Chapter 4

Rate of convergence of rational,
conjugate rational and double
rational Fourier series

It is observed that the rate of convergence of Fourier or rational Fourier coefficients
of a function depends on the smoothness of the function. However, this alone does
not reveal the behaviour of the Fourier series or its relationship to the original
function. The study of the convergence of a Fourier series is crucial to ensure
the accuracy and reliability of representing functions as infinite sums of sines
and cosines. This analytical investigation holds significance across diverse fields,

including mathematics, engineering, physics, and signal processing.

Extensive exploration of Fourier series’ convergence is documented in the
literature, with one notable outcome being the Dirichlet-Jordan test for the con-
vergence of Fourier series. This test furnishes information on the convergence of
the Fourier series for functions of bounded variation, extending its utility beyond
theoretical mathematics. It finds practical applications in fields where Fourier

analysis is essential for comprehending and representing complex functions.

Numerous researchers have delved into the conditions for convergence,
uniform convergence, and absolute convergence of Fourier series for functions
exhibiting various forms of generalized bounded variations. Their findings con-
tribute to a deeper understanding of the convergence behavior of the Fourier

series in diverse mathematical contexts.
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In 1971, Bojanié provided a quantitative version of the Dirichlet-Jordan
test in terms of variations (refer to Theorem @ on p. 28). In 1982, Waterman
presented an estimate of the Fourier series convergence rate for functions that
are closer to the class of harmonic bounded variation (refer to Theorem R on p.
28). In 1987, Mazhar and Al-Budaiwi [38, p. 178] obtained an estimate of the
rate of convergence of conjugate Fourier series of functions of bounded variation
(refer to Theorem S on p. 29). In 1992, Mdricz gave the quantitative version
of the Dirichlet-Jordan test for double Fourier series (refer to Theorem U on p.
30). In 2013, Tan and Qian obtained the analogous quantitative version of the
Dirichlet-Jordan test for rational Fourier series (refer to Theorem V on p. 31).
These works inspired us to study the results related to the rate of convergence
of rational, conjugate rational, and double rational Fourier series of functions of

generalized bounded variations.

In this chapter, the parameters ay, defined in the rational orthogonal
system (1.5), satisfies the condition (1.6) and 7 is as defined in (1.6).

4.1 Rate of convergence of rational and conju-
gate rational Fourier series of function of

generalized bounded variation

The following notations and conditions will be assumed in the rest of the chapter:

1. We assume that % is non increasing and for fixed n, H(t) is a continuously

non increasing function on [—7,0) and (0, 7] such that

_ A,

H(t) = =

where ¢ = n"—fl and k=41, 42, ..., +£(n+1).

f(@) = flx =) ift € T\ {0}
0ift=0.

Y= wx(t) =
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7.

8.

- Nem =

fle—1t)ift e T\ {0}

O = ¢ (t) =
0ift=0.
. Jz(@ = lime_,o+ f(a; €)= % e<n Q{egi(_tj)Z)dt'

: 050(¢z7 [CL, b]) = Supuye[a,b] W}x (t) - 2/}1: (y)|

m’“—L, Vk=0,1,2,....,m; m € NU{0}.

I]:—m = [nkmv 77(k+1)m]'

Ik‘_m = [_77(k+1)m7 _nk‘m]

Theorem 4.1.1. If [ is bounded, measurable function in [—m,w| and is requlated

ie. f(z)=1/2{f(x+0)+ f(x —0)} then

507) — )l < DS S fosely, 1) + oselihn I} -
k=0

Proof. In view of [60, Lemma 2.1] for a; = |axle’™, n € N and z € [—m, 7], the

partial sums of rational Fourier series is given by

Suf(x) = %/_ F@— Do — £ 2)dt,

where

and

"N 1— ol
0,(t,z) = dy.
(t,2) /t ;1—21ak|cos(y—ak)+|ak|2 Y

Note that for n € Z \ {0} and by (1.6), we get,

: 1 — oy |? 147
n (€)= < . 4.1
[n(e™)] \/1 — 2| cos(z — ap)) + oy > ~ V1—r (41)

Therefore, for n € N,

1+

Da(t.2)] < (n+ 17—

(4.2)
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Thus,

f(x) = Snf(z) = % /Oﬂ Vo) Dy (x — t, x)dt + % i Vu(t) D (2 — ¢, x)dt

= A+ B.
Therefore,
1 1
A=— Ve (t)Dp(x — t, z)dt + — Z/ (2 (t) — V(M) ) Dn(x — ¢, z)dt
T Jig, s

1 "/
D

= Ay + As + As.
Similarly,

B= 1 Yo (t)Dp(x — t, 2)dt +

TJI,,

[ @alt) = v Dula = )

k=1 " Tkn

1 n
k=1 Tkn

= B + By + Bs.

N | =

By (4.2), we have

A< 2 [ 1) = OlID )l

e Lo 1
< osc(1y, On)/ (n+1)1+rdt
IOn

™ -r

—_

+r

<
S 7

0sc(y, I5)

<

and similarly

1
+ TOSC(Q/}QC, I5,.)-

Bl <
’ 1’_1—7'

Since sin (%) > % for 0 <t <, we get

3

n

|4s| <

/I+ 92 (t) — Y (mn)|| Do (z — ¢, 2)|dt <

k=1 kn k=1

1
T 1056(1,%, L)
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and similarly

By < Z posclin. I,

Let

Nkn Nkn

In view of [60, Lemma 2.3|, we have for 0 < u <,

2

oat| < Z4ED /D J+tL)dt_M.

2n(1 —r)u 2n(1 —r)u
Thus, we get
m(1+7) B m(1+47)

R < d|R.| < . 4.

’ | k(l _ 7‘) an |Rkn| — k(l _ 7,) ( 3)
We have

Z {T/Jx nkn 7/136 N(k— 1)n)} (R;:n)

and

Bs _ 1 Z{I/Jx —1hn) = V(= 1k-1)n) } (Ri)-

k 1

Therefore, by using (4.3), we get

n

1+7r
- 1-

1+r
|As| <

1
Z 705 (g, I % (h_1yn) and |Bs| < 7,08 sc(Va L _1),)-

k=1

Thus, we have

2(1+7) -~ 1 2(1+7) <~ 1 _
Al < ), |Bl < s Lpn)-
Al < T ;kﬂoscw kn): |Bl < T ;kﬂoscw in)

Hence, the result is proved.

Corollary 4.1.2. If f € ABV([-7m.7]), 25 =a, < ay—1 < ... < a9 = 7 and

n+1
—mT=by < by,....,< b, = n_+1, then

(155 1500) = 10 < 222030 0.7 + Vi, [ 0)
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Proof. The result can be easily obtained from Theorem 4.1.1 and by following
the method as given in [76]. O

Corollary 4.1.3. If f € {n°} — BV([-m,7]), 0 < 3 <1 then

(721(—?-;)?—)5 14_'7" Z L8 {Vinsy (@, [0, 7/K])

+ Viney (0, [-/, OD}

Spf(x) = [(2)] <

Remark 12. Theorem 4.1.1, Corollary 4.1.2 and Corollary 4.1.3 are analogous
results of Theorem R (p. 28) for rational Fourier series as for r = 0, the es-
timations for classical Fourier series are obtained. These results generalize the
estimation of rational Fourier series for functions of bounded variation given in
Theorem V (p. 31).

Theorem 4.1.4. If f is bounded, measurable and requlated function in [—m, 7]
then

- ~ T 2(1+7) - 1 i _
Snf(x) _f (x7n+1>‘ < 1—r kz_;k—Fl {OSC(¢rv]kn)+OSC(¢IE7Ikn)}'
Proof. In view of [60, Lemma 2.1] for a; = |ag|e’*, n € N and x € [—, 7], the

partial sums of conjugate rational Fourier series is given by

800 == [ s —0Due— o)

where

n

Dofti) = 3 3 (~i)sen(kjE(eon(e) =

k=—n

cos (551) — cos [ + 6, (L, z)]
2sin (%)

and

N 1 — Joy/?
0,(t,z) = d
(t @) /t ; 1 — 2|ag|cos(y — ax) + |agl? Y
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Therefore by using (4.1) and the simple fact that sgn(0) = 0, for n € N,

1+r
_T‘-

]Dn(t,x)| <n

(4.4)

Using the fact that

Dy(z — = ———dt =0
/ (x —t,z)dt =0 and / cer 2t t/2) ,

S*nf(a;)—f<x,n” >:%{ /% ;z;—tx)dtJr/j%dt}

n+1

-7

Therefore,

A=—— /Ion ¢2(t) Dy (z — t, z)dt

13 0 - s ==l

+= 2/ 62 (1) — +?"(:i_t’x)]dt

2 sin (5)

= Al +A2 +A3.

By (4.4), we have

A 2 160 = 60D b < T ose015),

cos[%-}-@n (m—t,x)]

Let Dj(x —t,2) = —2— )
s 2

and since sin (%) > Lfor0<t<m, weget

1
A<t Z [ 1600 = bl 1Dt < Zk “osc(on. I}

76



Let Ty, = [ Dyi(x —t, x)dt. In view of [60, Lemma 2.3], we have for 0 < u < T,

. w2 (1+7)
Di(z —t,2)dt| < ————.
/u nl@ = 12) ‘ ~2n(1—1)u
Thus, we get
1+7)
T+ < . 45
| kn| — k(l _ T) ( )

Hence, we have

. 1 <&
A3 = ; Z {%(Um) - ¢m(7](k—1)n)} (Tk—;)
k=1

Therefore, by using (4.5), we get

. 1+r 1
Al < 1203 S ose(Ber Ty
k=1
Thus, we have
o214 )& 1
|A] < T . osc(¢z, 1))
k=0
and similarly
- 214 ) 1
B| < e L)
Bls == 2 ggocln fin)
k=0
Hence, we get the result. ]

Corollary 4.1.5. If f € ABV([-m,7]), 75 = an < @p1 < ... < ag =7 and
—mT=by < by,.. <b, ==, then

n+1’
1—r
1+

5t @) - (075 )| < 2o 0.7 + Vi o)

2T
n+1

n—1

Z Va0, [0, ai])(H (ai41) — H(a;))

Z Va(@, [bi, 0]) (H (bs) — H (biy1))-

=0

2w

+
n+1

7



Corollary 4.1.6. If f € {n°} — BV([-m,7]), 0 < 3 <1 then

. - s 22—8) 14+r =1
Suf(w) = f (r -y 1)‘ < (n(+ 1)f_>ﬁ.1fr ;k—ﬂ {Viney (0. [0, 7/K])

+ Vinsy (0, [=7/k.0]) } .

Remark 13. Corollary 4.1.6 generalize the result obtained in Theorem V

(p. 31). If r =0, then Theorem 4.1.4 estimates conjugate Fourier series.

4.2 Rate of convergence for double rational Fourier
series of function of generalized bounded vari-

ation

The following notations and conditions will be used in the rest of this chapter.

1. If f € A*BV([a,b] x [c,d]), then Va(f,[a.b] X [¢,d]) denotes the A— vari-
ation of the function f on [a,b] x [c,d] and let A = ({\;}, {}). Also,
Vi(f(.,¢),a,b]) denotes A = {\;} variation on [a,b] of the marginal func-
tion f(.,0) and similarly Vi(f(a,.),[c,d]) denotes A = {ux} variation on
[c, d] of the marginal function f(0,.)

We also assume that % is non increasing and if m is fixed then H(t) is a
continuously non increasing function on [—m,0) and (0, 7] such that

qm
m+1

)\.
H(t):%; t = and j = +1,42, .., +(m+1).

M|
|K|

is a continuously non increasing function on [—,0) and (0, 7| such that

Similarly, we suppose that is non increasing and if n is fixed then G(1)

k
G(t) = %; t= nfl and k= +£1,£2, ..., £(n+1).

2. The oscillation of a function g : [a,b] — C over a subinterval [a;, b1] of [a, b]
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is defined as

osci(g, lar,b1]) = sup | g(t) —g(y)|.

t,y€lar,bi]

3. The oscillation of a function A : [a,b] X [c,d] — C over a sub-rectangle
[a1, b1] X [e1,dy] of [a,b] X [c,d] is defined as

OSCQ(]’L, [al, bl] X [Cl, dl])
= sup | h(uhvl) - h(u2>vl) - h(u17v2) + h(u2>v2) | :

u,uz€lay,b1];
v1,v2€[c1,d1]

4. For m € NU {0}, we define

krm
m = , VE=0,1,2,....m;
1M m+1 "

I]j_m = [nkma n(k+1)m]
and

L = M0 1)m> —Mkm]-
5. For a function f € T = [—m, 7], we define
1
S(fr2.y) = {/ (& +0,y +0) + fle =0,y +0) + f(z + 0,y —0)
and ¢ (u, v) 1= gy (u,v)

S(fizy) — flx —uy —v) if u,v #0
S(f;2,y) — LoD a0y gy g £
S(f;x,y) — Lot QR Emwy=0 ¢4 £ 4 =0
0 ifu=v=0.

Note that, here f(z+0,y+0) := im{ f(x+u,y+v) : u,v — 0 and u,v > 0}
and similary other limits like f(z—0,y+0), f(z40,y—0) and f(z—0,y—0)

are defined.

6. In view of [61, Lemma 2.1] and [60, Lemma 2.1], for ay =| oy, | €"*, n € N
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and x € [—m, 7], the partial sums of rational Fourier series of integrable

function g(x) is given by

1 ™
Sngle) = / o — ) Dol — )L,

us

where rational Dirichlet kernel is given by

N o Tz—t
= %k;n qﬁk(cit)gbk(eix) — Si [anﬁ‘(;nt(; :E)] (46)
and 1— | 2
— | ag
o) = | 2 T3 e ooy — ) Tar PO
Here,

/ﬂ D,(t,x)dt =7 (4.7)

™

7. For m,n € N, the partial sum of double rational Fourier series of an inte-

grable function f(x,y) is given by

Sun(f32,y) = ZZM, )& ()i (™).

j=—mk=—n

Using (4.6) and the fact that f is 27 periodic in both variables, we have

Sn(fr1 2 y)

47T2 Z Z {// F(u0)d;(e™)pr(e)g; (e m)cﬁk(eiy)dudv}

=—mk=—n

- / [(10,0) Dy (112) Dy (0, ) dude
m T2
1
== / /2 [z —u,y —v)Dy(z —u,2) D, (y — v, y)dudv. (4.8)
T
8. A two variable function f(z,y) is said to be regular in T if Jx£0,y £
0), f(x£0,.) and f(.,y £ 0) exist for (z,y) € T

Theorem 4.2.1. If f is bounded, measurable function on TQ, 27 periodic in each
variable and for (z,y) € T flex0,y£0), f(x£0,.) and f(.,y £0) exist (i.e,
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[ is regular), then for any m,n € NU {0},

e
= +
—

19 <1+7’>_ L {osci((.,0), L) + osei (¢(.,0), I;,)}
)

. 1
Z m {OSCQ(I/),]jm X ],:;1)
=0 k

J =0

+osca (v, 1, x IL ) + osco(0, I x I ) + osca(ih, Iy x I )} (4.9)
Proof. By using (4.8) and (4.7), we have

f:vy mnfvxy)

= —// {S(f;2,y) — [(x —u,v —y)} Do (2 — w, ) Dy (y — v, y)dudv

:_//[fxy ooy

_ {S’(f;x?y)_ [z —O,y—v);rf(a:Jro,y_v)}

Dy (z — u,2) Dy (y — v, y)dudv

+_// [{ ($—07y—v)42—f(a:+0,y—v)}

+{S<m,y>_f@-w%@;f@-w-@}}

X Dy (2 —u,2) D, (y — v, y)dudv
1 Ky e
— [ [ 00 = 90.0) = 600} Dl — 0. )Duy v 9)dud

Lm0
+—/ / {(u,v) = (u, 0) — (0,0) } Dy (x — u, ) Dy (y — v, y)dudv

i2/_7T/ {w U, U Z/J(O, U)}Dm(x —u, J;)Dn(y — U7y)dudv
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+ % {(u,v) —¥(u,0) — (0,v)} Dy (x — u,2) D, (y — v, y)dudv

—T J =T

+1{ b 0)D (:L’—uxdu—i—/ (00D (:r—u,:r)du}

{/ S0,y —v)do+ [ 60,0 (y—v,y>dv}

= A1+ Ay + Az + Ay + A5+ Ag.

Let h(u,v) = ¢(u,v) — 1(u,0) — 1)(0,v). Therefore,

/ / (u,v) Dy (x — u, ) Dy (y — v, y)dudv

I S

+Z/I+ i {h(u,v) = h(njm, )} Dy (2 — u, 2) Dy (y — v, y)dudv
+Z/I+ /ﬁ (Mjm, v (x — u,2) Dy (y — v, y)dudv

+ ; /+ I+ {A(u,v) = h(u,mkn) } D (2 — u, ) Dn(y — v, y)dudv

+ ZZ /+ {h U, ) = h(jm, ) = At Mkn) + P i) }

X Dy (x — )D (y —v,y)dudv
Z Z /+ / {h(jm. v) = B(Njm. Mn) } D (2 — w, ) Dy, (y — v, y)dudv
— o/

Z > / (40 a) = B )} D5 = 520Dy = )

ii/ / h(Mjm, Men) D (7 — w, 2) Dy (y — v, y)dudv

j=1 k=

9
= ZA]k

k=1

82



We will mainly use the following inequalities

1
| Dip(z —u, x) |< 1+T

7d(m—kl); —r<u<m (4.10)

and
1 T

. < ;
[ sin(u/2) [ 7 [u
Using (4.10), we have

u € [—m,0)U (0, 7. (4.11)

1 2
| An1 | < osca(v, I, IS;L)/ / < + T) (m+1)(n+ 1)dudv
i, Jig, \1 =7

1 2
e (10 ot ¢ )

—r

Using (4.10) and (4.11), we get

A x I3") dud
’ 12| ZZ:OQ(’Q 1/)7 Jm 0on /[+ /[+ 277Jm 1—T uav
=1
. 3; (L, < I)
0802 (L5, < Ig).
Similarly,
ol+7
| Ay |< 72 = kz:k 109(’2(]0m><1—+)
Let i
+
R, = Dy (z — u, x)du.

Njm

Now, using summation by parts, we get

Az = / {Z h(Njm, v — R?}H)m)} D, (z —v,v)dv

=1

/ {Z h(jm, v) = h(G-1ym, v )(ij)} Dy —v,v)dv.

Jj=1
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In view of [60, Lemma 2.3|, we have for 0 < ¢ <,

T 2 1 .
/ Dy (z — u, x)du SM.
t

2m(1 —r)t

Thus,
m(l+r
| R}, I< —.( - T)). (4.12)

Using (4.10) and (4.12), we get

|A13|_Z(1—+:)0802(¢ [j 1)m><]g;L)/ wdv

N _
1 1—r

21471 1
< 1_r 230802% G oym X 130
=1
1 2m1
< 1_+TT Z 0362 (b, I}, < 1g7,).
Jj=

Similarly,

(1 +7r)? A

1
| A15 |S (1 —T)2 Z k_|_ 1OSCQ(¢7]Jm X Iljn)
k=0

Using (4.11), we get

AlG < SCQ T/J,[+ X I+ / / dudv
| | ; ok 477]m77kn

| /\

4]_]{/‘0802 ¢, jm X Ilj—n)

Mms

| /\

oscy(ih, I, x If).

Py
PO,

k+1)

Using summation by parts,

Az = Z /I* {Z T)me (njm Mkn)) (R+m - R6+1)m)}
k=1"Ten \ j=1

X Dy (x — v, x)dv

- Z/J+ {Z(h(njmvv) - h(??jm«,mm) - h(n(j—um,v)

Jj=1
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+ h(nG-1ym, Ukn))(ij)}Dn(x —v,x)dv.

Using (4.11) and (4.12), we have

S~ (1) 7T
’ A17 | S ,—OS(,Q(L/) m X [tl)/ dU
22— e e ) [, g
T2(1+7) o= 1
< 1—r ZZ ijOSCQ(w’ G—-1)m % 1) dv
j=1 k=1
T2(147) o= 1
<— ———————o0scy (¢, I x I} Ydv.
L—r e (G+1)(k+1) J k
Similarly,
T2(147) o o 1
| Aig |< ﬁzz m(’g@(wv jm X 1) dv.
j=1 k=0

Using double summation by parts,

Alg = Z Z h im, rlkn R—‘;—H)m)(R R—i’_ﬁ'l)m)
=1 k=1
= > > B 1) =BGy M) = P Di-10)
=1 k=1

+ P0G —1yms Nek—1yn) } R BB

Using (4.12), we get

147 - 1
’Alg | < 2 <1 ) Z ]_k 8(’2(1/)7 (i—1)m X [(k 1)n)
Jj=1 k=1
1—|—T 2 m—1n—1 1
§7r2< ) - 0SCy z/z,ltnxfrn.
1—r ;k_o(]Jrl)(kJrl) .1 o)

Now, from all the inequalities, it is easy to deduce

147 1
(i) sz“”w”]fm””

=0 k=0
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Now, let
—MNjm
R, = /_ Dy, (x — u, x)du.

™

In view of [60, Lemma 2.3|, we have for 0 < ¢ <,
—t 2 1
‘/ Dz —u, x)du‘ < m(4r)
y 2m(1l —r)t

m(1+7)
=

Now using (4.10),(4.11),(4.13) and following similar steps as before, we get

Thus,

| R IS ——= (4.13)

n

1+r\*Z 1
Ay |< 4 S I
’ 2| <1—T) JZ — ]_'_1)(]{:_‘_1)0302(1/}7 me kn)7
A |<4(”’“)2m P— (015 % 1)
————o0sc(, [}, "
=) 2 Grnae et

and

T+ o 1
< _— - —).
’A4|_4<1_T) Z (j+1)(k+1)0562(¢’17mX[’m)

j=0 k=0

In view of Theorem 4.1.1, we get

147 _
45 1< 2 TZ {oser (., 0), ) + 0ser (6(, 0), 17,)}
J=
and
T+~ 1
< ), L ), )}
4015 27 32 g (osealb(0,), 1) + 056 (00, )
Thus, the result is proved. O

Remark 14. Theorem 4.2.1 is the analogous result of Theorem U (p. 30) for
double rational Fourier series and it is an extension of Theorem 4.1.1 for two-

variable functions.

Theorem 4.2.2. If f € A*BV ([0, 7| x[0,7]); f is continuous in [0, 7] x [0, x]; for

m,n € N; =y < A1 < ...<ag=7 and == =b, < b,_1 < ... < by =m;

! m+1 n+1
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then

n

+
> e e < 18

,_.

2 m—1n—

< D 2 2 (el 0] 0.0 a0 — i)

e
I

X (G(brsr) — G(be))}

L e ey ZVQ 0, 5] 0, 7)) (H (a541) — H ()

T 41
4o OfmAl CESCESY ZVQ 210, 06])) (G (bg1) — G(by))

Amt1Hn+1
m%(lﬁ [0,71'] X [0,77']) (414)

Proof. We will follow a similar technique as in [76, 9, 41]. Let

x L)

05Ca w, m .
My = Z Z )

=0 p=0 z+1ﬂp+1

i + +
osco(tp, 1 x 1F)
Ni=2

i z-l-l/«Ln-i-l

and

(W, L % 1)

T mm

k
08¢y
Ri=3_

p=0
Now for j =0,1,...,m—1land k =0,1,...n—1, define M (u, v) on the rectangle
[r/(m+1),7) % [r/(n+1),7) and N(u) and R(v) on the intervals [7/(m + 1), )
and [7/(n + 1), 7) respectively as follows:

Amt1Hp+1

M(u, ’U) = ]\J[(m+1)u]_17[(n+1)v]_1,

™

N(u) = Nyt

and
R(U) = R[(nJrl)'u]
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Therefore,

M(U, U) = Mjki (uv U) € [n(j+1)m7 n(j+2)m) X [n(k+1)n7 n(k—i—?)n)v

N(u) = Nj; u € [nG+1)m: N(j+2)m)
and

R(v) = Ri; v € [Ny 1yn, Nkt2)n)-
Now, applying double summation by parts, we have

WOSCQ(I/J, jm X ],:;1)

m—1n—1
— M </\j+1 _ /\j+2> <Mk+1 _ Mk+2>
= Ve : g
g g+l j+2)\k+1 k+2
L e = a, (R A
n+1j:O " ]+1 J+2
I Hm+1 w Hrkt1 HE42
m + 1 k+1 k+2
an)\m—i-l///n—i-l
(m+1)(n+1)
= Al -+ A2 -+ Ag + A4. (415)

Note that, we have —H (u) and —G(v) as non decreasing and continuous function
n (0, 7]. Thus, by properties of two-dimensional Riemann-Stieltjes integrals, we

can estimate Ay, Ay and Az in the following manner.

Mo [ M=) =Gw)

+ +
7=0 k=0 I(j+1)m I(k+1)n
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Now, consider As,.

An m—1 s )
Ay = 5N T (M) + ) ( L M)

n+1 = j+1 7+2
7TAn+1 m—1
= G DD 2 Jyy (M) N = H )
<+1)
7T)\n+1

:7EIHEIBA (i) = ) A=)

~ 5

m
7"-An-i-l

- m (M (ay, 1an) + N(ay)) (H(aj41) — H(ay)).

=0

<.

Similarly,

3
—

A < (mf’j)% (M (Dms bie) + R(01)) (G(breyr) — G(by)).

o~
Il

Since f is continuous in [0, 7] x [0, 7],we get ,

VQ(Q;bv [07 aj] X [07 bk]) > ]W(ajv bk)

and
Vo (), [0, 7] x [0, 7]) > M.
Thus,
Al S ———= (m+ D0+ 1) 2 2 {Va (., [0, a5] x [0,be]) (H (aj11) — H(ay))
X (G(bry1) — G(bi)) } (4.16)
and )
m+1n+1

< m%(@/a [0, 7] x [0, 7]). (4.17)

Consider,

(Tn,+1)u.Z

™ ™

M)+ ¥(0) = M+

(m+1)az-] _1

= M|:(m+1)aj :| “1n

™
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< Va(2, [0, a;] x [0, 7]).

Thus, we get,
7"-)‘714-1 =
Ay < CESICESY ; Va(¥,(0,a5] x [0, 7)) (H(aj+1) — H(ay)).  (4.18)
Similarly, we get,
THm+1 o~
Az < m kz_; Va(i, [0, 7], [0, bx]) (G (br41) — G(bi))- (4.19)

By substituting (4.16),(4.18),(4.19) and (4.17) in (4.15), we get the result. O

Remark 15. Theorem 4.2.2 is an extension of Theorem R (p. 28) for two variable

continuous functions.

Corollary 4.2.3. If f € A*BV([—m, 7] x [=m,7]); [ is continuous in [—m, 7] X

[=m, 7| form,n €N; Ig = ay <adl <. <dV =7, =L = ay >a? >
v al) = —m =0 <ol << b)) =7 and 22 =00 > 00 > >

bE)Q) = —m, then

2

S i) = fla) 1< 2 (1) S (At By +4(:}f:)2220p,q;

t=1 p=1 g=1

where

))

- (.,0
Vi (007 (o)) | Ha) = Hia) |

T m+1
. m—1
+m+1iz_0:

An
Ac =22 Vi (9(,0).7 (af)
)

B, =ty (zp(o, ), T (bé”))

T n+1 !
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Ve M R CORE CONECAREE
S o (o) 7 () i -t
s (o () < ().

(m+1)(n+

fora >0, T(a) =1[0,a] and for a <0, T(a) = [a,0].

Proof. In view of Theorem 4.2.1, [76, Theorem on p. 52] and by proceeding

similarly as in the proof of Theorem 4.2.2, the result is proved. O

Remark 16. In the above theorem, by setting A\, = ux = 1, for all £ € N;
agl) = 79 az(?) = =1 fort=0,1,...,m; bgl) = jﬁj b§2) = J‘Tﬂl for j =0,1,...,n;
and H(t) = G(t) = 1/t; we get analogous result of Theorem U (p. 30) for
double rational Fourier series of continuous functions of bounded variation in two

variables.
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