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Abstract: A central two-body interaction that fits the energy levels of the (dg) (dg) and (dg)(dz)~*
configurations observed in X2 and CI°® is deduced. It is shown that this does not explain the
very small splittings of the sy-particle doublets in P30, P32 etc.

1. Introduction

During the last decade the nuclear shell model has enjoyed many remarkable
successes. In recent years the work of Brueckner and others has also provided it
with a strong qualitative justification for many of its basic assumptions. How-
ever, even the phenomenology of the shell model can hardly be regarded as
being in a satisfactory state yet. For example, the independent particle wave-
functions are in all calculations approximated by the harmonic oscillator wave-
functions for obvious reasons of simplicity, and we have no rigorous estimate of
how far the quantitative results would change if some other type of independ-
ent particle wavefinctions were to be used for the calculations. Again our
knowledge of the effective perturbation interaction introduced to split up the
degeneracy of many states of the same configuration is hardly satisfactory.
Different authors have chosen different interactions for calculations for various
groups of nuclei. Theinteractions chosen are almost always velocity-independent,
central, and smooth (no hard-cores or singularities) two-body forces, with
several arbitrary parameters. The only justification for a given choice of para-
meters is generally that it fits the problem in hand adequately.

For p-shell nuclei, Rosenfeld or Inglis interaction appears to give quite good
results. Bilaniuk and French ) have shown however that these interactions
cannot explain the observed very small s-particle doublet splittings in light
nuclei. Moreover an analysis of the experimental data on deuteron stripping
reactions on Calcium isotopes led French and Raz 2) to pronounce the Rosenfeld”
interaction as inadequate for explaining these data. On the other hand recently
Komoda 3) has found the Rosenfeld interaction to be quite satisfactory for
explaining the pairing energies and the magnetic moments of Ca isotopes.

Thieberger 4) has determined the parameters of the central two-body.

t Work supported by the Department of Atomic Energy, India and M. S. University of Baroda,|
Baroda. '
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interaction H,, from study of the ground state binding energies of a large num-
ber of nuclei, 4 = 12-60. While the justification for the use of pure spherical
47 coupling wavefunctions for all such nuclei is itself in some doubt, it is also
clear that the procedure adopted gives an average interaction, wiping out the
configuration-dependence of H,, if any exists, and the results perhaps show
only the insensitivity of the binding energy calculations to the choice of the
wavefunctions and H,,. Arima 5) has made similar calculations for the 2s3 and
1dg shells, also with satisfactory results, and has derived the parameters of the
two-body interaction consisting of central, tensor and spin-orbit forces. While
Thieberger obtains a Serber-type two-body interaction, Arima does not.

Although very little is known of the three-body or many-body effective
interactions in nuclei, it seems that they may conveniently be ignored for the
purpose of the shell model calculations 8). However, regarding the importance
of the role of velocity-dependence of the interactions or of non-central spin-
dependent forces, our knowledge is far from satisfactory. It is not unreasonable
to expect that such residual effective nuclear interactions in the shell model
may be configuration dependent. Of this aspect too there exists no systematic
investigation. .

In this paper we make an attempt to derive somewhat differently information
on the nature of the effective two-body nuclear interaction (assumed central
and velocity-independent) operative in the region of nuclei with 4 = 30-40.
Our emphasis is on relative separations of the whole group of energy levels of
the given configurations, since the interaction is primarily introduced to
explain these. The energy levels of the odd nuclei in the dg shell are first analys-
ed in section 2 with the help of some of the hole-particle theorems established
earlier by one of the authors 7). This provides us with a simple central interac-
tion which correctly accounts for the splitting of the energy levels of the (dg)*
configuration. It is well known that the states of a nentron-proton configuration
(sy) (¢;) form a close doublet, such as observed in nuclei A1, P39, P32, etc. Since
the splitting of these doublet states depends only upen the strength of the spin-
dependent part of the neutron-proton interaction, an analysis of such splittings
would provide us with information on the spin-dependence of the effective
nuclear forces. This is next done in section 3, and in section 4 the results thus
obtained are compared with the results obtained in section 2.

2. Odd Nuclei in the dj Shell

In this section we shall analyse the low-lying energy levels of the odd nuclei
CI%, CI%¢ and K38, which may be described in the 7 coupling scheme in terms
of the configurations (dg) (dg), (dg)(ds)~? and (dg)~' (dg)~* respectively. We
shall assume also harmonic oscillator type radial dependence of the particle
wavefunctions. A brief remark was made regarding the level schemes of Cl34
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and CI® by one of the authors earlier 7). Now we shall discuss these nuclei in
somewhat more detail in view of the additional available experimental data.

The knownlevels of CI**are J = 0F {ground state), 3+ (0.145 MeV}, and levels
of unknown spin-parity at 1.1 MeV, 1.9 MeV, 2.7 MeV and above 8). The earlier
analysis 7) predicted the identification of the 1.1 and 1.9 MeV levels with the 1+
and 2* levels of the (dg)(dy) configuration, unless there remains an undiscovered
levelin CI3 below 2.5 MeV. If the §j coupling scheme were exactly valid in these
nuclei, we would expect the level schemes of CI3* and K2 to be identical. How-
ever, the energy levels known in K3 are 3+ (ground state), 0* (0.123 MeV) and
a level of unknown spin-parity (but very probably T = 0) at 0.44 MeV °).
It is generally agreed that the §f coupling scheme has a better validity near the
end of the subshell than at the beginning, the excellent validity of the §j coupling
has been demonstrated for the low levels of Cl1%® and K4, and whereas the level
spectrum of S¥ {or C13%) shows many low levels (threelevels below 2.5 MeV}, no
level below 2.5 MeV is seen in K. These considerations suggest that the energy
levels of the (dg)(dg) configuration are seen to a better approximation in. K38
rather than in C13. Although J = 2+ level is not seen here, the 0+—2*% separa-
tion can be taken as 2.15 MeV in view of the observed 2+ state in A38 at this
excitation energy. Finally, the observed T = 0level at 0.44 MeV in K* may be
identified as remaining J = 1+ level of the (dg){ds) configuration.

We now apply eq. (1) of ref. ?) to evaluate the energy levels of the conligura-
tion (dg)(dz)~ expected to be seen in CP®. The result gives | = 2+ (ground
state), 3+ (0.93 MeV), 1+ (1.47 MeV) and 0+ (4.23 MeV). The experimental
data on CI* have been discussed by Segel 1°) and Endt and Braams ). Allowing
for the configuration mixing effects (i.e. departure from exact §f coupling) which
may displace the pure configuration states by a 0.1 MeV, it is easy to identify
the calculated states J = 2+, 3+ and 1+ with the observed ground state, 0.79
MeV, and L60 MeV states. The remaining J = 0 state is quite high and is
difficult to identify. The results of the earlier analysis and the assignments of
Endt and Braams are in agreement with these results. Further explicit measur-
ements of spins and parities in these nuclei will enable us to refine the analysis
and, also estimate the amount of departure from strict §f coupling scheme.

The result of the above arguments is that we have been able to interpret the
experimental data to obtain the relative energy splittings of the levels of the
neutron-proton configurations (dg)(ds) and (dg)(ds)~? with errors of at most
~ 10 9.

We write the two-body neutron-proton interaction as

Hyy = [Ag+ A, M+A,B+A;MB ] (r15), (1)

where M, B are the space- and spin-exchange operators, and A, are the con-
stants. The function J{ry,) is for convenience chosen to be of the Gaussian type,

J(r1e} = exp[—(|r;—1,|/7,)?]. ( (2)
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For the configuration of equivalent nucleons (dg)(dg) we have in the states
J=0,2, MB = —1andin the states | = 1, 3, M B = }-1. This enables us to
write the interactions for these states in a simpler form:

Hyy = (ay+0,0,° 0,)] (#35) for MB = Fl, (3)
@y == A0¢A3+%(A2$A1): 3 by = %(Az:FAl)- 4)

Matrix elements of H,, can be easily evaluated for various states, and we
write the energy of a state with spin J as

\ E; = a,E 94, E,O. (5)

Table 1 lists the numerical values of E® and E,® for 4 = 7,/r4 = 0.8,and 1.0
where 74 is the parameter in the radial wavefunction exp{— (r/r4)%].

TasrLe 1
The coefficients E ;' and E j* for various values of [ and 4

J 0 1 2 3

os |E 0.1248 0.0946 00645 | 00946
Ey® | —0.1872 | —00477 | —00274 | 0.0597

e 10 Ej@ 0 1877 0.1542 0.1207 | 01542
E;® | —0.1653 | —0.0846 | —00330 | 0.0834

It is well known 71) that there exists a simple relationship between the
matrix elements of the Wigner and o, - 0 interactions for the states of neutron-
proton configurations {(j;)(f,) and (j)~*(jy), viz.,

Ef(1) Ga)] = —E; [0 ()],
EyOG) G = EG)7 0]

Therefore, by comparing the relative separations of the states J =0, 2 and
J =1, 3 of the configurations (dg)(dg) and (dg)(ds)~* deduced earlier, we can
at once obtain the values of 4, and .. For example, we obtain from table 1
and eq. (6) for the separations E,—E, in K% and CI*¢, and 1 = 1.0,

—0.0670a,+0.13235, = 2.15 MeV,

(6)

and
0.0670 @, -0.1323 b, = —4.23 MeV.
This gives

4, == —44.3 MeV,
(M
b, = — 7.9 MeV,

Similarly we obtain
b == 2.6 MeV. (8)
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Unfortunately, one cannot obtain a_ in this fashion, but one can obtain it by
evaluating the separation of say J = 2,3 and using the above values of ¢, and
b,. We find

a_ == —44.9 MeV. (9

Table 2 lists the values of 4,, 4, 4, and 4, thus obtained for 1 = 0.8 and
1.0. The results do not appear to be very sensitive to the range parameter 4.

TasLe 2
The parameters of the two-body central interaction (1) determined from analysis of the dg-shell
are listed in the first two columns, and those determined from analysis of the (s3) (%) doublets are
listed in the third and fourth columns for 4 = 0.8 and 1.0

A1=08 | A=10 | A=08 | A=10
4, —469 | —303
4, +54 153
4, —136 | —105 —23 15
4, —36 —31 | -—108 | —68

We have shown that by assuming only the validity of the §§ coupling scheme
and absence of many-body forces, we can assign with a reasonable certainty
spins and parities to many low lying levels of K3 (and CI3¢) and CI%¢, and with
the help of the level schemes thus constructed we have decuced a simple two-
body interaction which accounts for these. Conversely, one may now say that
with the assumption of the interaction (1) with/the parameters listed in table 1,
and the validity {even approximate) of the 4§ coupling scheme, one is able to
predict the low lying levels of the odd nuclei in the dy shell, belonging to the
configurations (dg)(dg) or (dg)(dg)—.

3. The sy-Particle Doublets

To study the nuclear interactions which produce the observed very small
splittings of the sy-particle doublets in nuclei near 4 = 30, we again assume jj
coupling scheme and harmonic oscillator radial wavefunctions. We shall also
assume #g == 74 for the extension parameters of the radial wavefunctions. The
wavefunction of a state of spin J obtained from coupling of an sy proton to an
I, neutron shall be written in the obvious notation <s% Xl : JM|, where the X
denotes the vector coupling. The technique of evaluating the matrix elements of
a two-body interaction operator (1) for such states is well known, but we shall
briefly sketch a derivation here, as it will be of use in our subsequent calcula-
tions involving non-central spin-dependent forces. The above wavefunction can
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be transformed to the L-S coupling form as
Spxy M= 3 L@+1)@S+OIWGiSE SR 001X G3)S : JMI, (10)

where W (abcd; ef) is the Racah coefficient.
The two-body interaction (1) is now written as

Hyp = [a+bM 400, « 0340y - 6, M]] (r1,), (11)
with ;

aq == A0+—%A2, o == %—Az,

12)
b Atid,  f=3id, (

As is well known the matrix elements of the first two terms of (11) give J-
independent (but /-dependent) contributions to the energy of the state, viz.,

E,® = aF® (0J0)++bF" (040)/ (2I+1), (13)

where F® and F¥ are the radial direct and exchange integrals. The matrix
elements of the spin-dependent terms can also be written down at once as

E;® = [« F©(0101)++BF™(010)/(21+1) 3 (— 1) (25+1)
XW (51 46 W Gi %7 J1)-  (14)

Hence the knowledge of the splitting of the doublet immediately gives us the
value of [aFOBF®/(2041)].

We shall now apply these results to the doublets (s3)(s3), (s3)(dg) (see foot-
* note 1) and (s3)(dg) which one may expect to see as ground states in P30, Al*
and P32 respectively, and also as excited states in some of these or other nuclei.
A result that follows directly from eq. (14) is

Asyxdg) = 3A4(syx dg), (15)

" where 4 denotes the doublet splittings E,—E,; and E,—F, for the two cases.
The experimental results show however, A(s3xds) = 0.031 MeV and
A(sy X dg) == 0.077 MeV from Al*® and P32 ground state doublets. Our conclusions
should therefore be tempered by the knowledge that the j7 coupling assump-
tion may not be valid even for the ground states of these nuclei. We shall later
remark generally on these other discrepancies we shall observe T,
In P3% the ground and the first excited state at 0.685 MeV are easily inter-
preted as the J = 1, 0 states of the (sy) (s3) doublet. These data, combined with
1 Note that for 97 coupling A(dgx sy} = A(dg~* Xsg).
tt Recently excited states mm S1%8 have been observed 1%) corresponding to the ground state
doublet of Al?® In this case the observed sphiting is 4 = 0.065 MeV which would improve the

agreement substantially. One may easily argue that the spherical 47 couphng shell model has a
better validity mm Si®® rather than in AI®.
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the doublet splitting in P32 and eq. (14), give

0.165(a-+-p) = —0.685 } 1o
0.0600-0.0098 = —o0.017) =~ a8)
0.105 = —0.685

(«+8) } 2 = 0.8.
0.0352-+0.0078 = —0.077

The values of 4, and 4, derived from these equations are given in table 2.
Unfortunately not enough is known of the spins and parities of the excited

states of P and P?%* to enable us to identify more such sg-particle doublets.

When additional information of several doublets in the same nucleus is avail-
able, it would be possible to evaluate more precisely not only the spin-dependent
but also the spin-independent part of the two-body interaction.

4. Discussion

It is clear that there exists a very real discrepancy between the parameters of
the spin-dependent part of the central two-body interaction determined from
the (s3) (¢,) doublet splittings and from the splitting of the levels of the (dg)(ds)
and (dg)(ds)~* configurations. That the discrepancy is outside the limits of
errors can be seen from the fact that if the spin-dependent interaction obtained
from the d-shell analysis is used to evaluate the s-doublet splittings, we obtain
Afsyxsy) = 0.93 and 1.18 MeV, and A(syxdy) = 0.25 and 0.32 MeV for
4 = 0.8 and 1.0 respectively. The discrepancy for the (s3 % s;) doublet is not so
serious as that for the (sy X dg) doublet. This perhaps suggests the presence of
non-central spin-dependent terms in the two-body interaction. If such terms
would displace the energy levels by 0.1-0.2 MeV in the right direction, the
discrepancy would be resolved. One may also note that while such small contri-
tions to the energy of the levels by the non-central interactions would be im-
portant for (s3)(/,) doublets, they would be relatively insignificant for other
configurations, and hence their neglect in the dj-shell may be justified.

Of course, the above discrepancies (including that between the observed and
expected splitting of the ground state doublet in Al2) may also be attributed to
failure of 7 coupling or of the spherical shell model etc. However, our attempt
has been to see how far one may succeed in understanding the observed level
schemes in a large group of nuclei in terms of simple assumptions for angular
momentum coupling and two-body interactions.

In conclusion, we feel that the results presented here show that it is not
possible to define a simple unique central two-body interaction which will
with the assumption of §5 coupling scheme explain the low lying energy levels
ascribable to different configurations. Such a simple interaction must either
be regarded as configuration-dependent or may have to be modified by intro-
ducing additional non-central or velocity-dependent terms.
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NEUTRON-PROTON INTERACTIONS IN Li8
S. K. SHAH and S. P. PANDYA

he simplicity of the structure and the energy levels of Li® has prompted
iany attempts to determine the nature of the nuclear forces operating be-
veen the two nucleons in the open p-shell. In view of the compact structure
f the small nuclear core (s%), and since the p-nucleons are relatively on the
arface, one may expect the interaction between them to resemble to a large
«tent the forces observed between free nucleons. (In other words, this is not
very-many-body problem.) The properties of these latter interactions -in
arious spin and isotopic-spin states of the two nucleons are now fairly
rell known. These interactions consist of central, tensor and two-body
asin-orbit terms, are strong and short-ranged, have repulsive hard cores,
nd show strong spin and i-spin dependence. We note that the free nucleon~
ucleon interactions are derived from phase-shift analysis, so that the in-
»rmation is expressed in terms of the nature of the interactions in states of
slative angular momenta of the two nucleons. We now attempt to derive
om the known energy levels of Li®, the nature of the effective neutron-
roton interaction and its matrix elements in various states of relative
ngular momenta which will enable a straightforward comparison to be
1ade with the free two-nucleon interaction.

For simplicity we describe the energy levels in terms of L-S coupling. The
-states are not as yet identified. We consider only triplet and singlet S- and
)-states. The 1Sg and 1Dy states are identified as the 3-56 MeV and 5-35
{eV states. The value of the matrix-element of the interaction in the ground-
tate is taken as —8-1 MeV following Sopers, and Pinkston and Brennan.
low the wave-functions of these states are easily written in terms of centre-
f-mass and relative coordinates, and the energies are

2B = <0s|V]|0s>+ <1s}| V| 1s>

2Ey= <0s|V]|0s> + <0d | ¥ |0d>

/here < nl | V |-nl> denotes_the matrix-element of the interaction in the

tate of relative angular momentum n/, We choose V = Vy exp(-—uo r)/po r.

ote that we choose the effective interaction to be of Yukawa type, and free

f the repulsive hard-core. Then the parameters of the interaction in the
inglet even states, Vo, po are easily determined,

Vo = —26 MeV; po = 0-6 f1 - (@

Similarly for the triplet states we identify 3S; and 3Dy, o, 3 states as the

round state, 5-5 MeV, 4-52 MeV, and the 2:18 MeV states. The interaction

ow consists of central, tensor and two-body spin-orbit forces (no single
article 1 . s interaction is invoked), of Yukawa type and we find

O

Vi = —92 MeV; p1=0-8f1 ®)
<0d | P | 0d> = 2-42 MeV @
<0d-| V55 |0d> = —1-38 MeV

3/1
393
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and from the values of equation (4) we obtain

pr 0-35 0-5% 070 0-90 1-06 f

Vr 19 69 146 406 746  MeV

G

Prs 035 056 070 090 1-06 f

Vis| —10-8 —39-5 —83-2 232 —426 MeV

In all these calculations the radial parameter in the wave-function of th
p-nucleon, exp(*rz/er,), is taken to be rp == 2-0 £, from the results of electrot
scattering experiments.

We now make the following remarks:

1.

_ The central singlet and triplet interdctions are effectively the residua

forces, operating between the two nucleons after the single-partick
central potential is extracted out. We find that they are weaker, anc
have larger ranges than their counterparts in free nucleon-nucleor
interactions.

The triplet even tensor and spin-orbit forces cannot be uniquel!
determined; however, it is clear that the two-body spin-orbit force i

" required (as remarked earlier, we do not include any spin-orbit force

in the single-particle potential) to produce correct splitting of the 3L
states, and a deep, short-range attractive spin-orbit interaction is quit
acceptable.

The tensor force is apparently repulsive; however, this should not b
taken too seriously, since the contribution of the temsor interactior
to the energies of the 3D states is only ~0-1-0-2 MeV, ten time
smaller than that of the spin-orbit interaction. We can accept a1
aftractive tensor force of an equal magnitude, with small (=10 per cent
corresponding change in the strength of the spin-orbit force, withou
disturbing the agreement of the calculated and the observed 3D levels

The tensor force mixes the 3S; and the 3D; states, but the matri
element is rather small (=~0-2 MeV) and does not effectively disturl
the assumption of the L~S coupling.

We conclude from the above analysis that the observed energies of th
singlet and triplet S and D states of Li® can be easily explained by assumin;
tensor and two-body spin-orbit forces very similar to those observed in fre
nucleon-nucleon interactions, and central forces which are weak, attractive
longer-ranged, and without hard cores, as would be expected of the effectivi
residual interactions.
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SEPARABLE NON-LOCAL INTERACTIONS IN NUCLEI

V. L. NARASIMHAM T, §. K. SHAH and S. P. PANDYA
«  Physical Research Laboratory, Ahmedabad, India

Received 27 November 1961

Abstract: The Iowest six even parity states of Li® are calculated in the L-S coupling scheme with the
use of separable non-local potentials proposed by Mitra et al. It is shown that the non-central
terms of thé potential give very small cc  ributions to the energies of these states. The reaction
matrix evalnated with the central terms of the interaction does give matrix elements in these
states that are m good agreement with experiment. .

1. Intreduction

A major open problem in the theory of nuclei is the nature of the nuclear forces, and
in particular the non-locality of the nuclear interaction. It appears that at present it is
possible to fit the low-energy nucleon-nucleon interaction data by using either local
interactions which are singular and have hard repulsive cores, or non-local inter~
actions which do not have these unpleasant properties, but are to a large extent
arbitrary, For example, Mitra and coworkers !), have used a non-local separable
potential to obtain a reasonable description of the nucleon-nucleon bound state and
scattering data. It then remains to be seen if these two-body interactions (local or non-~
local) will provide a suitable description of the nuclear many-body problem, and if
we may be enabled to decide in favour of one or the other of these interactions as the
better one. With this in mind, Mitra and Pandya ?) calculated the T = 0 energy levels
of the shell model configuration (d%)2 using the non-local separable potential with
parameters fitted by Mitra and coworkers. In this calculation the reaction matrix was
approximated by the potential matrix, and it was later shown 3) that by taking into
account the complete reaction matrix the results change very considerably, and actually
tend to decrease significantly the large disagreement between the theory and the
experimental results obtained from the use of the potential matrix only. Again, the
conclusions drawn from the results of the calculations of the (dgr)2 configuration are
rendered somewhat uncertain, since for a j-j coupling state, the calculation of energy
involves the parameters of both the singlet and triplet interactions. In this case the
singlet (P-) interactior parameters were not as precisely known as the triplet para-
meters, and it turns out that the reaction matrix affects the singlet P contributions
to the energies of the states considered in a very drastic manner. It would be desirable
to make a calculation in which the parameters of the two-body interaction in different
(triplet or singlet) states of spin and i-spin can be independently checkéd against
observed data.

t Present address: Department of Physics, University of California, San Diego, La Jolla.
529
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The nucleus Li®, because of its simple structure, has been used by many authors
to study the nature of the nuclear forces. The six low-lying even-parity states of Li®
have been described in terms of the shell model configuration (p)? and it has been
shown that the L-S coupling scheme is a very good approximation for these states.
Pinkston and Brennan #) have analysed this level spectrum assuming a single-particle
spin-orbit potential {1-s plus a simple central two-body interaction V_, and have
obtained the values of { as well as the matrix elements of ¥, in various states,3S,°D,
1§, D, etc., of the (p)* nucleons. Since L-S coupling is a good approximation, and
the mixing of the singlet and the triplet states is small, it should be possible to check
independently the parameters of the nuclear forces in the triplet and singlet states
by calculating the energies of these states and comparing them with the observed
values. In this note we use the non-local, separable potential of Mitra and coworkers 1)
to evaluate the energy levels of Li® and obtain a much more effective check of this
interaction than was possible in the previous calculations of Mitra and Pandya.
Only S- and D-states are calculated, since experimentally the P and P states are not
yet identified. Thus only singlet and triplet even parity forces enter our calculations.
The calculations of the energy levels with the potential as well as the reaction matrix
are described in section 2, and the results are discussed in section 3.

2. Calculations

Since we consider only the S- and D-states of Li®, we need only the even parity
terms of the singlet and triplet potentials. These interactions are given in refs. 1), and
the evaluation of the corresponding G-matrix is described in refs. * 3). We collect all
the relevant results in the appendix.

The wavefunctions in L-S coupling for the states considered are written as

[(P’L(E)*S : IMD = [Prn, (P15 P2) X Ksmslase » o
where the notation [... x ...] denotes the vector coupling of the angular momenta
L and S to the resultant spin J; while x5, with S=0 or 1 is the spin part of the
wavefunction, and the space part of the wavefunction is given by

Py (1 P2) = [P 1m,(P) X D1, (P2) J s » ¥3)
¢y being the single particle harmonic oscillator wave function in the lp-subsheil:
8 +
b1a® = |17 0¥ expl- ¥ )

The parameter \/5.; is a measure of the radial extension of the wavefunction. (In our
units i = 1.)

Now for evaluation of the matrix element it is convenient to write the above wave-
function in terms of centre-of-mass and relative momenta

P=p+p2, 2p=p—ps..
Then we can write immediately

@y (0 1 P2) = :/1—2 [, PV o) — ¥ol PWoms(@)], @
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where the quantum numbers nd take the values 1sif L =0 and 0d if L = 2, It is now
possible to write

[P’ L(s)*S : IM)
1
= "_2 [Wni.(P) X [Wos(P) X Xsms Isms — Pos(P) X [Yna(P) X ZSms]JM]JM . G

Since the form of the potential is
<o |Vipipy> = S@~P'Xp|V]p, )
we can write the matrix element as
(LSIM|V|LSIM) .
= 3[<Wou®) X 15|V [W0s0)% 25> + <[¥t® X 15 Lont| V][ @) X t5Ind ] ()

The evaluation of the space and spin integrals is now straightforward, as already
described by Mitra and Pandya %) or Moshinsky ). Similar expressions will hold also
for the G matrix.

We now note that the evaluation of the energy of the 'S and 'D states involves only
the parameters of the interaction in 7= 1 and § = 0 state. Further, the evaluation of
the energy of the !S state needs only the parameters of the interaction in the relative
s- state, that is only 4, and S, . Thus by comparing the calculated matrix elements
with those deduced from empirical analysis of the observed energy levels, we should
be able to check the validity of the various terms in the non-local interaction in great
detail. The matrix elements involved in evaluating these states are easily shown to be

W@V Wa®) = (- 32) FZCiienxs,

9, % +
oIV Wos@ = (- 32) 22 3, ®
123 (2n) 2
@I = (- 32 22 (x,- )

the angular and the spin-integrations are trivial, and the result depends only on the
radial integrals

]
Xop= J. PG+ p?) texp(—2up?)dp,
° ) ®
Y2 ==f P OBS+ p*) *exp(—2up”)dp.

o
The method for evaluation of these integrals is described in appendix 2 of ref. 2).
The corresponding results for the G-matrix are obtained by substituting the radial
integrals X, Xy for X3, Y,Y; for Y3 and (Xpo—2uX, ) (X§—4uX;) for (X,—4uX,)*
in equations (8), where the definition of integrals X, and ¥, are the same as in the
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equations (9) except that the integrand -is now multiplied by the factor 4(p) and
A, (p) respectively, as defined in appendix, equations (A.11) and (A.12), e.g.

X5, = J Ao(D)p*"* D(BE+ p¥)~ Texp(—2pup*)dp.
L¢]

The results for the triplet states are similar. We again note that for S state, the
non-central forces do not contribute to the energy, when calculations are made with
the V-matrix; however when the G-matrix is taken into account, there will be central-
tensor interference terms contributing to the energy. It will be seen that these latter
terms are small, and thus calculation of the energy of the S state gives an effective
check on the parameters of the central potential which in this case has been sc chosen
as to act in the relative s- states only. The calculation of the *D state energy then
checks the validity of the parameters of the Hon-central forces. The matrix elements in
these cases for the ¥- and G-matrix are listed below:

AN
Wo@x ulV @) x> = (- ) Pawienixs,

2\ 27Qui(2n)* -
G @xnlVin® x> = (- 5 22 ot g,
1y zewen, ‘

{[Wos(p) x 21]1! l_’xl[‘/’oaﬁ”) Xyl = ( M 15 YU+ I)W(2112§ J1),

Chod® 1 LVasllWos®x 11> = - 32) (VAP @Rp VIW @12,

Here, X,,, Y,, are defined by equations similar to the equations (9) with the proper
range parameters f, 7y replacing 8, , B, respectively.

To calculate the corresponding results for the reaction matrix, we have neglected
the spin-orbit terms in the interaction entirely, and have used only the central terms
of the expression for the reaction matrix, given in equation (A.6) of the appendix.
The resulting expression for the matrix elements is obtained from equation (8) by
replacing X2 by X,.X; and (Xo—8uX)? by (Xo—2uX,)(X{—3uX;), where X;, are
similar to X,, but with the factor A{p) multiplying the corresponding integrands.
A(p) is defined by equation (A.7), for example:

X5, = f A(p)p®"*P(B* + p*) ™ *exp(—2up?)dp.
0

We have not calculated the energies with the non-central terms of the G-matrix. It
will be shown later that these terms will be quite small and insignificant.

To evaluate the numerical results we have chosen /2u = 2.24 fm, as given by the
results of electron scattering on Li®, -analysed by Elton ) in terms of the modified
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harmonic oscillator model. We take M*/M = 0.6 (ref. *)). The final results are given
in tables 1 and 2.

TaBLe 1
Matrix elements using central terms of the V- and G-matrices in MeV
States V-matrix G-matrix Pinkston and
Brennan
IS —~398 —17.56 —8.00
D 202 —4.93 —4.40
B —2.99 —4.45 —~3.85
D -~ 1.90 —1.96 —2.12
TaBLE 2
Matrix element using non-central terms of the V-matrix only for ®D, states in MeV
States Tensor LS
3Dy —0.007 $-0.0311
3D, +0.0353 —0.0104
3D, —0.099 +-0.0207

3. Discussion

Most of the earlier shell model calculations for the energy levels of Li® have used a
central harmonic oscillator potential which generates in the zeroth approximation
the independent particle wave functions given in eg. (3), a weak spin-orbit potential
acting on each independent particle {1 - s and also a weak local two-body interaction
H,, which is generally chosen for simplicity to be central, but spin- and i-spin-
dependent. Perhaps the most satisfactory analysis in this respect is that of Pinkston
and Brennan °) who have determined the value of { as well as the matrix elements of
the interaction H, , in the various states of the two nucleons which we have considered,
so as to obtain the best fit for the observed energy levels. We can therefore directly
compare the matrix elements of the non-local two-body interaction that we have
computed with the matrix elements obtained by Pinkston and Brennan. Table 1 also
lists the values of Pinkston and Brennan.

Firstly we remark that the matrix elements of the tensor as well as the spin-orbit
potential in the 3Dy states (the only states in which they act) are quite small. Calcula-
tions of Mitra and Pandya 2) on the energy levels of the (d,)* configuration using the
potential matrix as well as those of Narasimham ?) using the reaction matrix show that
in both these cases the tensor and the spin-orbit forces give rather small contributions.
This is why we have not evaluated the contributions of these non-central forces using
the corresponding reaction matrix terms. It is now perhaps safe to conclude that the
non-central forces which play a very important role in the interaction of the free
nucleons, and in binding energy of nuclear matter are relatively unimportant for
evaluation of the energies of the nuclear states in straightforward shell model type
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calculations. It is enough to take into account their indirect contribution through the
single particle spin-orbit potential {I-s. While this conclusion appears to be quite
justified in the light of our calculations for the realistic non-local interactions that we
have used, it is important to check if this is true also for realistic local potentials such
as those of Gammel-Thaler or Signell-Marshak. Banerjee and Dutta Roy ) have
indeed evaluated the energies of the states of Ca*? using the reaction matrix for the
Gammel-Thaler potential, but the relative contributions of the central and non-central
terms are not apparent to us from their paper.

We now compare our results for central non-local forces with those of Pinkston and
Brennan. It is clear from table 1 that while the results obtained with the approximation
of using the potential matrix only are in serious disagreement, the use of the reaction
matrix gives quite satisfactory resulits, in good agreement with those of Pinkston and
Brennan. One may therefore conclude that the non-local interaction in the triplet and
singlet even parity states determined by Mitra er al., will give reasonably satisfactory
{correct to ~10 %) results for the energy of the nuclear states. It should be noted
that some of the discrepancy for the 3D state can be attributed to the restriction of
choosing the central potential tq act in the / = 0 state only.

4. Conclusion

We can now summarise the results of this calculation. The non-central terms of the
non-local interaction gives negligible contribution to the energies of the states con-
sidered, and this appears to be a generally valid property. The central terms in the
interaction give reasonably correct values for the matrix elements, pravided the
reaction matrix (and ;not just the potential) is taken into account, and these matrix
elements of the central non-local two-body forces, together with the generally accepted
spin-orbit single particle potential {1 s ({ = —1.5 MeV as shown by several authors)
give a reasonable description of the S- and D- states of the Li® nucleus. We there-
fore feel that the. triplet and singlet even parity potentials of Mitra et al. give a satis-
factory description of the nuclear properties.

We are grateful io MS University of Baroda, Baroda and the Department of
Atomic Energy, Government of India for the grant during the course of this work.

Appendix

We give here the potential defined in ref. *) employed in these calculations for triplet
ever and singlet even states. .

Triplet even state T = 0. In this case we have
A 52
@Vl = (- ;) I090)- 32 )T SP0op), (AD
where .. ‘ .
(- 1
o =+ TSP, (A2)
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S(p) = 3oy * P)o, - p)—(oy - 62)
Cp) = 1/(B*+p*)
T(p) = —1p*|(¥* +p*)’,
v(p) = p*1(8*+ PP,
A=24103 B =58a, t=10.75,
Ay = —20.1¢%, 7=0=0602,
a*|M = 2.226 MeV = (binding energy of deuteron;
The G matrix is given by the relation

-

A
<plGlp"y = — 77 AP @),
where

M* -1 0 CZ Ua Tz "
Ap) = [lwﬁu@')] , J(p')=fo —%)—f_p—()"—)

Singlet even states T=1,1=0, 2. In this case we have

@l = 10 (= 35) soOPid ),

where ,
do=18.603,  Po=58z,  vo(p)=1/(p*+P5)

A, =1050%,  By=58x,  vy(p)=p*(P*+B3).

The G matrix is defined as

<P|GIIP’> = Zt(P)(P‘VIIP'%
where

Ap=1- M )| -

w 21
v/ (p")
)= o AP
l(p ) J‘O (pnz___pIZ) P
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ENERGY LEVELS OF 019
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In a previous paper 1) we have discussed the
nature of the effective nuclear interaction in T'=1
states of nuclei 018, Ti%0 etc. The parameters of
the interaction in singlet even and triplet odd
states of the two nucleons outside the closed shells
were determined under two assumptions (a) the even
state interactions are non-local and are effective in
I =0 (! refers to relative orbital angular momentum)
s-states only, and (b) the even state interactions
are the same in all states I = 0, 2 etc. For 018 the
parameters of the even mteragtions (assumed to be
Gaussian shape V, exp ("Yz/Yo)) were determined
to be (a) Vg = =25 MeV, A = vo/v7 = 1.0 and (b) Vo =
-40 MeV, A = 0,65, and several sets of correspond~
ing odd state interactions which give a good fit to
the 018 spectrum were given. In this note we apply
these different sets of parameters to calculate the
energy level spectrum of 019, to see if these addi-
tional data can help to distinguish between the dif-
ferent sets.

T = 3/2 states of O19 arising from the configu-
rations (ds/2)2, (ds /)2 (s1/2) and (ds/2) (s1/2)?

- are considered. The results are shown in fig. 1.
We find that in case (a) the odd state interactions
appear to have only a small effect on the energies
of the different levels, and all the different sets of .
odd interaction given in ref. 1 give essentially the
same results. The level scheme for one interac-
tion is shown in fig. 1.

* Work supported by M.S. University of Baroda, Baroda.
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On the other hand for case (b) the odd state in-
teractions change considerably the energies of the
states and in particular the energy of the lowest
J = 8/2 is quite different for different odd-state
forces which gave equally good fits for 018, we
give in fig. 1 the results for the interaction which
gives the best fit for the excitation energy of the
lowest J = 3/2 state. The resulis recently reported
by Talmi and Unna 2) are also shown.

It is now clear that a measurement of the spins
and parities of the levels between 2 and 3.5 MeV
would be very important for distinguishing between
the various schemes. In particular, it would be
possible to distinguish between the schemes (a) and
(b) if the spin of the 3.16 MeV level is determined
and the existence of the level at 3,05 MeV is con-
firmed. '

We would like to point out that if the low levels
of 018, 019 are discussed in terms of d5 /3 and
81/9 orbitals only, the spectroscopy involves only
8 matrix elements of the effective nuclear interac-
tion, and in principle these can already be deter-
mined from the available information of the lowest

5 levels of 018 and the lowest 3 levels of 019, In
practice considerable computation is necessary *.
A determination of these matrix elements would
not only enable us to derive considerable informa-
tion on the nature of the effective interaction, but
would also predict the excited states of O*7, and a
comparison with experiments would immediately
reveal if the nuclear interaction is exactly the
same or not in 018 and 019, This programme is
now being carried out.

The author expresses his gratitude to Dr. 8. P.
Pandya for his guidance and for useful discussions
during the course of this work.
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