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Chapter 1

INTRODUCTION AND
FUNDAMENTAL CONCEPTS

1.1 Non-Newtonian fluid

Non-Newtonian fluids, such as pastes, gels, polymer solutions, Carreau fluid, William

-son fluid, Micropolar fluid, etc., are those that oppose Newton’s law of viscosity.

Non-Newtonian Fluid is a fluid in which shear stress and rate of shear strain are

not linearly related as shown in figure ??. Blood, grease, honey, shampoo, custard,

toothpaste, paint are few examples of non-Newtonian fluids.

1.2 Applications of Non-Newtonian fluid

The study of non-Newtonian fluids is very important since it has many engineering

and industrial applications. Such fluids are utilised specifically in the following

fields: prescription medications, physiology, material processing, fibre technology,

chemical and nuclear industries, oil reservoir engineering, and meals. Shampoos,

apple sauce, ketchup, blood at low shear rates, polymer solutions, paints, food

items, milk, coating of wires, grease, crystal development, and many more fluids are

examples of this type.

1.3 Magnetohydrodynamics

The study of electrically conducting fluid flow in the presence of magnetic field is

known as magnetohydrodynamics (MHD).

1
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1.4 Applications of Magnetohydrodynamics

This includes liquid metals like gallium, mercury, and sodium in addition to molten

iron. Petroleum, chemical, and metallurgical processing industries provide as the

best examples of the significance of MHD fluid flow over a deforming body. Ad-

ditional real-world applications include surface cooling in technology, wind-up roll

processes, and polymer film.

1.5 Magnetohydrodynamics Flow

Magnetohydrodynamics deals with the dynamics of fluids having nonnegligible elec-

trical conductivity which interact with a magnetic field. As a result, motion of an

electrically conducting fluid in the presence of a magnetic field, electric current is in-

duced in the fluid. An electrically conducting fluid moving in presence of a magnetic

field (transverse) which generate a force called the Lorentz force. This force has a

tendency to modify the initial motion of the conducting fluid. Moreover, the induced

currents generate their own magnetic field, which is added to the primitive magnetic

field. Thus there is an interlocking between the motion of the conductor and the

electromagnetic field. The study of MHD has significantly used both in nature and

in man-made devices such as cooling of nuclear reactors, metal-working processes,

MHD generators, MHD-based micro-coolers, MHD-based stirrer and MHD-based

micro-pumps and many more.

1.6 Heat Transfer

Heat transfer is transfer of energy from higher temperature region to lower temper-

ature region, which is because of temperature difference. The basic driving force

for heat transfer is temperature variance. This transfer of heat continues till both

the regions attains same temperature. Heat transfer issues are involved in different

industrial technologies like power engineering, thermal transport etc.

1.6.1 Conduction

It refers to the transfer of heat due to a temperature gradient and by the inter

molecular interactions in a stationary medium. In this model of heat transfer, heat

flows from a region of higher temperature to a region of lower termperature by

kinetic motion or by direct impact of the molecules irrespective of whether the body

is at rest or in motion. It takes place in solids, liquids and gases.

2
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1.6.2 Radiation

Transfer of energy through electromagnetic waves is called radiation. It is the only

form of heat transfer that can occur in the absence of an intervening medium.

Radiation which is emitted by a volume in fluid is due to the thermal agitation of

its composing molecules. Transfer of heat by radiation becomes important when the

temperature differences are high. It may be noted that radiation also depends on

the nature of the fluid.

1.7 Mass Transfer

Mass transfer is the tendency of movement of molecules from one location having

high molecule concentration to another location having lower molecule concentra-

tion. Mass transfer is one of the most vital characteristics of chemical engineering.

The force behind mass transfer is concentration gradient. The mass transfer de-

pends on the diffusion of molecules one phase to another phase and also depends on

properties like vapour pressure, concentration etc.

1.8 Governing equations

The laws of conservation of mass, momentum, energy, and mass flux are observed

in fluid flows.

1.8.1 Conservation of mass (Equation of continuity)

According to this equation, the excess of mass that flows in over the amount that

flows out must match the increase in fluid mass at the surface during any given

period of time. This results in the equation of continuity, which can be stated as

follows when represented using vector notations:

∂ρ

∂t
+ ∇⃗ ·

(
ρV⃗
)
= 0 (1.8.1)

If a fluid’s density does not change with pressure, it is said to be incompressible.

The continuity equation has the following form when this happens

∇⃗ · V⃗ = 0 (1.8.2)
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1.8.2 Conservation of Momentum (Equation of Motion)

The second law of motion, which states that the sum of all forces acting on a fluid

mass confined in an arbitrary volume fixed in space is equal to the time rate of

change in linear momentum, yields the Navier-Stokes equations of motion, which

govern the flow behaviour. When represented in vector notation, this law which

generates the equation of motion can be written as follows:

ρ
DV⃗

Dt
= ρfi −∇p+ µ∇2V⃗ (1.8.3)

where ρDV⃗
Dt

= ∂
∂t

+
(
V⃗ · ∇

)
is called the material derivative, ∇2 is the Laplacian

operator, and fi is the external body forces acting on the enclosed volume.

1.8.3 Conservation of Energy(Equation of Energy)

According to this law, the rate of increase of fluid energy in the volume V is equal to

the opposite of the energy’s outward flux, plus any energy produced by the body’s

work, surface forces, thermal conduction, and any other heat sources that may be

present.

This law, which results in the equation of energy, can be represented as follows

for an incompressible fluid when written in vector notation:

ρCp
DT

Dt
= κ∇2T +

∂Q

∂t
+ ϕ (1.8.4)

where ϕ is the heat generated due to friction forces and is usually known as dissi-

pation function.

1.9 Homotopy Analysis Method

Two continuous functions from one topological space to another are called homotopic

if one can be continuously deformed into the other, such a deformation is called a

homotopy between the two functions.

The basic idea of HAM method [120] is to produce a succession of approxi-

mate solutions that tend to exact solution of the problem. Presence of auxiliary

parameters and functions in approximate solution, results in production of a fam-

ily of approximate solutions, rather than a single solution produced by traditional

perturbation methods.
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The general approach used by HAM is to solve non-linear equation,

N (u(t)) = 0, t > 0, (1.9.1)

where N is a nonlinear operator and u(t) is unknown function of independent vari-

able t.

1.9.1 Zero-order deformation equation

Let u0(t) denote an initial guess of exact solution of Equation (1.9.1), ℏ ̸= 0 an

auxiliary parameter, H (t) ̸= 0 auxiliary function and L an auxiliary linear operator

with property,

L (f(t)) = 0 when f(t) = 0. (1.9.2)

The auxiliary parameter ℏ, auxiliary function H(t), and auxiliary linear operator

L play important roles within HAM to adjust and control convergence region of

solution series. Liao [120] constructs, using q ∈ [0, 1] as an embedding parameter,

so-called zero-order deformation equation,

(1− q)L [Φ(t; q)− u0(t)] = qℏH(t)N [Φ(t; q)] , (1.9.3)

where Φ(t; q) is solution which depends on ℏ, H(t), L, u0(t) and q. When q = 0,

zero-order deformation Equation (1.9.3) becomes,

Φ(t; 0) = u0(t), (1.9.4)

when q = 1, since ℏ ̸= 0 and H(t) ̸= 0, then Equation (1.9.3) reduces to,

N [Φ(t; 1)] = 0. (1.9.5)

So, Φ(t; 1) is exactly solution of nonlinear Equation (1.9.1). Expanding Φ(t; q) in

Taylor’s series with respect to q, we have

Φ(t; q) = u0(t) +
∞∑

m=1

qmum(t), (1.9.6)

where,

um(t) =
1

m!

∂mΦ(t; q)

∂qm

∣∣∣∣
q=0

. (1.9.7)

If power series (1.9.6) of Φ(t; q) converges at q = 1, then we get following series
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solution,

u(t) = u0(t) +
∞∑

m=1

um(t), (1.9.8)

where terms um(t) can be determined by so-called high-order deformation equations

which are described below.

1.9.2 High-order deformation equation

Define vector

u⃗n = {u0(t), u1(t), u2(t), ..., un(t)} . (1.9.9)

Differentiating Equation (1.9.3) m times with respect to embedding parameter q,

then setting q = 0 and dividing them bym!, we have so-calledmth-order deformation

equation,

L [um(t)− χmum−1(t)] = ℏH(t)Rm (u⃗m, t) , (1.9.10)

where

χm =

{
0, m ≤ 1,

1, otherwise
(1.9.11)

Rm ( ⃗um−1, t) =
1

(m− 1)!

∂m−1N [Φ(t; q)]

∂qm−1

∣∣∣∣
q=0

. (1.9.12)

For any given nonlinear operator N , term Rm ( ⃗um−1, t) can be easily expressed

by Equation (1.9.12). Thus, we can gain u1(t), u2(t)... by means of solving lin-

ear high-order deformation Equation (1.9.10) one after other in order. mth-order

approximation of u(t) is given by,

u(t) =
m∑
k=0

uk(t). (1.9.13)

Liao [120] points out that so-called generalized Taylor’s series provides a way to

control and adjust convergence region through an auxiliary parameter ℏ such that

homotopy analysis method is particularly suitable for problems with strong non-

linearity. Abbasbandy [111] gives meaning of auxiliary parameter ℏ, and hence

uncovers essence of generalized Taylor’s expansion as kernel of homotopy analysis

method.
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1.9.3 Convergence analysis

One of chief aims of HAM method is to produce solutions that will converge in a

much larger region than solutions obtained with traditional perturbation methods.

Solutions obtained using this method depend on our choice of linear operator L,
auxiliary function H(t), initial approximation u0(t) and value of auxiliary parameter

ℏ.
Choice of base functions influence convergence of solution series significantly.

For example, solution may be expressed as a polynomial or as a sum of exponential

functions. It is expected that, base functions that more closely mimic behavior

of actual solution should provide much better results than base functions whose

behavior differs greatly from behavior of actual solution. Choice of a linear operator,

auxiliary function, and initial approximation often determines base functions present

in solution. Having selected a linear operator, auxiliary function, and an initial

approximation, deformation equations can be developed and solved in series solution.

Solution obtained in this way, still contains auxiliary parameter ℏ. This solution

should be valid for a range of values of ℏ. In order to determine optimum value of

ℏ, ℏ curves of solution are plotted. These curves are obtained by plotting partial

sums um(t) or their first few derivatives evaluated at a particular value of t against

parameter ℏ . As long as equation (1.9.1) with given initial or boundary conditions

has a unique solution, partial sums and their derivatives will converge to correct

solution for all values of ℏ for which solution converges. Which means that ℏ curves

will be essentially horizontal over range of ℏ for which solution converges. As long

as, ℏ is chosen in this horizontal region, solution must converge to actual solution

of equation (1.9.1).

1.10 Review of relevent literature

The study of MHD flow of Newtonian fluid and Non-Newtonian fluid is important

phenomena in science and technology fields. In this thesis, study of two dimensional

MHD flow of different types of Newtonian fluid and Non-Newtonian fluids likes, Car-

reau fluid, Micropolar fluid and Hybrid Williamson fluid with heat and mass transfer

are discussed. The governing equations are convert in system of Non-linear partial

differential equations. So, HAM has been applied for solving governing equations.

All the problems (related to the thesis) are briefly reviewed here.

The collective effects of these three significant branches of science namely, Fluid

dynamics, Thermodynamics and electrodynamics give rise to the topic Magneto-

fluid dynamics (MFD) which in the form of definition read as The science of motion
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of electrically conducting fluid in the presence of a magnetic field. The study of

Magnetohydrodynemics (MHD) flow of Non-Newtonian fluid has various application

in science and engineering fields. The set of equations that describe MHD are

a combination of the Navier Stokes and Maxwell’s equations. Research works in

the magneto hydrodynamics have been advanced significantly during the last few

decades in natural sciences and engineering disciplines after the pioneer work of

Hartmann [49] in liquid metal duct flows under the strong external magnetic field.

Recently, the study of MHD flow done by Kumar and Gupta [97], Borrelli et al. [6]

and Kataria et al. [44].

The diverse applications of non-Newtonian fluids in engineering and manufac-

turing processes have recently drawn researchers’ attention. These fluids have the

characteristic that the connection between stress and deformation rate is nonlin-

ear. Molten polymers, pulps, and Chyme are examples of this type of fluid. Owing

to the fact that it has numerous industrial uses, such as the extrusion of polymer

sheets, emulsion-coated sheets like photographic films, melts and solutions of high

molecular weight polymers, etc. Williamson [110] initially introduced Williamson

fluid model in his groundbreaking study on the flow of pseudo-plastic materials. He

created a model equation to describe the movement of pseudo-plastic fluids, and an

experiment to test this theory.

Carreau fluid model is another category of non-Newtonian fluids. Such a model

has applications in manufacturing processes such as aqueous, and melts. The shear

thickening and shear thinning properties of many non-Newtonian fluids are also

described by this model. Many scholars have dedicated their effort to explore the

properties of such models due to the wide range of applications of the Carreau model

in technological processes. The behavior of polymer suspensions in many flow is-

sues is compatible with the Carreau fluid. It is an example of a pure viscous fluid

whose viscosity varies with the rate of deformation. The fluid viscosity is based on

the shear rate in a model created by Carreau et al. [102]. Carreau fluid flow with

convective condition addressed by Madhu et al. [78]. Fluids having microstruc-

ture and an asymmetrical stress tensor are known as micropolar fluids. In terms

of physical representation, they are fluids made up of randomly oriented particles

suspended in a viscous medium. These fluids are used to study the movement of

colloidal suspensions, brain fluid, lubricants, and liquid crystals. Eringen [9, 10] cre-

ated the hypothesis of micropolar fluids. Chaudhary and Jha [106] examined MHD

Micropolar fluid flow past a vertical plate.

Numerous researchers have acknowledged the importance of studying magneto-

hydrodynamic (MHD) Natural Convection Flow with Synchronized Heat and Mass
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Transfer Due to a Stretching Sheet due to its frequent occurrence in Geophysical

and Energy Transfer Problems, which include both Polymer and Metal Sheets. The

effect of a uniform transverse magnetic field on the natural convection flow of an

electrically conducting fluid past a vertical plate have been discussed by Raptis and

Singh [18]. Hossain [70] investigated MHD natural convection fluid flow in the pres-

ence of viscous dissipation and Joule heating effects. Öztop et al. [46] scrutinized

a numerical analysis on Natural convection flow of entropy optimized MHD fluid

with local heat source. Due to the widespread use of magnetohydrodynamic (MHD)

flow mixed convection heat transfer of fluid within the boundary layer in indus-

trial technology and geothermal applications, as well as the MHD power production

systems, this technology is of great interest. Selimefendigil and Öztop [33] studied

numerical study of mixed convection of non-Newtonian power law fluids under the

influence of an inclined magnetic field. Chamkha [7] examined effects of chemical

reaction in MHD mixed convective flow along a vertical stretching sheet. Later,

Akinshilo [3] found mixed convective heat transfer analysis of MHD fluid flow con-

sidering radiation effect through vertical porous medium. Also, Cho [25] discovered

effect of inclined magnetic field on MHD Mixed convection heat transfer and entropy

generation of Cu-water fluid.

Ohmic heating is another name for joule heating. It is a process through which

heat is generated when an electric current flows through a conductor. Electric

stoves, electric heaters, incandescent light bulbs, electric fuses, electronic cigarettes,

thermistors, food processing, and many more industrial and technological activities

employ joule heating in various ways. The viscosity of the fluid will absorb energy

from the motion of the fluid and convert it into internal energy of the fluid in a

viscous fluid flow. It entails warming the fluid. Dissipation, often known as viscous

dissipation, is the term used to describe this largely irreversible process. Several

applications, including those where considerable temperature increases are seen in

polymer manufacturing flows like injection moulding or extrusion at high rates, are

of interest for viscous dissipation. Swain et al. [24] examined Viscous dissipation

and joule heating effects on MHD flow past a stretching sheet. Daniel et al. [140]

scrutinized double stratification effects on unsteady MHD mixed convection flow

of fluid with viscous dissipation and Joule heating effects. Characteristics of Joule

heating and viscous dissipation on three-dimensional flow of Oldroyd B nanofluid

with thermal radiation have been studied by Kumar et al. [55]. Das et al. [116]

explored effects of Joule heating and viscous dissipation on MHD mixed convective

slip flow over an inclined porous plate.

MHD flow past a heated surface have applications in manufacturing processes
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such as the cooling of the metallic plate, nuclear reactor, extrusion of polymers etc.

Ali et al. [131] studied effects of thermal radiation and heat generation/absorption in

fluid flow regime. Rehman et al. [59] discussed effects of heat generation/absorption

on Carreau fluid flow in a thermally stratified medium. Reddy et al. [103] explored

radiation and heat generation/absorption on MHD nanofluid flow with heat and

mass transfer over an inclined vertical porous plate. Patel et al. [38] discovered

MHD Micropolar Nanofluid flow over a Stretching/Shrinking Sheet. Jena et al.

[119] studied effect of chemical reaction and heat source/sink on MHD viscoelastic

fluid flow over a vertical stretching sheet. Daniel et al. [139] examined the effects of

thermal radiation on MHD nanofluid flow over nonlinear stretching sheet. Ramzan

et al. [83] found effects of radiative and joule heating effects on the MHD micropolar

fluid flow with partial slip and convective boundary condition. Soomro et al. [32]

examined effetcs of velocity slip on MHD mixed convection Williamson nanofluid

flow along a vertical surface. Kayalvizhi et al. [73] explored effects velocity slip on

heat and mass fluxes of MHD flow over a stretching sheet. Ibrahim [137] examined

MHD fluid flow past a stretching sheet with convective boundary condition. Nayak

et al. [81] studied MHD nanofluid flow over an stretching sheet with convective

boundary conditions. Lin et al. [141] studied about the effects of suction or injection

on laminar boundary layer flow of power law fluids past a flat surface with magnetic

field. Sharma et al. [61] explored Soret and Dufour effetcs on MHD Flow Considering

chemical Reaction. Imtiaz et al. [72] scrutinized the flow of viscous fluid by a curved

stretching surface with Soret and Dufour effects.

Numerous logical strategies like differential transformation method, least square

method, HAM are seen in the writing for tackling the physical and designing issues.

For a portion of the previously mentioned issues, mathematical methods have been

created to acquire the precise answer for quite a long time. In any case, because

of certain limitations, researchers have thought about scientific methodologies as

another option. Among the most popular techniques in this area, which is broadly

applied in science and designing, is bother procedure. It should be noticed that

bother procedure can’t be applied to emphatically nonlinear issues, as it unequivo-

cally relies on small/large parameters. There have been developed approaches like

Adomian deterioration strategy and variational emphasis technique that do not rely

on small/large parameters. The significant hindrance of these techniques is that they

can’t guarantee the assembly of series arrangement. Then again, HAM proposed by

Liao [121] is an overall insightful way to deal with getting series solution for un-

equivocally nonlinear conditions, which can give us a basic method for guaranteeing

the assembly of arrangement series.
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Entropy optimized MHD fluid flow
over a vertical stretching sheet

Entropy optimization is used to enhance the system performance. Entropy genera-

tion is caused due to heat fluxes, Joule heating and dissipation etc. To increase the

productivity of the systems, The entropy optimization of the system need to be de-

creased. MHD fluid flow research is important because it has numerous engineering

applications, including slurry flows, industrial oils and diluted polymer solutions.

2.1 Novelty of the chapter

Purpose of this chapter is to investigate solution of radiation effect on Entropy

optimized MHD fluid flow. Such study may find application in thermal energy,

cooling of modern electronic systems, geothermal energy systems, and solar power

collectors etc.

2.2 Mathematical Formulation of the Problem

Consider steady, laminar, 2D natural convective flow of an electrically conducting,

incompressible, MHD fluid past a verticle stretching surface in the existance of

velocity slip. Ignoring magnetic Reynolds number and induced magnetic field. Joule

heating, viscous dissipation, heat generation/absorption and thermal radiation are

taken into account. physical attributes of irreversibility are discussed. Convective

boundary conditions put on the boundary. In Figure 2.1, stretching sheet velocity

in the direction of x is Uw(x) = ax, with initial stretching rate a > 0. Magnetic field

B = B0 is applied in the perpendicular direction of the flow. The equations which are

governed for all these assumptions, are derived using Boussinesq’s approximation.

They are as follows. The flow expression satisfies
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Figure 2.1: Physical sketch

∂u

∂x
+
∂v

∂y
= 0, (2.2.1)

u
∂u

∂x
+ v

∂u

∂y
= ν

∂2u

∂y2
− σB2

0

ρ
u+ gβT (T − T∞), (2.2.2)

ρCp

(
u
∂T

∂x
+ v

∂T

∂y

)
= κ

∂2T

∂y2
+ µ

(
∂u

∂y

)2

+ σB2
0u

2 +Q∗ (T − T∞)− ∂qr
∂y

, (2.2.3)

with boundary conditions

u = Uw + l
∂u

∂y
, v = vw, −κ

∂T

∂y
= hf (Tw − T ) at y = 0. (2.2.4)

u→ 0, T → T∞ as y → ∞. (2.2.5)

In formulating momentum equation (2.2.2), the ratio of thermal diffusivity to mag-

netic diffusivity has been kept small when compared to unity. In formulating heat

equation (2.2.3), Viscous dissipation is accounted by the term
µ

ρCp

(
∂u

∂y

)2

, the joule

heating is accounted by the term
σB2

0u
2

ρCp

due to the magnetic field, the value of heat

generation/absorption per unit volume is accounted by the term Q∗ (T − T∞), where

Q∗ being an inflexible constant, the source term represents the heat generation when
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Q∗ > 0 and the heat absorption when Q∗ < 0.

Radiative heat flux [126] is:

qr = −16σ∗

3k∗
T 3
∞
∂T

∂y
, (2.2.6)

The similarity variable is defined as η =

√
a

ν
y and the stream function is defined as

ψ =
√
aν xf (η).

From η and ψ, we get

u =
∂ψ

∂y
= axf ′ (η) , v = −∂ψ

∂x
= −

√
aνf (η) , θ (η) =

T − T∞
Tw − T∞

, (2.2.7)

Continuity equation (2.2.1) is satisfied. Equations (2.2.2) and (2.2.3) will reduced

in the following form:

f ′′′ +GrT θ + ff ′′ − (f ′)
2 −Mf ′ = 0, (2.2.8)(

1 +
4

3
Rd

)
θ′′ + Prfθ′ +Brf ′′f ′′ +MBrf ′f ′ + Prβθ = 0, (2.2.9)

with

f (η) = fw, f
′ (η) = 1 + γf ′′ (η) , θ′ (η) = −λ1 (1− θ (η)) , at η = 0,

f ′ (η) → 0, θ (η) → 0, as η → ∞, (2.2.10)

where GrT =
gβT (Tw − T∞)

a2x
, M =

σB2
0

aρ
, Pr =

µCp

κ
, Rd =

4σ∗T 3
∞

3k∗κ
, fw = − vw√

aν
,

γ = l

√
a

ν
, Ec =

U2
w

Cp(Tw − T∞)
, β =

Q∗

aρCp

, λ1 =

√
ν

a

hft
κ

, Br = PrEc.

Velocity gradient is Cfx =
τw
ρU2

w

, where shear stress τw = µ

(
∂u

∂y

)
y=0

. Skin

friction coefficient is CfxRe
1
2
x = f ′′ (0).

Temperature gradient isNux =
xqw

κ (Tw − T∞)
, where qw = −κ

(
1 +

16σ∗T 3
∞

3κk∗

)(
∂T

∂y

)
y=0

is heat flux at the wall. Nusselt number is NuxRe
− 1

2
x = −

(
1 +

4

3
Rd

)
θ′(0), where

local Reynold number Rex =
xUw

ν
.

Generation of entropy is

SG =
κ

T 2
∞

(
1 +

16σ∗T 3
∞

3κk∗

)(
∂T

∂y

)2

+
µ

T∞

(
∂u

∂y

)2

+
σB2

0

T∞
u2, (2.2.11)
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we have entropy generation rate

NG = α1

(
1 +

4

3
Rd

)
θ′

2

+Brf ′′2 +MBrf ′2 . (2.2.12)

Bejan number is the proportion of heat and mass transfer entropy generation to

total entropy generation.

Be =

α1

(
1 +

4

3
Rd

)
θ′

2

α1

(
1 +

4

3
Rd

)
θ′2 +Brf ′′2 +MBrf ′2

(2.2.13)

where NG =
T∞νSG

aκ(Tw − T∞)
denotes entropy generation rate, α1 =

Tw
T∞

− 1 is temper-

ature difference parameter.

2.3 Solution by Homotopy Analysis Method

Homotopy method is a basic concept of topology. Liao [120] proposed HAM is used

in Equations (2.2.8)-(2.2.9) with boundary conditions (2.2.10). Initial guesses f0 (η),

θ0 (η) and auxiliary linear operators Lf , Lθ for the HAM solution can be chosen as

f0 (η) = fw +
1

1 + γ

(
1− e−η

)
, θ0 (η) =

λ1
1 + λ1

e−η, (2.3.1)

Lf =
∂3f

∂η3
− ∂f

∂η
,Lθ =

∂2θ

∂η2
+
∂θ

∂η
, (2.3.2)

with Lf (k1 + k2e
η + k3e

−η) = 0, Lθ (k4 + k5e
−η) = 0, where k1, k2, . . . ., k5 are arbi-

trary constants.

2.3.1 Convergence Analysis

For proper choice of ℏf and ℏθ, HAM solutions converges. The f ′′(0) and θ
′
(0)

functions are plotted to the appropriate approximations to get the allowable values

of ℏf and ℏθ. From Fig. 2.2, we can choose ℏf = −0.94, ℏθ = −0.47 .
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)

Figure 2.2: ℏ-curve for f ′′(0), θ′(0)

2.4 Conclusion

The main findings are:

� M , γ and fw have similar characteristics for velocity profile.

� Velocity is enhanced against rising amount of GrT .

� Rd, M and Br have similar characteristics for temperature profile.

� Temperature is diminished via Pr.

� M , α1 and Br have similar characteristics for NG.

� Bejan number has increment for large amount of α1 and M while decreases

for higher values of Br.

� Skin friction coefficient is enhanced via γ and GrT and declined via M and

fw.

� Nusselt number is declined against rising values of Br, β andM while behaves

opposite for λ1, Pr and Rd.

� NG is enhanced via Br, M and α1 while declined via Rd. Whereas Be is

increased via Rd and α1 while decreased via Br and M , also compared for

different values of Pr through tables.
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Effect of nonlinear radiation on
MHD fluid flow considering mass
transfer

Mass transfer phenomena is found everywhere in nature. The transport of one

component in a mixture from a region of higher concentration to one of lower con-

centration is called mass transfer. Mass transfer finds application in industrial and

chemical engineering processes. Such a flow caused by density difference which in

turn caused by concentration difference is known as mass transfer flow. Some exam-

ples of mass transfer flow are evaporation of water from pond, lake, water reservoir to

the atmosphere, separation of chemical species in distillation columns, the diffusion

of impurities in rivers, oceans, etc. Radiation plays a significant part in operations

involving high temperatures, such as polymer processing, nuclear power plants, glass

making, gas turbines, etc.

3.1 Novelty of the Chapter

The main objective of the present work to develop mathematical modelling of heat

generation/absorption effects on Entropy optimized MHD fluid flow with mass trans-

fer in the presence of nonlinear radiation. The simplified systems of ordinary differ-

ential equations are solve using the Homotopy analysis method.

3.2 Mathematical Formulation of the Problem

Consider steady, two dimensional, incompressible, natural convection MHD flow of

electrically conducting fluid with first order velocity slip over vertical stretching

sheet as displayed in Figure 3.1. The mathematical model is considered under the
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following assumptions and conditions.

� Total entropy subject to heat transfer irreversibility, joule heating irreversibil-

ity, viscous dissipation irreversibility and mass diffusion irreversibility are cal-

culated via second law of thermodynamics.

� Induced magnetic field is negligible via small Reynolds number.

� Energy equation mathematically modelled subject to viscous dissipation, joule

heating effect, heat generation/absorption and nonlinear radiation.

� Convective boundary condition is applied to the boundary.

� A constant magnetic field of strength B = B0 is applied in the opposite to the

direction of the flow.

� Let us suppose that u = Uw +USlip = ax+ l
∂u

∂y
is the stretching velocity with

initial stretching rate a > 0.

Figure 3.1: Physical sketch
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Under the aforementioned assumptions and usual Boussinesq approximations, the

governing equations are:
∂u

∂x
+
∂v

∂y
= 0, (3.2.1)

u
∂u

∂x
+ v

∂u

∂y
= ν

∂2u

∂y2
− σB2

0

ρ
u+ gβT (T − T∞) + gβC(C − C∞), (3.2.2)

ρCp

(
u
∂T

∂x
+ v

∂T

∂y

)
= κ

∂2T

∂y2
+ µ

(
∂u

∂y

)2

+ σB2
0u

2 +Q∗ (T − T∞)− ∂qr
∂y

, (3.2.3)

u
∂C

∂x
+ v

∂C

∂y
= DM

∂2C

∂y2
(3.2.4)

with boundary conditions

u = Uw + USlip, v = vw, −κ
∂T

∂y
= hft (Tw − T∞) , C = Cw at y = 0.

u→ 0, T → T∞ C → C∞ as y → ∞.

 (3.2.5)

here first order velocity slip in above boundary condition Eq. 3.2.5 is mathemat-

ically expressed as USlip = l
∂u

∂y
, where l is free mean molecular path.

Radiative heat flux [126] is:

qr = −4σ∗

3k∗
∂T 4

∂y
, (3.2.6)

Where σ∗ and k∗ are the Stefan Stefan-Boltzmann constant and mean absorption

coefficient respectively. Now, it can be linearized by considering small temperature

differences within the flow such that expanding T 4 with the help of the Taylor series

about T∞ and neglecting higher order terms in the above equation, we get

qr = −16σ∗T 3
∞

3k∗
∂T

∂y
, (3.2.7)

The above equation represents to linear thermal radiation, but the intension of the

current study is to explore the impact of non-linear thermal radiation, so we replace

T 3
∞ with T 3 in Equation (3.2.7)

qr = −16σ∗T 3

3k∗
∂T

∂y
, (3.2.8)

differentiating equation (3.2.8) with respect to y, we get

∂qr
∂y

= −16σ∗

3k∗

[
3T 2

(
∂T

∂y

)2

+ T 3∂
2T

∂y2

]
, (3.2.9)
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Following similarity transformations are used to covert system of partial differential

equations (3.2.1)-(3.2.5), into system of ordinary differential equations

η =

√
a

ν
y, ψ =

√
aν xf (η) , θ (η) =

T − T∞
Tw − T∞

, ϕ (η) =
C − C∞

Cw − C∞
, (3.2.10)

where ψ is the stream function, so we get velocity components given as

u =
∂ψ

∂y
= axf ′ (η) , v = −∂ψ

∂x
= −

√
aν f (η) , (3.2.11)

Now using Equations (3.2.9)-(3.2.11), for converting system of partial differential

Equations (3.2.1)-(3.2.5) into system of ordinary differential equations, we found

continuity equation (3.2.1) is identically satisfied, and dimensionless form of velocity,

energy and concentration equations are given as follows:

f ′′′ + ff ′′ − (f ′)
2 −Mf ′ +GrT θ +GrCϕ = 0, (3.2.12)

[
1 +

4

3
Rd {1 + (θw − 1) θ}3

]
θ′′ + 4Rd {1 + (θw − 1) θ}2 (θw − 1) θ′2

+ Prfθ′ +Brf ′′f ′′ +MBrf ′f ′ + Prβθ = 0, (3.2.13)

ϕ′′ + Scfϕ′ = 0, (3.2.14)

with

f (0) = fw, f ′ (0) = 1 + γf ′′ (0) , θ′ (0) = −λ1 (1− θ (0)) , ϕ (0) = 1 at η = 0,

f ′ (η) → 0, θ (η) → 0, ϕ (η) → 0 as η → ∞, (3.2.15)

where GrT =
gβT (Tw − T∞)

a2x
, GrC =

gβC(Cw − C∞)

a2x
, M =

σB2
0

aρ
, Pr =

µCp

κ
, Rd =

4σ∗T 3
∞

3k∗κ
, fw = − vw√

aν
, γ = l

√
a

ν
, Ec =

U2
w

Cp(Tw − T∞)
, β =

Q∗

aρCp

, λ1 =

√
ν

a

hft
κ

,

Sc =
ν

DM

, θw =
Tw
T∞

, Br = PrEc.

The dimensional form of Skin friction coefficient, Nusselt number and Sherwood

number are

Cfx =
τw
ρU2

w

, Nux =
xqw

κ (Tw − T∞)
and Shx =

xqm
DM (Cw − C∞)

, (3.2.16)
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where shear stress τw = µ

(
∂u

∂y

)
y=0

, heat flux qw = −κ
(
1 +

16σ∗T 3

3k∗κ

)(
∂T

∂y

)
y=0

and mass flux qm = −DM

(
∂C

∂y

)
y=0

. So, dimensionless form of physical interest

becomes

CfxRe
1
2
x = f ′′ (0) , ShxRe

− 1
2

x = −ϕ′ (0) , (3.2.17)

NuxRe
− 1

2
x = −

(
1 +

4

3
Rd {1 + (θw − 1) θ (0)}3

)
θ′(0), (3.2.18)

in which Rex =
x Uw

ν
shows Reynolds number.

Dimensional form of entropy generation is

SG =
κ

T 2
∞

(
1 +

16σ∗T 3

3κk∗

)(
∂T

∂y

)2

+
µ

T∞

(
∂u

∂y

)2

+
σB2

0

T∞
u2 +

RD

C∞

(
∂C

∂y

)2

, (3.2.19)

now, using Equations (3.2.10)-(3.2.11), the dimensionless form is

NG = α1

(
1 +

4

3
Rd {1 + (θw − 1) θ}3

)
θ′

2

+Brf ′′2 +MBrf ′2 +

(
L∗

α1

)
α2ϕ

′2,

(3.2.20)

where R is the ideal gas constant, L∗ =
RDC∞

κ
is diffusion parameter, α2 =(

Cw − C∞

C∞

)2

is concentration ratio parameter.

Be =
Heat and mass transfer irreversibilities

Total entropty genearation
(3.2.21)

So mathematical expression of Be is given as

Be =

α1

(
1 +

4

3
Rd {1 + (θw − 1) θ}3

)
θ′2 +

(
L∗

α1

)
α2ϕ

′2

α1

(
1 +

4

3
Rd {1 + (θw − 1) θ}3

)
θ′2 +Brf ′′2 +MBrf ′2 +

(
L∗

α1

)
α2ϕ′2

(3.2.22)

3.3 Solution by Homotopy Analysis Method

Homotopy method is a basic concept of topology. Liao [120] proposed HAM is used

in Equations (3.2.12)-(3.2.14) with boundary conditions (3.2.15). Initial guesses

f0 (η), θ0 (η), ϕ0 (η) and auxiliary linear operators Lf , Lθ, Lϕ for the HAM solution
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can be chosen as

f0 (η) = fw +
1

1 + γ

(
1− e−η

)
, θ0 (η) =

λ1
1 + λ1

e−η, ϕ0 (η) = e−η, (3.3.1)

Lf =
∂3f

∂η3
− ∂f

∂η
,Lθ =

∂2θ

∂η2
+
∂θ

∂η
,Lϕ =

∂2ϕ

∂η2
+

∂ϕ

∂η
(3.3.2)

with Lf (k1 + k2e
η + k3e

−η) = 0, Lθ (k4 + k5e
−η) = 0, Lϕ (k6 + k7e

−η) = 0, where

k1, k2, . . . ., k7 are arbitrary constants.

3.3.1 Convergence Analysis

The solution of the convergence rate in the HAM method depends strongly on

parameter ℏ. The f ′′(0), θ′(0) and ϕ′(0) functions are plotted at the 20th-order of

approximations to get the allowable values of ℏf , ℏθ and ℏϕ. The values of ℏf , ℏθ
and ℏϕ are selected in such a way that curves are parallel to ℏ-axis. From Figures

3.2-?? we can choose ℏf = −1.51, ℏθ = −0.22 and ℏϕ = −0.88.

-2.5 -2.0 -1.5 -1.0 -0.5 0.0 0.5
-1.0

-0.5

0.0

0.5

1.0

ℏf

f'
'(
0)

Figure 3.2: ℏ-curve for f ′′(0)
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-0.5

0.0
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ℏθ

θ
'(0

)

Figure 3.3: ℏ-curve for θ′(0)

3.4 Conclusion

Our motive of the present study is to investigate entropy optimisation of 2D Steady,

incompressible, Natural convection MHD flow of electrically conducting fluid over

vertical stretching sheet in the presence of first-order velocity slip. The problem is

solved using HAM. The major findings of this study are

� Velocity reduces compared to rising M , γ and fw values.

� Temperature declines with increase in Pr, while enhances with increase in Rd,

θw and Br.

� For larger Sc and fw values, concentration decreases.

� NG augmented when increment occurs in M , L∗ and Br.

� Br and L∗ have opposite effect on Bejan number.

� Be declines with increase in M when η < 1, for η > 1, Be enhanced.

� Skin friction coefficient enhances via γ and GrT .

� Nusselt number enhances against rising values of Pr, θw and Rd.

� Skin friction coefficient and Sherwood number have opposite behaviour for fw.
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Soret and Dufour impact on MHD
Williamson fluid flow with varying
viscosity

Williamson fluid is characterized as a non-Newtonian fluid with shear thinning prop-
erty i.e., viscosity decreases with increasing rate of shear stress. Chyme in small
intestine is one of the example of Williamson fluid. The temperature of the fluid
as well as the nature of the fluid have a major impact on viscosity. The viscosity
should be a temperature dependant variable rather than a constant at high temper-
atures. When calculating the surface calculating factors, the assumption of constant
viscosity causes measurably inaccurate results.

4.1 Novelty of the Chapter

To the best of the knowledge, till date there are no attempts to model, no inves-
tigation has been made which provides the analytic expression for the steady two-
dimensional MHD Williamson fluid flow over stretching sheet considering the effect
of heat generation/absorption, nonlinear radiation and variable viscosity. Homotopy
analysis method [120] is used for finding solutions of the governing equations.

4.2 Mathematical Formulation of the Problem

Figure 4.1 shows incompressible MHD Williamson fluid flow past a stretching sheet.
It is assumed that the sheet is stretching with the plane y = 0 and that the flow
is constrained to y > 0. In the scenario where a > 0 is constant and the x-axis
is estimated along the extending surface, with stretching velocity u(x) = ax. A
uniform magnetic field that is applied perpendicular to an expanding sheet.
The governing equations for Williamson fluid are:

∇ · V = 0 (4.2.1)
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Figure 4.1: Physical problem

ρ
dV

dt
= ∇ · S + FL + ρ {gβC(C − C∞) + gβT (T − T∞)} (4.2.2)

ρCp
dT

dt
= ∇ · (κ∇T ) +Q∗(T − T∞)−∇qr +∇ ·

{
ρDMKT

Cs

}
∇C (4.2.3)

dC

dt
= ∇ · {DM∇C}+∇ ·

{
DMKT

Tm
∇T
}

(4.2.4)

where V is velocity vector and d
dt

represents material time derivative.
The governing equations for Williamson fluid are:

∂u

∂x
+
∂v

∂y
= 0, (4.2.5)

u
∂u

∂x
+ v

∂v

∂y
=

1

ρ

∂

∂y

(
µ (T )

∂u

∂y

)
+

Γ√
2ρ

∂

∂y

[
µ (T )

(
∂u

∂y

)2
]
− u

σB2

ρ

+ gβC(C − C∞) + gβT (T − T∞), (4.2.6)

u
∂T

∂x
+ v

∂T

∂y
=

κ

ρCp

∂2T

∂y2
+
ρDMKT

Cs

∂2C

∂y2
+Q∗(T − T∞)− 1

ρCp

∂qr
∂y

, (4.2.7)

u
∂C

∂x
+ v

∂C

∂y
=
DMKT

Tm

∂2T

∂y2
+DM

∂2C

∂y2
, (4.2.8)
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with
u = Uw = ax, v = 0, C = Cw, T = Tw at y = 0, (4.2.9)

u→ 0, C → C∞, T → T∞ at y → ∞. (4.2.10)

Linearized Heat flux [126] is:

qr = −16σ∗

3k∗
T 3
∞
∂T

∂y
(4.2.11)

For the significance of non-linear thermal radiation, we convert T 3
∞ with T 3 in the

equation (4.2.11),

qr = −16σ∗

3k∗
T 3∂T

∂y
(4.2.12)

then,

∂qr
∂y

= −16σ∗

3k∗

[
3T 2

(
∂T

∂y

)2

+ T 3∂
2T

∂y2

]
(4.2.13)

The temperature dependent viscosity by Ajayi et al. [127] is

µ (T ) = µ∗ [1 + b (Tw − T )] , where b > 0. (4.2.14)

Introducing the following transformation to convert equations (4.2.5)-(4.2.10),

ψ = x
√
aνf (η) , η =

√
a/νy, u = axf ′ (η) , v = −

√
aνf (η) , (4.2.15)

C = C∞ + (Cw − C∞)ϕ (η) , T = T∞ + (Tw − T∞)θ (η) . (4.2.16)

Using above transformations, equations (4.2.6-4.2.10) become :

(1 + ζ − ζθ) f ′′′ (1 + 2Wef ′′)− ζ (1 +Wef ′′) f ′′θ′ + ff ′′ −Mf ′

+GrT θ +GrCϕ− f ′f ′ = 0 (4.2.17)

(
1 +

4

3
Rd {1− (1− θw)θ}3

)
θ′′ + 4Rd {(1− θw)θ − 1}2 (1− θw)θ

′2

+DuPrϕ′′ + βPrθ + Prfθ′ = 0 (4.2.18)

ϕ′′ + Scϕ′f + SrScθ′′ = 0 (4.2.19)

with

f (0) = ϕ (∞) = f ′ (∞) = θ (∞) = 0, f ′ (0) = ϕ (0) = θ (0) = 1. (4.2.20)

Skin friction factor, rate of heat and mass transfer at the wall are respectively

Cf =
τw
ρU2

w

, Nu =
xqw

κ(Tw − T∞)
, Sh =

xqm
DM(Cw − C∞)

(4.2.21)

At the wall, τw, qm and qw denote the skin stress, diffusion of mass and heat, where

25



Chapter4

τw, qm and qw defined in the following

τw = µuy [1 + Γuy]y=0 , qm = −DM [Cy]y=0 , qw = −κ
(
1 +

16σ∗T 3

3k∗κ

)
[Ty]y=0 .

(4.2.22)
using similarity variables, Skin friction factor, Sherwood and Nusselt numbers

Cf

(
Re

1
2
x

)
= (1 + ζ − ζθ) f ′′(0) [1 +Wef ′′(0)] ,

ShRe
− 1

2
x = −ϕ′ (0) , NuRe

− 1
2

x = −
(
1 + 4

3
Rd {1 + (θw − 1)θ}3

)
θ′ (0) ,

 (4.2.23)

where Re
1
2
x =

√
a
ν
x.

4.3 Solution by Homotopy Analysis Method

Initial guesses and auxiliary linear operators are respectively

f0 (η) = 1− e−η, , θ0 (η) = e−η, ϕ0 (η) = e−η, (4.3.1)

Lf =
∂3f

∂η3
− ∂f

∂η
, Lθ =

∂2θ

∂η2
+

∂θ

∂η
, Lϕ =

∂2ϕ

∂η2
+

∂ϕ

∂η
, (4.3.2)

with Lf (k1 + k2e
η + k3e

−η) = 0, Lθ (k4 + k5e
−η) = 0, Lϕ ( k6 + k7e

−η) = 0, where
ki, i = 1, 2, ..., 7 are arbitrary constants.

4.3.1 Convergence Analysis

Solutions for HAMs are highly dependent on values for auxiliary parameters ℏf , ℏθ
and ℏϕ that influence convergence and approximation rates. As a result, the Figures
4.2, ?? show corresponding ℏ-curves taking 20th HAM approximation. For the values
ℏf = −1.09, ℏθ = −0.75 and ℏϕ = −0.83, we get convergence of the series.
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Figure 4.2: ℏ-curve for f ′′(0)

4.4 Conclusion

The intention of current research is to explore and compare the combined impacts
of temperature dependent viscosity, Soret and Dufour effects on natural convective
flow of MHD Williamson fluid past a stretching sheet. The main findings of the
research are following:

� We and M reduce velocity profile while GrT , GrC and ζ behave in opposite
way.

� A rise in temperature is observed forM , β, and Du, while a decline is observed
for Pr.

� Temperature profile increased for Radiation parameter and temperature ratio
parameter.

� Sc and Sr have opposite characteristics according to the concentration profile.

� Skin friction factor is enhanced for We, GrT and GrC whereas declined for M
and ζ.

� Nusselt number is increased for M , GrT , Pr, Rd and θw while decreased for
Du and β.

� Sherwood number is raised for Sc but decayed for Sr.
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MHD Carreau fluid flow over
nonlinear stretching sheet

Mathematically, the non-Newtonian behaviour of blood in narrow arteries is exam-
ined by treating the blood as a Carreau fluid. Stretching a sheet facilitates heat and
mass transfer, which has numerous applications in the polymer sector, including
lamination, spinning fibres, and other processes.

5.1 Novelty of the Chapter

Purpose of this chapter is to investigate analytic solution of Soret and Duour effects
on MHD Carreau fluid flow over stretching/Shrinking sheet considering variable
visocity. Solution of the problem is found by Homotopy analysis method.

5.2 Mathematical Formulation of the Problem

Consider 2D steady, incompressible MHD Carreau fluid flow over a shrinking or
stretching sheet is considered. Stretching/shrinking sheet is taken along x axis.

Magnetic field B = B0x
m−1

2 is implemented perpendicular to the surface, where
Uw(x) = a∗xm and Ue(x) = b∗xm. Non-linear thermal radiation, Soret and Dufour
effects are taken into account.
The basic equations of MHD are given by

∇ · V = 0, (5.2.1)

ρ
dV

dt
= ∇ · S + FL (5.2.2)(

dT

dt

)
=

1

ρCp

∇ · (κ∇T )− 1

ρCp

∇ · qr +∇ ·
(
DMKT

CpCs

∇C
)
, (5.2.3)

dC

dt
= ∇ · (DM∇C) +∇ ·

(
DMKT

Tm
∇T
)
, (5.2.4)
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Now, Continuity Eq. (5.2.1) simplified as:

∂u

∂x
+
∂v

∂y
= 0, (5.2.5)

Now, stress tensors are given as

τxx = 2µ∗∂u

∂x

(
1 + Γ2

(
pi − 1

2

)(
∂u

∂y

)2
)
, τyy = 2µ∗∂v

∂y

(
1 + Γ2

(
pi − 1

2

)(
∂u

∂y

)2
)
,

(5.2.6)

τyx = τxy = µ∗
(
∂u

∂y
+
∂v

∂x

)(
1 + Γ2

(
pi − 1

2

)(
∂u

∂y

)2
)
. (5.2.7)

then,

ρ

(
u
∂u

∂x
+ v

∂u

∂y

)
= −∂P

∂x
+
∂τxy
∂y

+
∂τxx
∂x

− σB2u,

ρ

(
u
∂v

∂x
+ v

∂v

∂y

)
= −∂P

∂y
+
∂τyy
∂y

+
∂τyx
∂x

,

(5.2.8)

In polar coordiantes, Eq. (5.2.2) simplified as below,

u
∂u

∂x
+ v

∂u

∂y
=

1

ρ

∂

∂y

(
µ∗(T )

∂u

∂y

)
− 1

ρ

∂P

∂x
+ 3

µ∗(T )

ρ

(
pi − 1

2

)
Γ2

(
∂u

∂y

)2
∂2u

∂y2

+
1

ρ

(
pi − 1

2

)
Γ2∂µ

∗(T )

∂y

(
∂u

∂y

)3

− σB2

ρ
u, (5.2.9)

because the flow field is uniform at a suitably large distance from the edge surface,
so in the free stream u = Ue = b∗xm, then the Eq. (5.2.9) reduced to

1

ρ

∂P

∂x
= −Ue

dUe

dx
− σB2

ρ
Ue, (5.2.10)

eliminating ∂P
∂x

in Eq. (5.2.9) by using Eq. (5.2.10), we finally obtain

u
∂u

∂x
+v

∂u

∂y
= Ue

dUe

dx
+
σB2

ρ
Ue+

1

ρ

∂

∂y

(
µ∗(T )

∂u

∂y

)
+3

µ∗(T )

ρ

(
pi − 1

2

)
Γ2

(
∂u

∂y

)2
∂2u

∂y2

+
1

ρ

(
pi − 1

2

)
Γ2∂µ

∗(T )

∂y

(
∂u

∂y

)3

− σB2

ρ
u, (5.2.11)

reduced form of energy and concentration equations (5.2.3) and (5.2.4) are

u
∂T

∂x
+ v

∂T

∂y
+

1

ρCp

∂qr
∂y

− κ

ρCp

∂2T

∂y2
− DMKT

CpCs

∂2C

∂y2
= 0, (5.2.12)
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u
∂C

∂x
+ v

∂C

∂y
− DMKT

Tm

∂2T

∂y2
−DM

∂2C

∂y2
= 0, (5.2.13)

Now, continuity equation is

∂u

∂x
+
∂v

∂y
= 0, (5.2.14)

Momentum equation is

u
∂u

∂x
+ v

∂u

∂y
− Ue

dUe

dx
− 1

ρ

∂

∂y

(
µ∗(T )

∂u

∂y

)
− 3

µ∗(T )

ρ

(
pi − 1

2

)
Γ2

(
∂u

∂y

)2
∂2u

∂y2

− 1

ρ

(
pi − 1

2

)
Γ2∂µ

∗(T )

∂y

(
∂u

∂y

)3

− σB2

ρ
(Ue − u) = 0, (5.2.15)

Energy equation is

u
∂T

∂x
+ v

∂T

∂y
+

1

ρCp

∂qr
∂y

− κ

ρCp

∂2T

∂y2
− DMKT

CpCs

∂2C

∂y2
= 0, (5.2.16)

Concentration equation is

u
∂C

∂x
+ v

∂C

∂y
− DMKT

Tm

∂2T

∂y2
−DM

∂2C

∂y2
= 0, (5.2.17)

to the boundary conditions

u = Uw (x) , v = vw (x) , C = Cw,
∂T

∂y
= −q0

κ
x

m−1
2 , at y = 0,

u = Ue (x) , C → C∞, T → T∞, as y → ∞.

 (5.2.18)

Heat flux by Rosseland [126] is:

qr = −4σ∗∂T 4

3k∗∂y
(5.2.19)

Adegbie et al. [112] provide a mathematical model of temperature dependent
viscosity

µ (T ) = µ∗ [1 + h1 (T∞ − T )] , (5.2.20)

where, h1 is constant and its value depends on the fluid.
The introduction of similarity transformations

u = b∗xmf ′ (η) , v = −
√
b∗νx

m−1
2

[(
m− 1

2

)
ηf ′ (η) +

(
m+ 1

2

)
f (η)

]
,

η =

√
b∗

ν
yx

m−1
2 , ϕ (η) =

C − C∞

Cw − C∞
, θ (η) =

√
b∗

ν

κ

q0
(T − T∞),


(5.2.21)

Inserting Eq. (5.2.21) in Eqs. (5.2.14)-(5.2.17) and (5.2.18), Equation (5.2.14) is
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identically satisfied and Eqs. (5.2.15)-(5.2.17) and (5.2.18) will be

(1− ζθ)

[
1 + 3

(
pi − 1

2

)
We2f ′′f ′′

]
f ′′′ −m(f ′f ′ − 1)−M2(f ′ − 1)

− ζ

[
1 +

(
pi − 1

2

)
We2f ′′f ′′

]
f ′′θ′ +

(
1 +m

2

)
ff ′′ = 0, (5.2.22)

(
1 +

4

3
Rd {(θw − 1) θ + 1}3

)
θ′′ +DuPrϕ′′ + 4Rd ((θw − 1) θ + 1)2 (θw − 1) θ′θ′

+ Pr

(
m+ 1

2

)
θ′f = 0, (5.2.23)

ϕ′′ +
m+ 1

2
Scfϕ′ + ScSrθ′′ = 0, (5.2.24)

f (η) = fw, f
′ (η) = B, θ′ (η) = −1, ϕ (η) = 1, at η = 0, (5.2.25)

f ′ (η) = 1, θ (η) = ϕ (η) = 0. as η → ∞. (5.2.26)

Skin friction coefficient Cfx, Nusselt count Nux and Sherwood count Shx are the
physical measures of concern in this study, and they are described as,

Cfx =τw (x) ρU2
e , (5.2.27)

where, surface shear stress τw (x) = µ(T )

{
1 + 3Γ2

(
pi − 1

2

)(
∂u

∂y

)2
}
∂u

∂y

∣∣∣∣∣
y=0

,

(5.2.28)

then CfRe
1
2
x = (1− ζθ(0))

[
1 + 3

(
pi − 1

2

)
We2f ′′ (0) f ′′ (0)

]
f ′′ (0) ,

(5.2.29)

Nux =
xqw (x)

κ (T − T∞)
, (5.2.30)

where, surface heat flux qw (x) =

(
− κ

∂T

∂y
+ qr

)
y=0

(5.2.31)

then NuxRe
− 1

2
x =

(
1 + 4

3
Rd {(θw − 1) θ(0) + 1}3

)
θ (0)

, (5.2.32)

Shx =
xqm

DM(Cw − C∞)
, where surface mass flux qm = −DM

∂C

∂y

∣∣∣∣
y=0

, (5.2.33)

then ShxRe
− 1

2
x = −ϕ′ (0) , (5.2.34)
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Figure 5.1: ℏ-curve for range f ′′, θ′ and ϕ′.

where Re
1
2
x =

√
b∗

ν
x

m+1
2 .

5.3 Solution by Homotopy Analysis Method

Liao [121] established HAM. Initial guesses and linear operators are described in that
kind of a manner that they gratify the boundary conditions given in Eq. (5.2.18).
Initial guesses

f0 (η) = η + (fw +B − 1) + (1−B) e−η, θ0 (η) = e−η, ϕ0 (η) = e−η, (5.3.1)

and linear operators

Lf =
∂3f

∂η3
+
∂2f

∂η2
, Lθ =

∂2θ

∂η2
+
∂θ

∂η
, Lϕ =

∂2ϕ

∂η2
+
∂ϕ

∂η
, (5.3.2)

Satisfying

Lf

(
k1 + k2η + k3e

−η
)
= 0,Lθ

(
k4 + k5e

−η
)
= 0,Lϕ

(
k6 + k7e

−η
)
= 0. (5.3.3)

where arbitrary constants are ki, (i = 1, 2, . . . , 7).

5.4 Convergence Analysis

For the appropriate choice of ℏf , ℏθ and ℏϕ HAM solutions converges. f ′′(1), θ
′
(1)

and ϕ
′
(1) are plotted upto the suitable approximations. We can choose ℏf = −0.4,

ℏθ = −0.5 and ℏϕ = −1.0 from Figure 5.1.
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5.5 Conclusion

The main findings of the research are following:

� Velocity field increases for variable viscosity parameter, Nonlinear parameter
and Suction parameter for shrinking and stretching cases.

� For large amount of Magnetic parameter and Weissenberg number velocity
field increases in shrinking case and behaves opposite in stretching case.

� For large value of power index, velocity decreases in shrinking case and reverse
effect ouccurs for stretching case.

� Temperature enhances for large amount of Magnetic parameter, Temperature
ratio parameter, Dufour number and Radiation parameter, and gives reverse
impact for nonlinear parameter.

� Concentration field increases for Soret number and behaves opposite for Schimdt
number.

� Skin friction coefficient increases with increaseing values of Suction parameter
for shrinking case and decreasing for stretching case.

� Nusselt count increases for large amount of temperature ratio parameter.

� For increasing values of Soret number, Sherwood count increases.
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Unsteady MHD flow of a
Micropolar fluid over a stretching
sheet

Unsteady flow is used in a variety of devices, including reciprocating engines, pres-
sure exchangers, hydraulic rams, and ocean wave machines. Design of chemical pro-
cessing equipment, fog formation and dispersion, temperature and moisture distri-
bution over agricultural fields and orchards of fruit trees, crop damage from freezing,
food processing, and cooling towers are a few representative fields of interest where
combined heat and mass transfer with chemical reaction effect plays an important
role.

6.1 Novelty of the Chapter

In this Chapter,the impact of nonlinear radiation on the mixed convection flow
of unsteady Micropolar fluid over an stretching sheet considering chemical reaction.
The solution to the problem encountered by using the method of Homotopy analysis

6.2 Mathematical Formulation of the Problem

Consider an unsteady two-dimensional MHD flow of an incompressible Micropolar
fluid, heat and mass transfer over a vertical stretching sheet. The sheet is assumed
to emerge vertically in the upward direction from a narrow slot with velocity

Uw (x, t) =
ax

1− αt
, (6.2.1)

where both a and α are positive constants with dimension per unit time. We measure
the positive x direction along the stretching sheet with the slot as the origin. We
then measure the positive y coordinate perpendicular to the sheet in the outward
direction toward the fluid flow. The surface temperature Tw and concentration Cw
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of the stretching sheet vary with the distance x from the sheet and time t as

Tw (x, t) = T∞ +
bx

(1− αt)2
, Cw (x, t) = C∞ +

cx

(1− αt)2
, (6.2.2)

where b, c are constants with dimension of temperature and concentration, respec-
tively, over length. It is noted that the expressions for Uw(x, t), Tw(x, t), and Cw(x, t)
are valid only for t < α−1. We also remark that the sheet which is fixed at the origin
is stretched by applying a force in the x-direction and the effective stretching rate
a/(1 − αt) increases with time. The sheet temperature and concentration increase
(reduce) if b and c are positive (negative), respectively. We assume that the radia-
tion effect is significant in this study. The fluid properties are taken to be constant
except for density variation with temperature and concentration in the buoyancy
terms. Under those assumptions and the Boussinesq approximations, the governing
boundary layer equations are given as:

∂u

∂x
+
∂v

∂y
= 0, (6.2.3)

∂u

∂t
+u

∂u

∂x
+ v

∂u

∂y
=

(
µ+ k

ρ

)
∂2u

∂y2
+
k

ρ

∂G

∂y
+ gβT (T − T∞)+ gβC (C − C∞)− σB2u

ρ
,

(6.2.4)
∂G

∂t
+ u

∂G

∂x
+ v

∂G

∂y
=
γ∗

ρj

∂2G

∂y2
− k

ρj

(
2G+

∂u

∂y

)
, (6.2.5)

∂T

∂t
+ u

∂T

∂x
+ v

∂T

∂y
= κ

(
∂2T

∂y2

)
− 1

ρCP

∂qr
∂y

+

(
µ+ k

ρ

)(
∂u

∂y

)2

, (6.2.6)

∂C

∂t
+ u

∂C

∂x
+ v

∂C

∂y
= DM

∂2C

∂y2
+ kc (C − C∞) , (6.2.7)

with the appropriate boundary conditions

u = Uw (x, t) , v = 0, G = 0, T = Tw (x, t) , C = Cw (x, t) at y = 0, (6.2.8)

u→ 0, G→ 0, T → T∞, C → C∞ as→ ∞. (6.2.9)

Radiative heat flux qr is given by Rosseland [126]

qr =
4

3

σ∗

k∗
∂T 4

∂y
, (6.2.10)

We recommend similarity variables reconstruct the governing equations (6.2.3)-
(6.2.9) into the system of ordinary differential equations,

η =

√
a

ν (1− αt)
y, u =

ax

1− αt
f ′ (n) , v = −

√
a

v (1− αt)
f (η) , (6.2.11)
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G =

√
a3

v (1− αt)3
xh (η) , T = T∞ +

bx

(1− αt)2
θ (η) , C = C∞ +

cx

(1− αt)2
ϕ (η) ,

(6.2.12)
We get

(1 +K) f ′′′+ff ′′−f ′2− A

2
(2f ′ + ηf ′′)+Kh′+GrT θ+GrCϕ−M2f ′ = 0, (6.2.13)

λ3h′′ + fh′ − f ′h− A

2
(3h+ ηh′)−Kλ4 (2h+ f ′′) = 0, (6.2.14)

(
1 +

4

3
Rd ((θw − 1) θ + 1)3

)
θ′′ + 4Rd ((θw − 1) θ + 1)2 (θw − 1) θ′

2
+ Prfθ′

− Prf ′θ − A

2
Pr (4θ + ηθ′) + PrEc (1 +K) f ′′2 = 0, (6.2.15)

1

Sc
ϕ′′ + fϕ′ − f ′ϕ−Kcϕ− A

2
(4ϕ+ ηϕ′) = 0, (6.2.16)

with

f (0) = 0, f ′ (0) = 1, h (0) = 0, θ (0) = 1, ϕ (0) = 1, (6.2.17)

f ′ (∞) = 0, h (∞) = 0, θ (∞) = 0, ϕ (∞) = 0, (6.2.18)

where A =
α

a
, K =

κ

µ
, GrT =

gβtb

a2
, GrC =

gβcc

a2
, λ3 =

γ∗

µj
, λ4 =

ν (1− αt)

aj
,

Ec =
U2
w

Cp (Tw − T∞)
, Sc =

ν

DM

, Rd =
4σ∗T 3

∞
k∗κ

, θw =
Tw
T∞

.

Skin friction coefficient, wall couple stress, Nusselt number and Sherwood number
in dimension form are given as

Cfx =
2

ρU2
w

[
(µ+ k)

∂u

∂y
+ kG

]
y=0

, Mwx =
γ∗a

ν

(
∂G

∂y

)
y=0

,

Nux =
−x

Tw − T∞

(
1 +

16σ∗T 3

3k∗κ

)
∂T

∂y y=0

, Shx =
−x

Cw − C∞

(
∂C

∂y

)
y=0

.

(6.2.19)

Physical measures are given by

Re
1
2
xCfx = 2 (1 +K) f ′′ (0) , Re1xMwx = h′ (0) , Re−1/2

x Shx = −ϕ′ (0) ,

Re−1/2
x Nux = −

(
1 +

4

3
Rd {1 + (θw − 1) θ (0)}3

)
θ′ (0) ,

(6.2.20)

6.3 Solution by Homotopy Analysis Method

There is also great flexibility concerning the Homotopy analysis approach to select
the initial suppositions and the auxiliary linear operators f0 (η), h0 (η), θ0 (η) and
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ϕ0 (η) and linear operators Lf , Lh, Lθ and Lϕ are so taken as to satisfy boundary
conditions of the given in equations (6.2.8)-(6.2.9).
Initial guesses are

f0 (η) = 1− e−η, h0 (η) = 0, θ0 (η) = e−η, ϕ0 (η) = e−η, (6.3.1)

with auxiliary linear operators

Lf =
∂3f

∂η3
− ∂f

∂η
, Lh =

∂2h

∂η2
− h, Lθ =

∂2θ

∂η2
− θ, Lϕ =

∂2ϕ

∂η2
− ϕ, (6.3.2)

satisfying
Lf

(
k1 + k2e

η + k3e
−η
)
= 0, Lh

(
k4e

η + k5e
−η
)
= 0, (6.3.3)

Lθ

(
k6e

η + k7e
−η
)
= 0, Lϕ

(
k8e

η + k9e
−η
)
= 0, (6.3.4)

6.3.1 Convergence Analysis

Their HAM solutions converge significantly with the parameter values ℏf , ℏh, ℏθ
and ℏϕ. The necessary curves are shown in the plots for this purpose. In this case,
a HAM approximation is used to draw ℏ-curves. Figures 6.1 - ?? imply range:
−1.6 ≤ ℏf ≤ −0.4 for the auxiliary parameter ℏf , −3.2 ≤ ℏh ≤ −0.5 for the
auxiliary parameter ℏh, −1.5 ≤ ℏθ ≤ −0.5 for the auxiliary parameter ℏθ and
−0.35 ≤ ℏϕ ≤ −0.1 for the auxiliary parameter ℏϕ respectively.

Figure 6.1: f ′′(0) via ℏf

6.4 Conclusion

This paper examines the effects of non-linear radiation on MHD mixed convection
flow of Micropolar fluid over unsteady stretching sheet accurately. By applying the
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method of Homotopy analysis, the dimensionless governing equations are solved. By
drawing the so-called ℏ -curve the convergence region of series solutions by HAM
is achieved. We thought of Micropolar fluid. The results for axial velocity, angular
velocity, temperature, and concentration are obtained and are graphical. The key
results of this study are:

� Axial velocity profile of the Micropolar fluid declines for large values in Mag-
netic Parameter M and unsteadiness parameter A.

� Micropolar fluid axial velocity profile enhances for Eckert number Ec and Mi-
cropolar parameter K. The Micropolar fluid angular velocity profile enhances
for broad values of Micropolar parameter K,λ4 and declines with high values
of unsteadiness parameter A and thermal Grashof number GrT .

� The temperature profile of the Micropolar fluid declines for high values Mi-
cropolar parameter K and Temperature ratio θw.

� The temperature of the object changes as it’s subjected to a great magnetic
field and exposure to radiation.

� For the large values of unsteadiness parameter A, thermal Grashof number
GrT and Schmidt number Sc decreases concentration profile of the Micropolar
fluid.

� For large values of Magnetic parameter M , concentration profile increases.

� Skin friction, Wall couple stress and decreases for the broad unsteadiness pa-
rameter A values.

� Nusselt number increases with large amount of Prandtl number Pr.
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Entropy optimized unsteady MHD
Williamson fluid flow considering
viscous dissipation effects

Viscous dissipation is of importance for a variety of applications; for instance, large
temperature increases are seen during high-speed polymer manufacturing operations
like injection moulding or extrusion. The thin boundary layer surrounding fast
aircraft experiences aerodynamic heating, which boosts skin temperature. Due to
numerous applications of convective boundary conditions in technology, including
thermal energy storage, petroleum processing, material drying etc, we considered
convective boundary conditions in this chapter.

7.1 Novelty of the Chapter

In light of the above studies, the aim of this investigation is to analyze joule heating,
nonlinear radiation and viscous dissipation effects on unsteady Natural convective
flow of MHD williamson fluid across a stretching sheet. Convective boundary con-
ditions, slip effect and entropy generation rate are included in this investigation.

7.2 Mathematical Formulation of the Problem

It is assumed that two dimensional, unsteady flow of an incompressible Williamson
fluid across a stretching sheet with joule heating, nonlinear radiation and viscous
dissipation have been considered. Entropy generation rate is discussed here. The
slip condition and convective boundary conditions have been addressed. As seen in
Figure 7.1 the vertical axis was chosen transverse to the surface, and we decided to
use the cartesian system to measure the sheet along the x, y, and x axes that were
chosen next to the stretching sheet. Non-uniform velocity of the sheet is Uw(x, t) =
bx

1−αt
, where b is the rate of stretching sheet with respect to x axis where αt is a

positive constant according to case αt < 1. Where B = B0/
√
1− αt is the magnetic
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field’s strength and is applied in the direction of the positive y axis, Comparing the
magnetic Reynolds number to the induced magnetic field, it is very small.

Figure 7.1: Physical Sketch of the Problem

Governing equations for Williamson fluid are as follows:

∂u

∂x
+
∂v

∂y
= 0, (7.2.1)

∂u

∂t
+ u

∂u

∂x
+ v

∂u

∂y
= ν

∂2u

∂y2
+
√
2Γν

∂2u

∂y2
∂u

∂y
− σB2

ρ
u+ gβC(C − C∞) + gβT (T − T∞),

(7.2.2)

∂T

∂t
+ u

∂T

∂x
+ v

∂T

∂y
=

κ

ρCp

∂2T

∂y2
− 1

ρCp

∂qr
∂y

+
σB2

ρCp

u2 +
µ

ρCp

(
∂u

∂y

)2

, (7.2.3)

∂C

∂t
+ u

∂C

∂x
+ v

∂C

∂y
= DM

∂2C

∂y2
+ kc(C − C∞), (7.2.4)

where u is the velocity components along the x-axis and v with the y-axis, respec-
tively. βT , βC , g and Γ are thermal expansion coefficient, concentration expansion
coefficient, gravity and time fluid parameter respectively. Tw and Cw symbolizes sur-
face temperature and concentration, respectively. DM and kc are mass diffusivity
and reaction rate constant. Linearized Heat flux by Rosseland [126] is:

qr = −16σ∗T 3
∞

3k∗
∂T

∂y
, (7.2.5)

where k∗ and σ∗ are mean absorption coefficient and Stefan-Boltzmann constant
respectively. In light of the necessity of nonlinear lradiation, we convert T 3

∞ with T 3
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in Equation (7.2.6), then

qr = −16σ∗T 3

3k∗
∂T

∂y
, (7.2.6)

The mathematical model has the following boundary conditions

u = Uw + USlip, v = vw =
v0√
1− αt

, −κ∂T
∂y

= hft(Tw − T ),

−DM
∂C

∂y
= hfc(Cw − C), at y = 0, (7.2.7)

u→ 0, T → T∞, C → C∞, at y → ∞. (7.2.8)

Introducing the following transformation to convert equations (7.2.1)-(7.2.4) and
equation (7.2.7)-(7.2.8) into nonlinear ordinary differential equations,

η =

√
b

ν(1− αt)
y, u =

bx

(1− αt)
f ′ (η) , v = −

√
bν

1− αt
f (η) ,

B =
B0√
1− αt

, Tw = T∞ +
b∗x

(1− αt)2
, Cw = C∞ +

c∗x

(1− αt)2
,

T = T∞ +
b∗x

(1− αt)2
θ (η) , C = C∞ +

c∗x

(1− αt)2
ϕ (η) , (7.2.9)

Using the similarity variables above Equation (7.2.1) is fulfilled. Equations (7.2.2)-
(7.2.4) and (7.2.7)-(7.2.8) will be converted into the following nonlinear ordinary
differential equations:

f ′′′ (1 +Wef ′′)+ff ′′−Mf ′+GrT θ+GrCϕ−f ′f ′−A
[
f ′ +

(η
2

)
f ′′
]
= 0, (7.2.10)

(
1 +

4

3
Rd {1 + (θw − 1)θ}3

)
θ′′ + 4Rd {1 + (θw − 1)θ}2 (θw − 1)θ′2

+ Pr
[
Ecf ′′2 + EcMf ′2 − f ′θ + fθ′ − 2A

{
θ +

(η
4

)
θ′
}]

= 0, (7.2.11)

ϕ′′ + Sc
[
ϕ′f − f ′ϕ−Kcϕ− 2A

{
ϕ+

(η
4

)
ϕ′
}]

= 0, (7.2.12)

with

f (0) = fw, f ′ (0) = 1 + γf ′′(0), θ′ (0) = λ1(θ(0)− 1),

ϕ′ (0) = λ2(ϕ(0)− 1), θ (∞) = f ′ (∞) = ϕ (∞) = 0. (7.2.13)

where We =

√
2Γ2b3x2

ν(1− αt)3
, Pr =

µCp

κ
, M =

σB2
0

ρb
, θw =

Tw
T∞

, Rd =
4σ∗T 3

∞
k∗κ

,

GrT =
gb∗βT
b2

, Sc =
ν

DM

, GrC =
gc∗βC
b2

, A =
α

b
, Ec =

b2x

b∗Cp

, fw = − v0√
bν

, Kc =
kc
b
,
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γ = αµ

√
b

ν(1− αt)
, λ1 = −hft

κ

√
ν(1− αt)

b
and λ2 = − hfc

DM

√
ν(1− αt)

b
.

Skin friction coefficient, rate of heat and mass transfer at the wall are respectively,

Cf =
τw
ρU2

w

, Nu =
xqw

κ(Tw − T∞)
, Sh =

xqm
DM(Cw − C∞)

(7.2.14)

At the wall, τw, qm and qw denote shear stress, mass and heat diffusion respectively,
where τw, qm and qw defined as:

τw = µ

[
∂u

∂y
+ Γ

(
∂u

∂y

)2
]
y=0

, qw = −κ
(
1 +

16σ∗T 3

3κk∗

)
∂T

∂y

∣∣∣∣
y=0

, qm = −DM
∂C

∂y

∣∣∣∣
y=0

,

(7.2.15)
using similarity variables, Skin friction factor, Nusselt and Sherwood numbers

Cf

(
Re1/2x

)
= f ′′ (0) +We (f ′′ (0))

2
, ShRe−1/2

x = −ϕ′ (0) ,

NuRe−1/2
x = −

(
1 +

4

3
Rd {1 + (θw − 1) θ (0)}3

)
θ′ (0) , (7.2.16)

where Rex =
bx2

ν(1− αt)
is local Reynolds number.

Generation of entropy is

SG =

κ

T 2
∞

(
1 +

16σ∗T 3

3κk∗

)(
∂T

∂y

)2

︸ ︷︷ ︸
heat transfer irreversibilty

+

µ

T∞

(
∂u

∂y

)2

︸ ︷︷ ︸
viscous dissipation

irreversibilty

+

σB2
0

T∞
u2︸ ︷︷ ︸

Joule heating
irreversibilty

+

RD

C∞

(
∂C

∂y

)2

︸ ︷︷ ︸
mass transfer
irreversibilty

(7.2.17)
Applying similarity variables, we get

NG = α1

(
1 +

4

3
Rd {1 + (θw − 1)θ}3

)
θ′2+Brf ′′2+MBrf ′2+

(
L∗

α1

)
α2ϕ

′2, (7.2.18)

Bejan numberBe =
Entropy generation due to heat and mass transfer

Total entropy generation
(7.2.19)

then,

Be =
α1

(
1 + 4

3
Rd {1 + (θw − 1)θ}3

)
θ′2 +

(
L∗

α1

)
α2ϕ

′2

α1

(
1 + 4

3
Rd {1 + (θw − 1)θ}3

)
θ′2 +Brf ′′2 +MBrf ′2 +

(
L∗

α1

)
α2ϕ′2

(7.2.20)

where NG =
T∞ν(1− αt)

bκ (Tw − T∞)
SG, α1 =

Tw − T∞
T∞

, L∗ =
RDC∞

κ
, α2 =

(
Cw − C∞

C∞

)2

.
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7.3 Solution by Homotopy Analysis Method

Initial guesses and auxiliary linear operators respectively are

f0 (η) = fw +
1

1 + γ

[
1− e−η

]
, θ0 (η) =

λ1
1 + λ1

e−η, ϕ0 (η) =
λ2

1 + λ2
e−η, (7.3.1)

Lf =
∂3f

∂η3
− ∂f

∂η
, Lθ =

∂2θ

∂η2
− θ, Lϕ =

∂2ϕ

∂η2
− ϕ, (7.3.2)

where Lf (k1 + k2e
η + k3e

−η) = 0, Lθ (k4 + k5e
−η) = 0, Lϕ (k6 + k7e

−η) = 0, and
k1, k2, . . . , k7 are arbitrary constants.

7.3.1 Convergence Analysis

It is vital to make sure that our series solution converges while using the HAM
approach. The value of the auxiliary parameter ℏ has a massive effect on the HAM
solution’s approximation convergence rate. We have a lot of flexibility in moniter-
ing and modifying convergence zone of the series solution because to this auxiliary
parameter. f ′′(0), θ′(0) and ϕ′(0) are plotted at the 20th order of approximations to
find the acceptable values of ℏf , ℏθ and ℏϕ. The selection of the values for ℏf , ℏθ and
ℏϕ ensures that curves are collinear to the horizontal axis. The permissible range
for values of ℏf (−1.1 < ℏf < −0.2), ℏθ (−1.3 < ℏθ < 0.1) and ℏϕ (−0.5 < ℏϕ < 0.0)
is clearly seen in Figure 7.2. Based on the present computations, ℏf = −0.85,
ℏθ = −0.94 and ℏϕ = −0.34 are used. Table ?? is provided to guarantee the con-
vergence of solutions. The convergence is attained at the 30th- order of estimations,
as this table clearly demonstrates.

f''(0)

θ'(0)

ϕ'(0)

-1.5 -1.0 -0.5 0.0
-10
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0
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10

ℏf , ℏθ, ℏϕ

f'
'(
0
),
θ
'(
0
),
ϕ
'(
0
)

Figure 7.2: f ′′(0) for ℏf
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7.4 Conclusion

The intention of this research is to analyze joule heating, nonlinear radiation and
viscous dissipation effects on entropy optimized unsteady Natural convective flow of
MHDWilliamson fluid across a stretching sheet with convective boundary conditions
and slip condition . The main findings of the research are following:

� M , We and fw reduces the flow.

� M , Rd, θw, Ec improves the temperature while Pr declines temperature.

� Kc and Sc increases concentration.

� A reduces the flow, temperature, and concentration distribution.

� NG increases for L∗, Br and M .

� Be enhances for L∗, while declines for Br and M .

� Cfx improves for GrC and We.

� Nux declines for θw, whereas Shx enhances for Kc.
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EMHD fluid flow with slip effects

Electromagnetohydrodynamic (EMHD) is the area that concerns the study of dy-
namics of electrically conducting fluids under the influence of magnetic and electric
fields. EMHD has raised quite an interest over the years due to its versatile appli-
cation in geophysics, engineering, biomedical engineering, magnetic drug targeting,
and many others. The non-adherence of the fluid to a solid boundary, known as
velocity slip, occurs under certain circumstances. Fluids displaying slip are essential
for technologies such as internal cavities and in the artificial cardiac valve polishing.

8.1 Novelty of the Problem

In this research, the aim of this investigation is to analyze EMHD flow of Micropolar
fluid over a stretching sheet. The energy equation includes nonlinear thermal radi-
ation and joule heating effects. Slip condition and convective boundary conditions
are considered.

8.2 Mathematical Formulation of the Problem

Two dimensional incompressible Micropolar fluid flow through a horizontal sheet
is considered. Figure 8.1 shows velocity of the stretching sheet is taken as u =
ax+USlip. A magnetic fleld of strength B is normally applied with the conjecture of
lower Reynolds number, so that the induced magnetic field may be ignored. Viscous
dissipation and Joule heating and nonlinear thermal radiation effects are accounted.
The surface of the stretching plate is in contact with another hot plate of temperature
Tw and concentration Cw with hft and hfc are the heat transfer coefficient and mass
transfer coefficient. The volume of particle concentration and the temperature of the
Micropolar fluid far away from the plate is supposed to be C∞ and T∞ respectively.

∂u

∂x
+
∂v

∂y
= 0, (8.2.1)

u
∂u

∂x
+ v

∂u

∂y
=

(
µ+ k

ρ

)
∂2u

∂y2
+
k

ρ

∂G

∂y
+
σ

ρ

(
E0B0 −B2

0u
)
, (8.2.2)

45



Chapter8

Figure 8.1: Physical Sketch of the Problem

u
∂G

∂x
+ v

∂G

∂y
=
γ∗

ρj

∂2G

∂y2
− k

ρj

(
2G+

∂u

∂y

)
, (8.2.3)

u
∂T

∂x
+v

∂T

∂y
=

κ

ρCP

(
∂2T

∂y2

)
+
(uB0 − E0)

2 σ

ρCP

− 1

ρCP

∂qr
∂y

+

(
µ+ k

ρ

)(
∂u

∂y

)2

, (8.2.4)

u
∂C

∂x
+ v

∂C

∂y
= DM

∂2C

∂y2
, (8.2.5)

The variable formula can also be used here to identify these differential equations
because it has a energy integral that is useful for the structure of the solution.

u = Uw (x) + Uslip = ax+ α∗
[
(µ+ k)

∂u

∂y
+ kG

]
, v = vw, G = −n∂u

∂y
,

− κ
∂T

∂y
= hft (Tf − T ) , −DM

∂C

∂y
= hfc (Cf − C) at y = 0,

u (∞) = G (∞) = 0, T (∞) = T∞, C (∞) = C∞.

(8.2.6)

Heat flux is given by Rossland [126]:

qr = − 4σ∗

3k∗
∂T 4

∂y
, (8.2.7)

where σ∗ and k∗ are Stephen Boltzmann’s constant and coefficient of mean absorp-
tion respectively.

Instance n = 0, G = 0 on the surface is indicated. It shows a focused particle flow
that cannot turn the micro-components nearest to the wall. This situation is often
referred to as the high microelement concentration. Because the antisymmetric
component of the stress tensor vanishes, the probability n = 0.5 implies a low
concentration of microelements. The turbulent boundary layer flows are modelled
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using the case n = 1. Consider the following similarity transformation.

u = axf ′ (η) , v = −
√
aνf (η) , ϕ (η) =

C − C∞

Cw − C∞
, θ (η) =

T − T∞
Tw − T∞

,

η =

√
a

ν
y,G = ax

√
a

ν
h(η).

 (8.2.8)

However, Equations (8.2.2) - (8.2.6) are translated in the following dimensional
equations. The completion of the continuity equation (8.2.1) is self-evident.

(1 +K) f ′′′ + ff ′′ − f ′2 +Kh′ −M2f ′ +M2E = 0, (8.2.9)(
1 +

K

2

)
h′′ + fh′ − f ′h−K (2h+ f ′′) = 0, (8.2.10)

(
1 +

4

3
Rd {1 + (θw − 1) θ}3

)
θ′′ + Prfθ′ + 4Rd {1 + (θw − 1) θ}2 (θw − 1) θ′

2

+M2EcPr
(
f ′2 + E2 − 2Ef ′)+ (1 +K)PrEcf ′′2 = 0 (8.2.11)

ϕ′′ + Sc fϕ′ = 0, (8.2.12)

Revised boundary conditions now

f (0) = fw, f
′ (0) = 1 + γ (1 +K (1− n)) f ′′ (0) , h (0) = −nf ′′ (0) ,

θ′ (0) = −λ1 (1− θ (0)) , ϕ′ (0) = −λ2 (1− ϕ (0)) , at y = 0,

f ′ (y) → 0, h (y) → 0, θ (y) → 0, ϕ (y) → 0, as y → ∞.

(8.2.13)

where Pr =
µCP

κ
, K =

k

µ
, M2 =

σB2
0

aρ
, fw = − (av)−

1
2 vw, Rex =

ax2

ν
, θw =

Tw
T∞

,

Sc =
ν

DM

, γ = α∗µ

√
a

ν
, E =

E0

UwB0

, Ec =
U2
w

CP (Tw − T∞)
, λ1 =

hft
κ

√
ν

a
, λ2 =

hfc
DM

√
ν

a
Coefficient of skin friction, wall couple stress, Nusselt number and Sherwood

number in dimensional form are

Cfx =
2τw

ρU2
w(x)

, Mwx =
mw

ρa2x3
, Shx =

xqm
DM(Cw − C∞)

, Nux =
xqw

κ (Tw − T∞)
(8.2.14)

where,

τw =

[
(µ+ k)

∂u

∂y
+ kG

]
y=0

,mw = γ∗
∂G

∂y

∣∣∣∣
y=0

, qm = −DM
∂C

∂y

∣∣∣∣
y=0

, qw = −κ∂T
∂y

∣∣∣∣
y=0

,

(8.2.15)
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These quantities of physical interest take on a dimensionless equation

NuxRe
− 1

2
x = −

(
1 +

4

3
Rd ((θw − 1) θ (0) + 1)3

)
θ′ (0) ,

MwxRex =

(
1 +

K

2

)
h′ (0) ,

1

2
CfxRe

1
2
x = (1 + (1− n)K) f ′′ (0) ,

ShxRe
− 1

2
x = −ϕ′ (0) , (8.2.16)

8.3 Solution by Homotopy Analysis Method

Liao [120] developed Homotopy analysis method for locating resolution of the gov-
erning equations. The initial guess and auxiliary linear operator can be chosen freely
in the Homotopy analysis approach.
Initial guesses are

f0 (η) = fw +
1

1 + γ (1 +K(1− n))

(
1− e−η

)
, θ0 (η) =

λ1
1 + λ1

e−η,

h0 (η) =
n

1 + γ (1 +K(1− n))
e−η, ϕ0 (η) =

λ2
1 + λ2

e−η, (8.3.1)

with auxiliary linear operators

Lf =
∂3f

∂η3
− ∂f

∂η
, Lh =

∂2h

∂η2
− h, Lθ =

∂2θ

∂η2
− θ, Lϕ =

∂2ϕ

∂η2
− ϕ, (8.3.2)

satisfying

Lf

(
k1 + k2e

η + k3e
−η
)
= 0, Lh

(
k4e

η + k5e
−η
)
= 0,

Lθ

(
k6e

η + k7e
−η
)
= 0, Lϕ

(
k8e

η + k9e
−η
)
= 0,

(8.3.3)

Here ki, (i = 1, 2, . . . , 9) are the arbitrary constants .

8.4 Convergence Analysis

Auxiliary parameters ℏf , ℏh, ℏθ and ℏϕ significantly affects the convergence and
approximation rate of HAM solutions. ℏ-curve is plotted taking appropriate order
in Figure 8.2, for this purpose. For the auxiliary parameter ℏf , Figure 8.2 clearly
suggests an allowable range of −1.6 < ℏf < −0.1. We use ℏf = −0.50 in this case.
Similarly, ℏh = −1.17, ℏθ = −0.22 and ℏϕ = −1.84. Convergence of series solution
with varying order of approximation is calculated in Table ??.
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Figure 8.2: f ′′(0) via ℏf .

8.5 Conclusion

The following are the research’s findings:

� For higher values of Electric parameter and Material parameter, both increase
velocity.

� With increasing values of Slip parameter, Magnetic parameter and Suction
parameter, velocity decreases.

� For increasing values of Material parameter and concentration of microele-
ments, both increase angular velocity.

� With increasing values of Prandtl number, temperature diminishes.

� For increased values of Magnetic parameter, Electric parameter, Thermal Biot
number, Temperature ratio parameter, and Non-linear thermal radiation all
enhance temperature.

� With higher values of Solutal Biot number raises concentration, while Schmidt
number decreases it.

� For a large amount of Magnetic parameter, Skin friction coefficient increases.

� Local wall couple stress rises for a wide number of Material parameter.

� Nusselt number rises during large amount of thermal Biot number.

� Sherwood number increases for large amount of Schmidt number.
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Conclusion of the Thesis

The most important findings of the work can be summerized as follows:

� Magnetic parameter M , Velocity slip parameter γ and Suction parameter fw

have retarding effects with velocity.

� Velocity profile increases with increase in Thermal Grashof number GrT , So-

lutal Grashof number GrC , Eckert number Ec, Electric parameter E and Mi-

cropolar parameter K.

� Weissenberg number We reduces velocity profile while variable viscosity pa-

rameter ζ behaves in opposite way.

� Angular velocity profile enhances with increase in concentration of microele-

ments n and Micropolar parameter K, while declines with high values of un-

steadiness parameter A and Thermal Grashof number GrT .

� Temperature of the fluid observes positive impact of Radiation parameter Rd,

Magnetic parameter M , Temperature ratio parameter θw, Eckert number Ec

and Brinkman number Br.

� A rise in temperature is observed for Heat generation/absorption coefficient

β and Dufour number Du, while a decline is observed for Prandtl number Pr

and Micropolar parameter K.

� For increasing values of Electric parameter E, Thermal Biot number λ1 en-

hance temperature.

� Concentration field increases for Soret number Sr, Chemical reaction param-

eter Kc, while behaves opposite for Schimdt number Sc .

� For larger values of Suction parameter fw, concentration decreases, while in-

creases with increase in Solutal biot number λ2.
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� Skin friction factor enhances with increase in Weissenberg numberWe, velocity

slip parameter γ, Thermal Grashof number GrT and Solutal Gashof number

GrC whereas declined for Magnetic parameterM , Variable viscosity parameter

ζ and Suction parameter fw.

� Nusselt number is enhanced against rising values of Prandtl number Pr, tem-

perature ratio parameter θw, Thermal Biot number λ1, Thermal Grashof num-

ber GrT and Radiation parameter Rd, while decreases for Dufour number Du,

Heat generation/absorption coefficient β and Brinkman number Br.

� Skin friction and number of Sherwood decreases for the broad unsteadiness

parameter A values.

� Sherwood number is raised for Schmidt number Sc.

� NG augmented when increment occurs in Magnetic parameter M , Diffusion

parameter L∗, Thermal Grashof number GrT , temperature difference parmeter

α1 and Brinkman number Br.

� Bejan number has increment for large amount of α1, L
∗ andM while decreases

for higher values of Br.
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Future Works

From studying previous research papers, it is observed that this work can be ex-

panded in three dimensional steady and unsteady flow of Entropy optimized fluid.

Also, effects of other physical parameters for different types of Non-newtonian fluids

can be carried out. It may also be tried to develop a Mathematical Model of two and

three dimensional blood flow with magnetic field which can be used for human life.

Study of effects of Induced Magnetic field for higher dimensional Problems is rarely

seen previous published works. It can also be tried to find the solutions of Magnetic

field effects on blood flow with heat transfer in different types of stenosed arteries

and also discussed comparative study of different types of blood flow of different

type’s stenosed arteries
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