate

a class~l?.2 of arrays, each of strength 2 in EG(m,2).
‘ D . .
There are 2% arrays in this class. Let S1,52, voay Sp+1

be (p+1) of these arrays which correspond to

Also let ¢ linearly independent forms

Mg = bgy ¥4+ bgly + o0 + b@nYn'(@ = 1,2,000,0)
generate a class of ¢1 of arrays, each of strentgh 1 in
E:(n,%). There are 3% arrays in this class. Let
Tj,TQ, ooy Tk be k arrays of %1, which jointly form an

. array of strength 4. There are three cases

(1) pHt1 <k (2) p+1 > k  (3) p+1 = k.

case (1) : If pHl < k, take [k-(p+1)] additional arrays

off.fl?, say S cees By (not necessarily all

pt+2’ Sp+3’



different) and form a design

5, ® o
S, & 75
5, ® 1

Case (2) : If p+t1 > k, take (p+1-k) additional arrays

of #,, say Tesrr Tgaor woor Do (not necessarily all

different) and form a design

5, @ m
S, @ I,
Sp-H @ Tp+jj

Case (3) : If p+1 = k, no adjustment is necessary and the

design is

™ 1
5, @ T,
S5, @ Ty

L. A
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Then in the fractional replicateé of the ot 3n design

so constructed (a) all main effects and the two-factor
interactions are estimable (assuming interactions involving
three or more factors to be negligible) (b) of the three
sets of effects (i) the main effects and the two-factor
interactions of the 2" design (ii) the main effects and

the two factor interactions of the 3" design (iii) the
mixed two-factor interactions, the estimates of any two

effects belonging to two different sets are uncorrelated.

Proof ¢+ (1) Since the fractional replicates are obtained by
combining the arrays of strength 2 in E¢{m,2) with the arrays
of strength 1 in EG(n,3) by symbolic direct product, it
tollows that every assembly of the fraction of the o
factorial will occur an equal number of times with each

level of every factor of the 3% factorial and every assembly
of the fraction of the 3n factorial will occur an equal
number of times with each level of every factor or with each
combination of levels of every pair of factors of the 2m

factorial. Hence, we have



, A cee{4.2.1)

[/P"[’ Pza PB = 1,2,; 115‘41275:13 = 1,2,¢0.,m3 317‘1‘32%33=1;2!"'7n
which imply (bﬂ.

(2) The estimability of the effects of the 2% design
follows from (b) and theorem 2.5 of Chapter II while that
of the effects of the 3" design follows from (b) end the
fact that the number of acrays in EG(n,3) jointly form an

array of strength 4 and in case (3) even exceeds that number.
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(3) 1In case (2), besides (4.2.1) being true,

B |5
(4; -4 B - 52 ) = 0 but (4 -A; .§f1.§.2 ) is not
1 Tro Ty do 1 Tio T Tdo

necessarily zero which implies that the estimates of mixed

two-factor interactions will be correlated into m sets

\ 2. o 2, . 2
{A]-!,Bz*, Ai Bia A.i B2j Ai Bz’ L0 3 Ai Bn,Ai Bn i ¥
1 1 1 1 1 1
(i; = 1,2,¢00,m).

Each of the above sets of effects is estimated by the sanme

matrix that estimates the set
; 2 2 2
§B1, Bi5 Boy Boi ees Bn,Bn‘§
which is estimable as in (2). Hence, all mixed two factor

interactions are estimable in this case.

Tn cases (1) and (3), in addition to (4.2.1)

(A, A, .B. B = 0
1y TR T T
P4 Po
(A. .A. .B. . B.5) =0
T TR Ty Ty
LSRN
(511' éiq' 231' 331) = 0 (V1%P2)

( FirPe = 1425 11#12 = 1,2,00.,03 31¢32= 1,2 000,00)
Since the arrays T1,T2,..., Tk form an array of

strength 4.



et fects of the 3" design are estimated orthogonally, (2)

and (3) jointly imply (a). This completes the proof.

Hence, all mixed two-factor interactions and the

Tt is to be noted that the (p+1) array 31,32,...,sp+1
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in B¢(m,2) as given in theorem 2.5 are sufficient to estimate

the main effects and the two-factor interactions of the 2m

design (assuming higher factor interactions to be negligible),

but in certain cases, the estimation may be possible by

using a lesser number of arrays.

replicates given in the above theorem can be further
reduced by replacing the k arrays T1,T2,...,Tk which
together form an array of strength 4 in EG(n,3) by the
arrays of T1,T2,...,T£,(k'-<.k) which jointly form an

array, sufficient to estimate the main effects and the two

Also the number of assemblies of the fractional

factor interactions of the 3n factorial.

(1)
(2)
(3)
(4)

Examples

1/8th fractional replicate of ol x 32
1/16%0 fractional replicate of 2! x 3° design
5/48th fractionel replicate of 27 X 32 design

'1/16th fractional replicate of 27 x 32 design.



Example (1)

1/8% fractional replicate of 2/x3° design

(65 erfects are estimated from 144 assemblies)
(a) Generating functions and arrays in B¢ (7,2)

'Array 5] S

1 2 3 4 5
X1 + X4 + X5 = 0 1 6] 0 0
X2 + XB -+ X4 = 0 0 1 0 0
X1 + X2 + Xé = 0 0 0 1 0
. - 0
11 + X3 + X7 0 0 ¢ 1

(b) Generating functions and arrays in EG(2,3%)

Array T1 T2 T

The design consists of assemblies given by the

mixed array — —_
81 ® T1
8, ® T,
55 @ Ty
84 ® T,
Sg @ T,
S¢ @ T3

102
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Estimation of Effects

The following groups of effects are correlated :
(2) 1 8p, Aghy, Aidg, Agho Yy
Sbsr hohys MAgs Aghel,
Sbys Bohs, Aihg, Ak,
(3) {855 A4hys Aghgs Bohq,
Lher Aikpr Aghs, 8yhoty

$47s byhgy Myhey Aohsl,

(1%) Bffects in group (1) -are estimated by the matrix

5 1 1 1

L 5 -1 -
T5xT2

5 -1

Lsym. 5

(o%) Bffects in group (2) are estimated by the matrix.

438x8

2
Sym. 5
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(3%) Effects in group (3) are estimated by the matrix

=~ ™
5 3 -2 =2
1 -
48%8 5 -2 -z
4 0

Sytle 4 |

the rest of the effects are orthogonally estimated.

Example (2)

1/6JGh fractional replicate of ol x 33 design

(89 effects are estimated from 216 assemblies)

(a)

Generating functions and arrays in EG(7,2)

Array S1 32 S3 S4 85 S6 S7 SB S9

X1 + X4 + X5z 1 0 0 1 1 0 0 1 0

Xy + X3 + X4= 0 0 0 0 1 1 1 1 0

X1 + X2 + X6= 0 1 0 1 0 1 0 1 0

X1 + X3 + X7= 0 0 1 1 1 0 1 1 0

(b) Generating functions and arrays in EG(3,3)

Array T1 T2 T3 T4 T5 T6 T7 T8 Tg

z1 + 22 = 0 0 0 1 1 1 z 2 2

Z2 + Z3 = 0 gl 2 0 1 2 0 1 2



The design then consists of assemblies given by the

mixed array

®

T

et

Estimation of effects

The following group of effects are correlated :

Shys Byho,
4o Ashys
Jhss hobys
L hyr bohs,
a5 Aydys
g, Aqhys

{87, 4485,

Aphgs Bshol,
Ahg, A5A715,
Liho, bohs
Aihgs Bghn,
hshes Ayho,
hghss Ayhol,

Ay b, AQAS'k.

Bacn set is estimated by the matrix

96x24

11

Sym.

1

11

11

The rest of the effects are orthogonally estimated.

10



Example (3)

5/4845h fractéonal replicate of 21x3° design

(65 effects are estimated from 120 assemblies)

(a) Generating functions and arrays in BG(7,2)

Array S1 S

o B3 54 By

+ X =
X1 x4 + X5 0 1 O 0 0
Ky + Xy + Xy o 0 1 0o 0
L, + Xy + X = 0 0 0 1 0
X1+X5+X7m 0 0 0 ¢ 1

(b) Generating functions and array in EG(2,3)
Array T1 T2 T5
Z1 o+ 22 + Z3 = 0 1 2

The design then consists of assemblies given by the mixed

array
] 5, @ 1
5, & T
85 & I3
5, ® T
S5 ® I
L -
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Estimation of Effects

The following groups of effects are correlated :

(1) Ly Mg, Bohe, A3A7},
(@) {pr Aghye Aher bsh)

§A3, Aohy s Aydo, A5A6S,

Stys Aok Aghs hghy
(3) L e b

Shgr dybyy Bgho, b0,

§\A7, Ahgs Mybe, T
(4) 344345 A4BoY,

2“231 » AgBoLs

,{ATBT, 4-B,5,
(5) fa,82, a,85%,

iAzBf’ AzB?a}’

L] L] * L]

34,85, am5%,
(6) {1 53, 55, 5Bl

2 .2
(7) $B,, Bys ByB3, BIB -
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(1*) Effects in group (1) are estimated by the matrix

s

14

—

12

Sym.
LSy

"6

6

6
2
6

o U G B A =Y

-

o

(2%) Bffects in group (2) are estimated by the matrix.

—

4

L

oL

Syme.

ot

(3%) Effects in group (3) is estimated by the matrix

g

lg

—_
N
w

(4%) Bffects in

1 5
T6x24

48x24 1

stimated by the matrix



(6%) Bffects in group (6) is estimated by the matrix
-1

1”1 20 16 -48 0 O*
48 16 16 16
432 48 48
240 -48

| sym. 2:}0,‘

ice. T3 -12 4 0 0
81 -3 -6 -6
8:{;32 9 -2 -2
16 4

Esym. 16_]

(7*) Bffects in group (7) is estimated by the matrix

— -1

80 16  -16 16 |
80 16 ~16

176 16

SV 176

L«y -

i-e. 6 -4 o -3
16 =2 2

7 -1

Syme 7
L_'.Y
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Example (4)

1/16Jch Fractional Replicate of 29 x 3° design

(90 effects are estimated from 288 assemblies)

(a) Generating functions and arrays in E¢(9,2)

Array 54 Sy S3
Xy X2 + X3 + XS = 1 0 0
X1+X4+'X7+X9‘= 0 1 0
L, + X3 + Xg F X9 = 0 0 1
X2 + X3 + X4 + X5 = 0 1 0

(b) Generating functions and arrays in BTG(2,3)

Array I To TS

Z1+ZQ::. 0 1 2

The design then consists of assemblies given by the

mixed array

i _
s, @ T
S, 7,
S, @& T

N 3]

Estimation of Effects

The following groups of effects are correlated :



(1)

(2)

(3)

144800
LTS
14449
oy
Rhohys
Yoy
Lhkss
Sobos
sty
{4145
Layhys
{22h5
{8-4g
Ja.4,,

fasho

hshgls
A3A7§,
1,45,
hyhs
Aghsk,
hghg §

A4A8g,

Aghsts

hyhgl

Aoy, Aghol,
Bahgr byholy
sty Aehols
hghas Aihyls
Aihgs AyhsY

Ayhe, A7Aé§,

A

(1*%) Each set of effects in (1) is estimated by the matrix

111



(2¢) Each set of effects in (2) is

Zexed

(3*) Bach set of eftects in (3) is

128x7%

3

1

estimated by the matrix.

estimated by the matrix.



