Chapter 3

Order of magnitude of double
and multiple rational Fourier
coefficients

3.1 Order of magnitude of double rational Fourier

coeflicients

In the previous chapter, the order of magnitude of rational Fourier coefficients
were obtained for functions of various generalized bounded variation classes in-
spired by the analogous work done on the order of magnitude of classical Fourier
coefficients. In 2002, Méricz [42] extended the classical result on the order of
magnitude of the Fourier coefficients of functions of bounded variation to the
functions of two variables, which are of bounded variation in the sense of Hardy.
This marked the beginning of investigations into the order of magnitude of dou-
ble Fourier coefficients for various generalized bounded variation functions of two
variables, and subsequent contributions to this direction were made by various
authors [22, 56, 16, 69, 71, 72]. It was noted that similar investigations had not
been conducted for the order of magnitude of double rational Fourier coefficients,

and this observation inspired our work in this area.

If an integrable function f is 27 periodic in both the variables, then double
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rational Fourier series of f is defined as

S Fmn)on(e)on(e), (3.1)

m=—00 N=—00

where f(m,n) is the (m, n)™ double rational Fourier coefficient of f, given by

Fomm) = 15 [ [ 7o om0, dady

If poles of the rational orthogonal system are zero, that is oy = 0in (1.5), Vk € N,

then series in (3.1) becomes double Fourier series of f.

Various results related to the order of magnitude of double rational Fourier
coefficients for generalized bounded variation of two variable functions in the sense

of Vitali and Hardy are obtained in this chapter.

Recall that we have assumed that the parameters ay, defined in the ra-
tional orthogonal system (1.5), satisfies the condition (1.6) and 7 is as defined in
(1.6). Also, the notation T = [0,27]Y and Z*N = (Z\ {0})" for N € N will be
used throughout this chapter.

Theorem 3.1.1. If f € L(T"), (m,n) € Z2, then f(m,n) — 0 as |(m,n)| — oo.

Proof. Let m € Z* and n € Z. By following similar steps as in [62, Theorem
2.1] and using the fact that 6),,(x) is increasing and differentiable function on

[0, 27], there exists hy € [0,27] such that 6),,(x + hy) — 0),,/(z) = 7. By mean
(14+r)m

value theorem and ™U0=r0 < ¢ () < IO g oot |hy| < ————— and
1+r (1 \ )l2 1—r (1 —T‘)|m|
r(1+7)2r
m h1) = pim < — 7t

From the definition of the double rational Fourier coefficient, we get

i _1 —_—
Jlmn) = 15 / / (2, 9) b (€) 9 () drdy
4 2/ / F(@, 9) iy () pjay (y) e~ 20 i () =0 s9nm) 0o W) g gy
m

ot sgn(n) 9|n| y)dxdy
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87T2//2 J (@ + ha,y) pmi (@ + ) oy (y)

+ (@, 9) Pl () prag () ] €7 20 Oomi (D=t 29200 Omi W) ey

Hence,

1 147
fomm) < g [ 16 = £+ b ldady

_21/1Lf// |/ (@ + P, y) |y (2 4 1) = Py (%) dizdy

1 1+7r Il 7(1+7)?
h dxd )
~ 87T21 // |f§C y x+ 17y)| T y+87r’m’ (1—T)4

Clearly hy — 0 as m — oo implies f(m,n) — 0 as m — oco. Also, f(m,n) — 0
as both m,n — oo. Similarly, it can be shown f(m, n) — 0 as n — oo.
Thus, [(m,n) = 0 as |(m.n)| = co. O

Remark 4. The above result is an extension of Theorem 1.9 (p. 13) for two-
variable functions. If we take ap = 0; Vk € Z in the above result, we get the

Riemann Lebesgue lemma for the double Fourier series.

Theorem 3.1.2. If [ € Lip(p;g,ﬂ)(TQ),p > 1,¢,8 € (0,1] and (m,n) € Z**

then . ) .
F(m,n) :o(—+—+_>.
im|Snl®  |m|  |n]

Proof. There exists hy € [0,2n] such that 6),,/(z + h1) — O (x) = 7, similarly
there exists hy € [0,27] such that Op,(y 4+ he) — O /(y) = 7 and we also have
|hy| < (1”); and |hy| < (HT)W which implies |ppy, (x4 h1) — pm|(2)] < r(Lin)*n

- (1 )2 -
+r
and [pjn|(y + ha) — pp(y)| < In|(1T=r)*

Then for m,n € Z*,we have

1 -
J(m,n) = —// (@, y)dm(e®)dy (%) dady
= 1 — // f T y le\ p|n\( ) —i sgn(m) 9‘m|(m)e—i sgn(n) 0'"|(y)dxdy
™

=16 2//2 [f (2 + ha,y 4 ha) pym)(z + Ba) ppay (y + Do)
a T

=[x+ 1, y) ) (2 4 h1) ooy () — f(2, 9 + h2) pjm) () pjy (¥ + ha)
+ [ (@, ) i) () iy (y) J 7 2970 mi (D= 29700 O ) ey,
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Therefore,

|[(m,n)| =

1
1672 //2 [ (@ 4 Ry 4 Do) plom (2 ) iy (y + D)
T

— f(& + P2, y) i) (T + h1)piny (y) — [ (2,9 + Ba) plmy (%) oy (y + ha2)
+ (2, y)pim) (@) prny (y) | dxdy

L[ L1 kol + )l -+ iy
T JT

<
— 1672
[ L1 bl o+ B llon(y + hs) = g (0)dedy
T

# [ 15y m)llom 1) = ol + )y

# [ L1 oo+ Rty -+ ba) = ()

+ 1ol W) (2 + h1) = pim) ()| }dzdy

1 147
< A :
=< 162 L_T//] f(z,y; hy, ho)|dzdy
r(1
o) L//)Ux+h1ywﬂw
!n|
r(1
o) ‘//foy+%hmw
!ml

v/ / ¢ ”’d‘”"”dy{ Hr)) |n5j<i)r> H

Using Jensen’s inequality, we get

ol < g | (322 [ 18 s it hayasay
N {(1 +7r)?P(6rm)? (14 7)%(6rm)P } Hpr}

nfP(L =)t fmfp(1 —r)%

< S [12},?12},_(15 - {“(p) (f N fﬁiy) }

(S ()l
< o [C<12W1(—1jr)) (éﬁ%) (<(11—+ >)|7T|>

L B3 ErnPiL (!nill’ +L)]

(1—r)t |nf?
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where C' is some positive constant. Thus,

|f<m,n>rp:o( L, 1 +L).

[m[P[n|oP " [m[P |nf?

Hence, the result follows. O

Remark 5. The above result is extension of Theorem 2.0.1 (p. 38) for two
variable function and if we put ap = 0; Vk € Z in the above result, we get

analogous result for double Fourier coefficients, which is similar to Theorem H
(p. 15).

Theorem 3.1.3. If f € (I)ABV(TQ) N LI(TQ) and (m,n) € Z** then

|| + |m]

2[m| ~2in|
21 2okt A en) M@ K)

fim,n) =0 | &

Proof. Here, 0),,(x) is strictly increasing and differentiable function on [0, 27| and
O (€ +27) = O}, (x) +2|m|m. Therefore, for integer j € [0,2|m|], there exists an
increasing sequence z; € [0, 27| such that 0}, /(z + x;) — 6, () = jm. Similarly,
for integer k € [0, 2|n|], there exists an increasing sequence yj, € [0, 2] such that
Oy (y + yr) — Oy (y) = km. For (m,n) € Z*2, we have

A 1 —_—

f(mv TL) :p » f(xv y)¢m(ezx)¢n(ezy)dxdy

T T2

s [ [T o @pn)e e o e )00 iy,
™ T

Therefore,

Fomml <355 [ L1060 +a50+ o + 2 o+ )

— f(@ 425,y + Yr—1) pjm) (T + 25) P (Y + Y1)
— f@ 4 i1,y + Yr) Py (T + 25-1) oy (¥ + k)
+ f(@+ 251y + Yr—1) Pl (T + 5-1) Py (¥ + Yo—1) |dcdy

= #/ /% A fir(x, y)| |ppm) (@ + 2)| o (v + Yk

+f (@ + 25,y + Yol (@ + ) (Y + Yk) — P (Y + Y1)
+f (@ + 250,y + Yk o (7 + 25) = g (2 + 25-0) || ( + yr)|
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+f(@+ 250,y + yra)| {!P\m|($ + )oY + k) — Pn (Y + Y1)
+ 1Pl (T + 25) = iy (@ + 20| o) (Y + Yr—1) [}] dzdy,

where
Afi = fle+zj, y+ye)— f a4z, y+ye—1)— f(x+xj_1, y+ye) + [ (@21, y+ye—1).

Also, by the mean value theorem, we have

r(1+7)l/2 r(1+7)3%r
ol (2 + x5) = ppmy(z + @5-1)| < mm‘ — x| < A=) Pm|’

o r(147)4/2 r(1+1)3%n
|2l (Y + Y1) = Pl (¥ + Ya)| < ka e | < =

Hence,

f [ 11

< Afii(x,y)|ded ).

|f(m,n)| _Cl//]rz| fij (@, y)|dzdy + e <|m| 4 W) |

where ¢ = — 27 r@ Pl
B B (e,

For ¢ > 0, using Jensen’s inequality, we have

B(clfm.n)) < 5 [ [ 0Eecrl s dody

1
+ —D(3ce) +

o :
3 (3cea)

1
3|n

Multiplying the above inequality on both sides with and taking summa-

A( 2,k)
tion over j =1 to 2|m| and k = 1 to 2|n|, we have
2lm| 2|n|
®(c|f(m.n)
]Zl ; A, J)/\ 2,k)
. 2In| 2\m|
// ZZ SCcllAf,J x, y)|)dxdy+ 4|n|P(3ccs) N 4|m|®(3ccs)
=3/ ) e AW Ak BAanAen  3Aanren
- 2In| 2|m| .
(Bcer|Afii(x,y 2P (3cc
< [ 203 TR ey () ()
T - AwiAek) CRIZYCEY
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For sufficiently small ¢, we get

2|n| 2Iml

=2
// 2.2 2ealdfr, y)Ddxdy < BeeVao (S T) L |l +In]
T2 PRl )\(1j)>\(2k B 472 -2 2
Jj=
and 20(3ccp) < 1 Therefore,
AanAen 2
2|lm| 2|n|
(c| f(m, n)| < [ml| + |n|.
EQEQNM%Zk
Hence, the result is proved. O

orollary 3.1.4. € T°) and (m,n) € Z*? then
Coroll If f € DA*BV(T) and 72 th

n| + Iml

2lm| 2in|
D A —

fm,n) =0 !

Proof. Clearly f is bounded in T and f € ®A*BV(T"), thus it implies that f €
@ABV(TQ). Thus, the result can be proved by the previous Theorem 3.1.3. O

Remark 6. The previous results, Theorem 3.1.3 and Corollary 3.1.4, are exten-
sions of Theorem G (p. 14) for two-variable functions. If we take oy = 0; Vk € Z,
then r = 0 and thus, ¢ = 0 in the proof of Theorem 3.1.3 gives us analogous
results for double Fourier coefficients, similar to Theorem K (p. 20) and Corollary
D (p. 20).

Theorem 3.1.5. If ® satisfies Ay condition and [ € CI)A*BV(TZ), then for
m € Z*
1

£, _ -1
f(HL, 0) =0|o W
7= Ay

Proof. By following similar steps as in Theorem 3.1.3, we have, for integer j €
[0, 2|m]], there exists an increasing sequence x; € [0,27] such that 6, (z + x;) —

Om(x) = jm. By mean value theorem,

o o r(L+n)t r(l4r)*n
[P (& + 25) = pm(2 + 25-1)] < W| i~ ] < A= r)2m|
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Hence, for m € Z*, we have

~ 1 -
= — o /m AT d/ l’
f(m,0) 47T2//T2 [ (2, )P (e dxdy
_1 —i sgn(m T
4n? / / F(@,y)ppy(@)e =m0 i dady.
T

Therefore,

" 1 Co
om0 < 55 [ Ll s pldsdy +

(%)1/2,02 %andAf(:c y) = fx+z;,y)— f(z+zi_1,y).

For ¢ > 0, using Jensen’s inequality, we have

where ¢; =

(c]f(m 0)]) < 4 2// (cer|Afj(z, y)])dmdy—i—zl |(I>(003).

Multiplying the above inequality on both sides with ﬁ and taking summation
sJ

over j =1 to 2|m| , we have

2|m|

O( ccllAfJ )| O (ccy)
clf(m,0)] drdy + —=.
§elfm D35 < 1 /zz v
Therefore,
2\m|
) = ®P(cco)
®(C’f(m>0)’) S VA (Cclf('7y)>T)+ .
JZ—; Awg) — T Aa
Here,

Vi, (F(,3),T) = S‘jPZ <I>(!f(:rj+1,;z\/()1; flz, y))]))

where J is any finite collection of non-overlapping subintervals {[z;, z;+1]} € T.

Thus, by using the result (proved in [72, Corollary 2]),

Vi (090 T) < d (A Vao (. T) + Vi, (£(,0),T))

50



for all y € T and d is some constant such that d > 2, we get

2|m|

R 1 _9 — d(cc

(el f(m. 0)) < d (M Vasleerf. ) + Vi, (eerf (. 0), ) + 22

= A A
For sufficiently small ¢ € (0, 1], we get

=2 Nl CC;
VA@(CclfaT ) < mavA% (Cle(.,O),T) < 31_(1 and (I/)\((l,f)) < %
Thus,
) 2l
B(cl fm, )Y <1
j:1 (Lj)

Hence, the result follows. O

Theorem 3.1.6. If f € (&, U)(A,T)BV(T") N LYT") and (m,n) € Z*2, then

fimm=o0 (o (5 (M) )

where Az‘m| = Zf'j;‘ /\;1 and Ty, = Zi‘:ll 7/;1'

Proof. For integers j € [0,2|m|],k € [0,2|n|], there exists increasing sequences
z; € [0,27] and yi, € [0,27] such that 6),,(x + ;) — O (z) = jm and 6, (y +
Yk) = O (y) = k.

Therefore,

~

|f(m, n)]|

= 16171'2 //Tz (A ik )] opmi (= + 2)] ol (v + )]

+//TZ |f (@ + @5,y + Y1) ol (@ + 25)] 10101 (Y + Yk) — Pl (Y + Y1)

[ [0+ s+ ] e +23) = g+ 250 0+ 92)

+ //TZ (@ + 2oy + o) { gl (@ + 25)] o1y (v + yr)

= Pl (Y + Y1)+ |y (2 + 25) — Py (2 + 25 1) o) (Y + yr—1) [} dady,
where Afj, = f(x +xj,y+uyr) — fle+ 2,y +ye—1) — fle+ om0,y +ye) + flo+
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Tj_1,Y + yr—1). Hence,

ol <er [ [ 18w ldedy +e (ot 7).

Ltr o (+rPiflh
41—y T sl =)t

where ¢; =

For ¢ > 0, using Jensen’s inequality, we have

1
<55z [ LLoGealafute oy
D (3cey).

®(cl f(m,n)])

1
+ ——D(3cer) +

1
3Jm| 3Jn|

Multiplying both sides of the above inequality with )\j_l, summing j = 1 to 2|m)|
and letting Agj, = Z?'ﬁ /\j’l, we get

2|m|

(Beer | A fin(z
(| f (1, 1)) Agj| < / /ZZ 11|2WJ;J; DD g
20(3cea)  2|m|D(3ecy)
3)\1 3|n|)\1

Again, by using Jensen’s inequality, we have

2|m|
(I) 3cer| A fix(x,
T(0(c| f(m,n)]) Agpm)) < 12#2//2 2 al )\ijk( vl dxdy

U (2P (3ceaAy 1)) U (2|m|®(3ccalh))
+ .
3 3|n

Multiplying both sides of the above inequality with 7, ', summing k = 1 to 2|n|
and letting 'y, = S22 4!, we have

\IJ(CIJ(c]f(m, n)|)A2|m|)F2|n\

2|n\
- 127T2 //2

2]n|\II(2<I>(30c2)\1_1)) 20 (2|m|®(3ccod, )
+ +
3 3

2|m)|
Z d(3cet|Afir(2,y)|) dxdy
: Aj

J=1
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I:C1+CQ+03

For sufficiently small ¢, we get

O, < 47T20€1‘/EA,F)(\1;’¢)(}C7 TZ) < % < |£2’7
n

Cy < |—2’

and
Cs < ¥(|ml])
Therefore,
W(D(c|f (m. n) ) Asjuu) Popaf <[] + W (Jm]).

Hence, the result is proved. O

Corollary 3.1.7. If f € (®,¥)(A, F)*BV(TQ) and (m,n) € Z*?, then

fonm =0 (o (e (M) ).

where Ao, = Z?lﬂ‘ >\j_1 and Uy = Zi@l 'Yk_l'

Proof. The result follows from Theorem 3.1.6. (]

Remark 7. Note that Theorem 3.1.6 and Corollary 3.1.7 are extensions of The-
orem G (p. 14) for two-variable functions. If we take o, = 0; Vk € Z in Theorem
3.1.6 and Corollary 3.1.7 then we obtain analogous results for double Fourier

coefficients, similar to Theorem L (p. 22) and Corollary F (p. 22).
Lemma 3.1.8. [16, Lemma 2.4] If ® and ¥ satisfy Ay condition and [ €
(®, U)(A,T)*BV(T"), then

WVao (£ (9, Dlloe < (671 (nVirny e (FT) ) + Vag (£(,0).7).

where
[Vas (F (%), Do = sup [Vag ((, ), T)|.

yeT

Theorem 3.1.9. If & and ¥ satisfy Ay condition and [ € (©,V)(A, F)*BV(TQ),
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then for m € Z*

f(m.0)=0 (q)_l <A21|m|>> ’

where Agjp| = Z 2m| Aj 1

Proof. For integer j € [0,2|m]|], there exists an increasing sequence z; € [0, 27]
such that 0, (z + x;) — O, (x) = jm. Therefore,

1F(m, 0)] // Ao ) lddy + |m|

1
where ¢; = (}JFT:)Q ; C2 = % and Af;(z,y) = f(z+z;,y)— f(a+z;-1,9)

For ¢ > 0, using Jensen’s inequality, we have
(c]f(m 0)] // (ccr|Afi(x,y)|)dedy + 2 |(I>(003).

Multiplying both sides with )\ , summing j = 1 to 2|m| and letting Ay, =

2
Z]‘"il A7t we have

2|m| d q
Q)(c|f(m,0)|)A2|m\ < 8 . /22 D( CCl’AfJ z, ?/)dedy—i— —I)(;CQ).

Let

Vao (f(y Z (] f( 113]+1, f(%‘vy)’)’

J

M

where J is any finite collection of non-overlapping subintervals {[z;, z;4,]} € T.

Therefore,

@(ccz).

(I)(le(mv O)’)AQW\ < Ve (Cclf('v y)7T) + N

Thus, by Lemma 3.1.8, we get

(c| f(m. 0)]) Agjm

=d (VA(P (cer f(,0), ) +U (71‘/(/\»1“)(‘1/@) (cer f, TQ») + (D(CCQ).

A1

For sufficiently small ¢ € (0, 1], we get
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T CcC
V(Aar)w,cp)(cclfaT ) < %@(%),Vh@(cclf(.,o)’ T) < 3_1d and ‘I’()\lz) <

. 1
moy =0 (o (1))
Fm,0) =0 (07 (-
Corollary 3.1.10. If ® and VU satisfy Ay condition, f € (®,V)(A, F)*BV(TZ),

then for n € Z*
fom =0 (v (),
Lol

Lemma 3.1.11. A*BV (p(n) T p, gp,TQ) and AN*BV (p(n) T p, 2@,T2> coincides
for1 <p< .

Thus,

O

where Ty, = Z;‘ﬁl fy] .

Proof. We follow a similar method as in [4, Lemma 3].
It is obvious that Vi, (f, cp(n),TQ) < Vi (f7 2¢(n),T2) .

Consider [ € ABV (p( ) T D, 2¢,T2) Let us consider the following par-
tition; |z; — xj_1|, |yx — Yr—1] > o , where length of such subintervals does not
exceed 7.

By Minkowski’s inequality, we get
Zo)
3 (g ) = o, yn) = @y, yp1) + Flan pe )P |7
. AW G)
i k

1 27
< [;;W{’f@?],yk) _f (CCj‘i‘m,yk)

f<x”yk+ )+f< WQ(Z)’yH;(Z))

S5 ot (1 250) o
- (zj i ;(Z),yk " 902(7;1)> +f (xj_l’yk i %)
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p(n) }] p(n)
1
p(n) }] p(n)

_|_




_|_

£ (o 5) oo e 2)

p(n) }] o)

[ZZA(”,\ @ {‘f< » ’y’“+ @2(7;)) _f<xj_1’yk+%>

1
p(n) }] p(n)

Consider A. All the subintervals (ccj, T+ %) and (yk, Yk + %) will be on

some closed interval of length 37, say for simplicity, [p,p + 37| and [q, ¢ + 37]

—f oz, yp—1) + f (f'fj =+ %, yk)

-f (xj + %71%6—1) + f(zj—1, Yr—1)

=A+B+C+D

respectively as ¢(n) > 2. Let M; and N; be the sets of indices of subinter-
vals of (;Ej, ;4 2_") and <yk, Y + %) which are on the intervals [p, p + 27|

¢(n)
and [q,q + 27] respectively; My and Ny be the sets of indices of subintervals
of (:pjjasj + %) and (ykjyk + 20 )> which are subsets of [p + 27, p + 37| and

[q + 27, ¢ + 37 respectively; and M3 and N3 be the sets of indices of subintervals
of (xj, i+ %) and (yk, Y + 2 )> which contains the remaining subintervals,

i.e., intervals which contain p + 27 and g + 27 points respectively.

Therefore,
3
A S Z ZAlt7
=1 t=1
where
A=Y P = £ (25+ =y
) i€ M, keN, 1)/\(2) o T p(n)’ ‘
l t

1

p(n)}] p(n)

-/ (Ij’ywr wz( )) +f< ;(Z),yk—i— ¢2(2)>
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Following similar process as in [4, Lemma 3],

: =2 : =2
A <4Vy, ., (fro(n), T), A <2V (f,0(n),T),

—2

),

—2

Alg < QVAp(n)(f QO( ) ) A21 < 2‘/A p(n )(f vp( )
A22 < VAp(n) (f (70( ) ) A23 < VAp(n) (f (70( ) )
Ay < 2V, (f.o(n), T7), Asp < Vi, (f,0(n), T,

Asz < Vi, (. p(n), T2)~

Thus,
=2

A <16Vy,,, (f, 0(n), T).

Consider B. The set of indices of subintervals (a:j_l,:zzj + 2—”)) is partitioned

o(n
into L1, which contains all subintervals on [p,p + 27|, and Lo, which contains

subintervals having point p 4+ 27. Therefore,

2 3
<D Bu
=1 t=1

where
2
By = ['Z Z (1) 2) {‘f( o(n )a!/k> — [ (51, uk)
€L; keN /\ )\
21 21 o [P0 ]70
—f(a:-+ Yk + >+f(x Y + ) .
7o) T p(n) 7T o(n)
Therefore,
B < GVAP(H) (f’ w(n)’TQ)’ By < 3VAp(n)(f7 @(n)vTQ)v
Biy < 3Va,, (f.¢(n). T), Bay <4Vh (f.0(n). T,
By < 2V, (. p(n) T, Bay < 2V, (f0(n), T,
Thus,

2

B S 2OVvAp(n) (f7 QO(TZ) T )
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Similarly,

C <20V, (f,0(n).T).

Consider D. The set of indices of subintervals (yk_l,yk + %) is partitioned

into K4, which contains all subintervals on [q,q + 27], and K5, which contains

subintervals having point ¢ + 27. Therefore,

2 2
D<Y Y Dy,
=1 t=1

where

1 9 9
Dy = [’Z Z W {‘f (:Ej + @(Z),yk + @(Z)> + f (21, Yk—1)

jeLy keKy
1
p(n) }] p(n)

2 2w
~ ("”ﬂ' * Wyk-l) -/ (xﬂ‘—hy” m)

Therefore,
, =2 : =2
Dy <V, (Jop(n), T7), Dia <6Vy,, (fie(n),T),
Doy <6Vin,, (f, p(n),T"), Do < AV, (] p(n), T),
Thus,
D <25Vi, . (f, go(n),Tz).
Hence,

A+ B+C+D <8, ([ on),T).

The length of some subinterval might exceed 7 (only possible for one subinterval

each); thus by proceeding as in [4, Lemma 3|, we get,

=2

Vi (1:260).T) <100Va, (o), T°).

This completes the proof. O

Remark 8. In similar way, it can be shown thatA*BV(p(n) T p, gp,TQ) and
AN*BV (p(n) Tp, cgp,TQ) coincides for 1 < p < oo and ¢ > 1.

Theorem 3.1.12. If f € A*BV(p(n) 1 p, @,Tz), 1 <p<ocoand (m,n) € Z*,
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then

1 . 1 . 1
. 4=
) oln| PG (Imnl) Im| ~ |n]
<Z i L2k nl W)
J

where T(|mnl) is as defined in (2.1).

f(m.n)=0

)

Proof. For integers j € [0,2|m|],k € [0,2|n|], there exist increasing sequences
€ [0,2n] and y;, € [0,27] such that 0}, (z + z;) — Oy (z) = jm and 6}, (y +
Yr) — On(y) = k. Here,

(1—=r)r <o—wa < (14+7r)m
(L4 7)|m| (1 —1r)|m|
e (-1 (1+1)
— )T )T
Sy R <
A0l == =)l
Thus,
1 1
< A dxd
ol <er [ [1amute sy +e (ot ).
lL+r r(L+ 1)/
h = — -
where &= fem iy 2T e

Afix = fle+z,y+uyn) — fle+z,y+tuer) — @4z, y+ue) + fe+x1,y+
Yk—1)-

Dividing both sides of the above inequality by )\gl)AEf) and summing over j = 1
to 2|m| and k =1 to 2|n|, we get

(1m0 = |ﬁ§§nw

j=1 k=1
2|lm| 2|n|
IA fik(x,y
@JLZZA%®d@
=1 k=1

By applying Holder’s inequality on the right side of the above inequality and
_|_

letting p =1, we get

1
T(Imnl)) * q(r(Imn]))
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2|m| 2|n
2 C C
<|f(m,'n')|_m2’_|72’>]z_:z_: 1)>\2)

1
<af] S Aulepplrind S
= 1)+ (2
’ j= 1 k 1 )‘; ))\](g)
1
2im| 2|n| FGETD)]
> dudy
ONE
=1 k= 1 )>‘ )
P
2|lm| 2|n| q(r(Imn
1 20+7r) —
<o (XY o Vi (1220 T)).
Hence, the result follows from Lemma 3.1.11. 0

Remark 9. The above result is an extension of Theorem 2.0.3 (p. 39) for two-
variable functions and if we put a, = 0; Vk € Z in the above result, we get
analogous result for double Fourier coefficients, which is similar to Corollary H
(p. 24).

Theorem 3.1.13. If f € A*BV (p(n) 1 p, cp,TQ), 1 <p< oo andm € Z*, then

f(m,0)=0 L 1

5 pG(m) ]m|
(2t 5)

(
J

where T(|m|) is as defined in (2.1).

Proof. For integers j € [0,2|m|], there exists an increasing sequence z; € [0, 27]
such that 6}, (z + z;) — 6 (z) = j7 and hence

Fomo < e [ [ 185 aidrdy + 22,

(402  anP
8m2(1 —r)1/2’ 2 8r(1 —1r)7/2
z;_1,y). Dividing both sides of the above inequality by )\gl) and summing over

where ¢; =

and Af; = f(x +zj,y) — f(x +
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Jj =1 to 2|m|, we get

2|m|

(170n01- ||>sz|>\§1.1)_ L

By applying Holder’s inequality on the right side of the above inequality and

1 —
letting ey + gy = L We get
. o 2y
J=17
1 1
2|m| |Af 2, y)[Pem) PO [ 2)m| 1 a(r ()
J Jj=1 "
By Minkowski’s inequality, we have
2|m| m
A 02
(1Fm01- ) >

PG 20+7) 2
p(7(Im[))
< dr’c ()\52)) {VAP(n) <f, (1 — )SD,T )

+ Vi (f(" 0 2(11:?:)%T> } |

Hence, the result follows from Lemma 3.1.11 and Lemma 2.0.2. O

The Akhobadze class of variation, BA(p(n) 1 p, ¢, T) (Definition 1.1.7 on
p. 10), is extended for two-variable functions and later on results for the order of

double rational Fourier coefficients of functions in this class are obtained.

Definition 3.1.14. Let [ € LW(TQ) be 27 periodic in both variables. Let p(n)
and ¢(n) be increasing sequences such that p(n) < g(n), 1 < p(n) 1 p for 1 <
p<ooand 1 <g(n)?tqforl<qg<oo. Then fe€ BA(p(n)Tp, qn)Tq, gp,Tz) if

A(f,p(n) 1 p,q(n) 1 ¢,0,T)

a(m) a(m)
1 1 p(m)
TRt (— L1 asy g poo dw) dyb <o,
m21 hkzrjn)z k Jz \h Jt
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where
Af(:rvy; hv k) = f(JS' + hvy + k) - f(JL' + h? y) - f(Ivy + k) + f(:rv y)

Theorem 3.1.15. If f € BA(p(t) 1 00, q(t) T 00, 0, T°) and (m,n) € Z*, then

. 1 1 1
f(m,n) =0 5 — + + ,
| m | PGmaD) | p |aGTmat) lm | |n]

where T(mn) is as defined in (2.3).

Proof. For j = 1,2, there exist h;, k; € [0, 27] such that 6,,,(x + h;) — O () =
I Oy + kj) — Oy (y) = g7, hy < hy and ky < ky. Here,

(1—r)m

(1+7)|m|

(14+7r)m

<h h< —————
ST A=) m]

and ) .
A-nr o (nr
(L+7)[n| (I=r)[n]
Let (m,n) € Z*Q,hg — hl = h and /{72 — k’l = k.

Therefore,

A 1 1
ey 1< e [ [ 1Ay k) | dody +c ( +—) |
T [m | [n]
2
1+7r andczzr(l—i-r) IS
1672(1 —7) 8r(1—r)*
inequality and letting p(T(\?lnnD) + & L =1, we get

d(r(Imnl))

where ¢ =

A Co Cy
| fm,n) | —7— = —
’ [m | |n|

1
1 p(r(fmnl))
<a / (— / | Af(a,y; by k) PO da;)
T \IhJT
( [t m) e } dy
.
S p(r(Imn)
< 27TCth(T(|mn))/< /|Af z,y; h, k) |p (Imnl)) ) dy.
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Again, by applying Holder’s inequality on the right side of the above inequality

: 1 1 _

and letting q(Tgmn\)) +Ct(7(‘mn|)) =1, we get
; 2 2

’f(mvn)|_|m|_n’

1/ eI ey
< { / . (— / | Af (@, y; by k) [P0 da:) dy}
Tk \hJT
t(r(|mnl)) t(T(\mnI)) 1
/kq(r<|mn>> y 27 cy hpGmnD)

< 4 clhp<r<|mn\>>kq<r(|mn\>>A(f7p(t) 1 00, q(t) 1 00, %TZ)

| m |p<7<\:nn|>>| n ]qwﬁnnm '

Hence, the result follows. O

Theorem 3.1.16. If marginal function f(.,b) € BA(p(n) 1 c0,¢,T), b € T and
m € Z*, then
p 1
fm,0) =0 ——F—],
] m ]wum\))
where 7(| m |) is defined as in (2.3).

Proof. There exists h; € [0, 2n] such that 6),,/(x + hj) — O (z) = jm for j =1,2

and h; < hy. By the mean value theorem, we get

(14 7)'/2 r(147)3%n
| plmi (2 + h2) = pymy (T + 1) [ (1— _)5/2 (hy — ) < (1=7r)72|m|
s 1 1
B ek PP U ) L
(L47)[m| (L=r)[m]
Hence,
] f(m, 0) I< (:1// | Afi(z,y) | dedy + 2 ,
e | m |
3/2
where ¢; = 1 Ltr _ r@An)T I and Af; = f(z+he,y)— f(z+

s\ (=7 @7 " 8a(l—r)P2
h1,y). By applying Holder’s inequality on the right side of the above inequality
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and letting =1, we get

1 1
Pl T aE(m)

| f(m,0) |m|

Ea(T) d(r(jml)) E G
< Cl/ / | Afl T y) |:D(T ImD) g /hp(r(hn))dx dy
T

< dr2e kT A(f (., y), p(n) 1 00, ¢, T)

1
=0 ——— |-
y m ypwmm

Hence, we get the required result. O

Remark 10. If o, = 0 Vk € N then Theorem 3.1.15 and Theorem 3.1.16 gives
analogous results for double Fourier coefficient with order containing only first

term as r = 0 implies ¢; = 0.

3.2 Order of magnitude of multiple rational Fourier
coefficients

For a function, [ € Ll(TN), which is 27 periodic in all the variables, multiple

rational Fourier series of f is defined as

fla, @, an) ~ Z Z Z F(Ra oy o by ) @r, (€7) iy (€772) ..oy (€,

k1€Z ko€Z kNEZ

where N € N and f(ky, ..., ky) is the (ki, ..., kx)™ rational Fourier coefficient of
f given by

f(]fl,..., st (6”71) ..qka(e”N)d:rl...de.

If ap, = 0; Vk € Z, then rational multiple Fourier series becomes multiple

Fourier series with the exponential system as its orthogonal system.

The results of double rational Fourier coefficients can be extended similarly

for multiple rational Fourier coefficients. The following result can be considered
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a Riemann-Lebesgue analogous result for multiple rational Fourier series.

Theorem 3.2.1. If f € LNT"). (k1 ..., kn) € Z¥, then f(ky, ..., kx) — 0 as
’(lﬁ, ,k‘N)| = \/|k‘1|2 + ...+ |kN’2 — Q.

The forthcoming results in the remaining portion of this section are related
to the order of magnitude of multiple rational Fourier coefficients. These order
of magnitude of coefficients can be obtained by following proofs similar to those

for their two-variable counterparts but applied to functions with N variables.

Theorem 3.2.2. [ff S sz(pMBla/BviﬁN)(TN)vp 2 17/317"'#6)N S (07 1] and
(ks .., ky) € ZN then

N
. 1 1
Fiy ki) =0 [ oo+ Y
fky, s k) <,kl|ﬁln_|kN,5N - ykj|>

Theorem 3.2.3. If f € ®PABV(T" )N LYT") and (ky,....ky) € Z*N then

Fht, k) = O | @7 D i
f( 1y eey N) - 2121\121\ "'ZZlkN‘ 1

IN=L A Ay

Corollary 3.2.4. If f € ®A*BV(T") and (ky,....ky) € ZN then

. k k B O (D_l Z;V::L ‘kl“k]“kl\fl
Sk, kn) = 2?1“21‘--~22|W 1

IN=L A AWy

Corollary 3.2.5. If ® satisfies Ay condition, [ € CIDA*BV(TN) and (ky, ..., kn)
€ ZV is such that k;j # 0 for (1 <)j1 < ... < ju(< N) and k; =0 for (1 <)l; <
o < An_m (< N), where {ly,....,In_n} is the complementary set of {Jj1, ..., i}
with respect to {1,..., N}, then

M |kj1‘"-‘k]'1u‘
=1 TRyl

2‘k]'1| 2|ij‘ 1
Zilzl Zi]\/jzl

AGi1i1) - AGaring)

~

Flly, s ky) =0 | @7

Definition 3.2.6. Let f be a complex valued measurable function defined on
RN =10 x . x IW™) = [ay,by] X ... x [an,by]; A = (AW, AM) | where
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A = {)\,(f)} is a non decreasing sequence of positive numbers such that
k=1

-1
Yok (/\,(f)) diverges for t = 1,2,..., N; for 1 <p < o0,1 < p(n) 1 pasn — o
{p(n)}o2, is a real sequence such that ¢(1) > 2 and ¢(n) 1 oo as n — oo. Then
[ € ABV (p(n) T p, ¢, RY) if

VAP(H)(f» RY) = sup sup {VAp(n) (f’ {]i(ll) % x ]i(]{]\’)})

nz1 {Ifll)x...xli(j\\;)}

N
{10 .xﬁy}zﬂtﬂﬁlﬁ}<m7

11

where {[f}f)} is finite collection of non overlapping subintervals of I*) for k =
1,...,N;

1
p(n)\ »(n)

‘(ﬂ” 1)
(1) (N) N :
‘/Ap(n) (f7 {[il X ... X [iN }) Z Z A(N) Y

Zl TN

FIW X T = F(TW x s TVD b)) — (I x . x TN ) | here
J ([(1)) = f(bl)_f(a’l)7 / ([(1) X ](2)) = f(b17b2)+f((1f17(12)_.f(bh(ZQ)_f(“l»bZ)

and so on; and
5{]2.(11) X ... X .(N } —5{[ “1) 1,3511)] e X [sg)_l,sg)]}

1nf {H| (k) _ Zf)l }

77777

Definition 3.2.7. A function f € A*BV(p(n) 1 p,¢, RY) if f € ABV(p(n) 1
p, o, RY), 1 < p < oo and each of its marginal functions

J(1, ooy @1, Q4 Tig1s ooy TN)
e (AW, ACY AGD AN BY (p(n) 1 p, @, RN (as)),
Vi=1,2,...,N, where
RN(a;) = {(21, ..., Ti1, Tigr, .y o) € RNV ay € [ag, by

Vk=1,.,i—1i+1,.N}
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Theorem 3.2.8. If f € A*BV(p(n) 1 p, go,TN), 1 <p<ooand (ki,....kn) €
Z*N then

N
. 1 '
f(kl*akN):O Z k
2|k1 | 2lknN| 1 FOATRL RN T — IF
Lig=1++ Lin 1 530
1] PN

where T(|ky...kn]|) is as defined in (2.1).

Theorem 3.2.9. If f € A*BV(p(n) 1 p,e, T"), 1 < p < oo and (k1. ..., ky)
€ ZN is such that k; # 0 for (1 <)j; < ... < ju(< N) and k; = 0 for (1 <)I; <
o < In-m(< N), where {ly,....Ix_ar} is the complementary set of {j1,...,7m}
with respect to {1,..., N}, then

1 M
f(k?l,,k:N):O Z
2|kj, | 2[kjp | 1 pwk“ e
Zh:l Ez’le A1) )\(J'M)
i1

N
where 7(|kj, ...k;,,|) is as defined in (2.1).

Definition 3.2.10. Let [ € L=(T ) be 27 periodic in all the variables, p;(n) be
increasing sequences such that p;(n) < p;_1(n), 1 < p;(n) t¢; and 1 < ¢; < o0
for j = 1,2,...,N. Let {¢(n)}>, is a real sequence such that ¢(1) > 2 and
lim,, o ©(n) = co. Then f € BA(pi(n) T q1,....p8 (1) T qw, gp,TN) if

Alpi(n) 1 g1, pa(n) 1w 0. T)

pa(m)

1 1 (m) p1(m)
= sup sup o h_/| Af(x1,..,xn; by, hy) [PV day
m2l Yt (P 1 JT

1
pN(m)
.dxy < 00,

where Af(z1;h1) = f(z1+ h1) — f(21),
Af(wr, wo;hay ho) = [(w1+hy, watho) = (21, 22+ he) = [ (w1 + I, w2) + [ (01, 12),

Af(xy,..,xn; by, .., hy) = 271“:0 ZiNZO(—1)“1+“2+"'+“Nf(3:1 + urhy, .., on +
UNhN).
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Theorem 3.2.11. If f € BA(pi(n) T ¢1,...,pn(n) T qN,go,TN), q; € [1,00] for
j=1,2,..,N and (ki,....,kx) € Z*N then

Sk, ky) = O ! +§:1
b ykl|m PN R AND) | kel )

T
| kn |pN(7'(|k1~~kN\)) =1

where 7(| k1...kn |) is defined as in (2.3).

Theorem 3.2.12. If marginal function f(.,...by,....;biy_,--s.) € BA(pj(n) T
Qjys -y Py () T qu,cp,TW), qj, € [1,00] fort =1,2,.., M and (ky,....ky) € ZV
is such that k; # 0 for (1 <)j; < ... < ju(< N) and k; =0 for (1 <)l; < ... <
In-m(< N), where {ly,....Ix_a} is the complementary set of {ji,...,Ju} with
respect to {1,..., N}, then

F0, oo ks s Ky s 0)

1 M 1
=0 — ; +y "l
| k]l |P.7.1(T(|kj1u.k]'1\/1’)) | kj[\/[ |ij(T(|kjl"‘kj]\4|)) =1 It

where (| kj,...kj,, |) is defined as in (2.3).

Corollary 3.2.13. If f € BA(p1(n) T ¢1,...,pn(n) T qN,gp,TN), q; € [1,00] for
7 =1,2,..,N and (ki,....kx) € Z*N then multiple Fourier cocfficients of [ are

77777 kN)(f) and

1
Clky,..., kN)(f) =0 1 1 s
’ k1 |P1(T(|1€1---’€N|)) | kN |PN(T(U€1---/€N\))

denoted by c(,

where
7(n) =min{k: k€ N,p(k) >n},n>1. (3.2)

Corollary 3.2.14. If marginal function f(.,...,by,....biy .- .) € BA(pj (n) T
Giys oo Dins () T @i 0, T, @, € [1,00] fort =1,2,... M and (ky, ..., ky) € ZN
is such that k; # 0 for (1 <)j1 < ... < ju(< N) and kj = 0 for (1 <)l; <
o < An_m (< N), where {ly,....,In_n} is the complementary set of {Jj1, ..., jm}
with respect to {1,..., N}, then multiple Fourier coefficients of [ are denoted by
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1
C(O ,,,,, kjl ,,,,, kj]w ,,,,, 0) (f) = O I 1 ’
| kjl ’pjl(T(’kjl"'kjl\/ID) | ij ’ij\/I(T(|kjl'”kj1M|))

where T(| kj,...k;,, |) is defined as in (3.2).

Remark 11. Corollary 3.2.13 and Corollary 3.2.14 can be obtained from Theo-
rem 3.2.11 and Theorem 3.2.12, respectively, by taking oy = 0, for all £ € N and
hence r = 0, so only the first term remains in the order and other terms, being

multiple of r vanishes.
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